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MNPEANCJIOBUE

1. B oT0li KHHTE COMEpKaTCs TEKCTHI psijia JIEKIUH, MPOYUTaHHBIX Ha Cellb-
Mot [Tkone-cemunape «CoBpeMeHHBIE TIPOOIEMBbl HEHPOMHPOPMATUKIY, TIPO-
xonuBied 24-26 smuBaps 2007 roma B MU®DU B pamkax X Bcepoccuiickoii
Hay4yHO-TeXHH4Yeckol KoHpepennmu «Heitponndopmarnka—2007» (oOHM BKIIO-
yeHbl B YacTh 2 TaHHOTO COOPHUKA), 8 TAKIKE TEKCTHI TPEX JICKLHUH, peaCcTaB-
nennbix Ha [llecroii [1Ikone-ceMuHape, HE BOILICIINE IO PSITy IPUYHH B COCTAB
cObopuuka [9] (onm BKIrOUeHBI B YacTh 1).

IIpu oTOope W MOATOTOBKE MATEPHANOB IS JICKIHMHA aBTOPHI M PENAKTOP
CJICZIOBANIM TPUHIUIIAM U TOAXOJIaM, CIIOKHBIIUMCS MPU TPOBEICHUU MICCTH
npeapiaymmx [kon (em. [1-9]). A umeHHO, ocHOBHOH 1enbio [1Ikoner ObLTO,
KaK BCETJa, paccKasaTh CIYIIATEIISIM O COBPEMCHHOM COCTOSHHU M TICPCIICKTH-
Bax pa3BUTHS BOKHEHIINX HAMPaBICHUN B TEOPHUH U MPAKTHKe HelponHpopma-
THKH, O €€ IPIMCHCHHUSAX.

OcHOBHOH 3a7a4eii IEKTOPOB, NMPHUITIAMIACMBIX M3 YUCIa BEIYIINX CIICIHa-
JIICTOB B 00acTH HEHPOUH(POPMATHKH U €¢ MPHUIOKCHHMA, CMEKHBIX 00IacTei
HAyKH, ObUIO JIaTh KHMBYK KapTUHY COBPEMEHHOI'O COCTOSHHUS HCCIICIOBAHMIA
" pa3paboTok, 0OpHCOBaTh MEPCIIEKTUBEI Pa3BUTHI HEHPOWH(MOPMATHKH B €€
B3aWMOJICHCTBUH C IPYTHMHU OOJIACTAMHU HAyKH.

2. B Yactu 1 nanHOro cOOpHHUKA IyOJIMKYIOTCSI TEKCTBI TpEX JICKIMH W3
nporpammbl [lecroii IlIkonbI-cemMrHapa, He BOIIEIINE paHEe B COCTaB COOp-
HuKa [9]:

1. A. A. ExxoB. Co3Hanue, peuieKcuss 1 MHOTOAr€HTHBIE CHCTEMBI.

2. H.I. Makaperko. CToxacTHueckasi JMHaMHUKa, MapKOBCKHE MOJIEITN U TIPO-

THO3.
3. B. Kerman. HoBblit SVM-airopuT™ Juist CBEpXOOJIBIINX HAOOPOB JaHHBIX.

3. B mporpammy Cenpmoii IIkombr-cemrunapa «CoBpeMeHHBIE MPOOIeMbI
HeliponHpopMaTHKu» Ha koH(pepeHiuu «Helipoundopmaruka—2007» Bomum
CIIEAYIOIINE MIECTh JTEKIIMIA:

1. B. 4. Ceprun. buonorndecku mpaBIomnoao0Hast MOJIETh 3PUTEITHHOTO BOC-

npusitust: Mepapxust 00beMITIONIMX CCHCOPHBIX XapaKTCPUCTHK.

2. A. A. @posos. Uto Takoe uHTEpdEHc MO3T-KOMITBIOTED.

3. C. A. TepexoB. [ ennanbHble KOMUTETHl YMHBIX MAIlWH.

VITK 001(06)+004.032.26 (06) Heiipontbie cern 5
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4. IO. P, Ilo#i. BBenenue B HEHPOIBOMIONMOHHBIN 1mMOaX0a: OCHOBHBIE KOH-
LCMINU U TIPHIOKCHUSL.

5. H.I. Makapenko. Toniosiorus n300paxeHuii.

6. B.JI. Beemenckuii. [TocTpoeHUE CMBICIIOBOTO TIPOCTPAHCTBA SI3bIKA YEII0-
BeKa.

YeTblpe U3 NEPEUHUCICHHBIX BBIIIC IECTH JICKIUH MyOIHKYIOTCS B JaHHOM
cbopuuke (B Yactu 2), nee nexknuu (A. A. @posoBa u H. I. MakapeHKo) B CHITY
TEXHUYCCKUX MPUYHUH OYyIyT OIMYyOJIMKOBAaHBI B COOPHUKE JICKIIMH CIICTYFOLICH
[IkoJbI-ceMuHapa.

4. B ek A. A. ExxoBa «Co3nanue, peiekcus 1 MHOTOAreHTHBIE CHCTe-
MbD» MPEANPUHUMACTCS MOMBITKA HAIYIIATh yTH PELICHHs] TPOOJIeMbl CO3HA-
HUSl B paMKaX KOHLICHIIMM MHOTOAreHTHBIX CHUCTEM. J[0CTaroyHo pacmpocTpa-
HCHHOM SIBIISICTCSL TOYKA 3PCHUS, COMIACHO KOTOPOU 0a30ii JJIsl pEIICHUsI JAHHOM
mpoOJIeMbl JIOJDKHA CIIYy)KHUTh KBAaHTOBas MEXaHHKA. B JIEKIUM MOKa3aHO, 4TO
HEOOXOMMO TaKKe MCIOIb30BaHUE anlapara CTaTUCTHYECKOW (pr3uKH.

5. Jlexuus H. T. Makapenko «CtoxacTuueckasi TMHaMHKa, MAPKOBCKHE MO-
JICIIA ¥ TIPOTHO3» TPOJOJKACT CEPUI0 BBICTYIUICHUI aBTOpa, MPH3BAHHBIX 00-
paTuTh BHUMaHUE HEHPOMH(OPMAIMOHHOTO COOOIIEeCTBa HA PSAI PA3IeIIOB Ma-
TEMATHKH, TIEPCTIIEKTUBHBIX C TOYKH 3PECHUS MCIIOJNB30BAHUSA WX TIPH PEIICHUH
3a/1a9 HeWponH(DOPMATHUKU. B TaHHOW JIEKITUU MPEICTaBICH HOBBIM METOI Map-
KOBCKOTO TPEJICKa3aHKsI BDEMCHHBIX PsIOB, OCHOBaHHBIH HA HHBAPUAHTHOU Me-
pe CIy4alHOW JWHAMHKH, PEajM30BaHHOM Yepe3 CHKUMAOIIUE OTOOPaXKCHUS,
CHAOXCHHBIE BEPOSATHOCTIIMH (CHCTEMY UTEPATHBHBIX (DYHKITHIA).

6. B nexiuu B. Kemvmana «Hogbiii SVM-anropuT utst CBEpXOOIIBIIHX Ha-
0OOpOB JaHHBIX» PacCMATPUBACTCS Cliydail paboThI cO CBEpXOONbIIMMU Habopa-
MU JIaHHBIX (TOpsIKa HECKOJIbKUX MUJUITHOHOB 00ydaromux map). Jlaercs cpas-
HEHHE HEHPOHHBIX CeTeH M MAIIMH OTIOPHBIX BEKTOPOB C TOYKH 3PCHHUS PEIICHHS
3a1a49 Kinaccuduranmu (pacmo3HaBaHus 00pa3oB) U perpeccuu (anmpoKCUMAIN
¢yskumii). g pemeHus 3aad pacCMaTpUBAEMOTO KJlacca MpeaaraeTcs Ho-
BBI MTEpPALMOHHBIA aNropuTM, nonyuuBmmnid HaumeHnosanue ISDA (Iterative
Single Data Algorithm), ocHOBBIBAIOIIKICS HA TTOCIICAOBATEIEHOM UCIIOIB30Ba-
HUAW O0y4YaroIyX Map JaHHBIX U3 UMEIomerocs oOyJaromniero Habopa.

7. B nexnuu B. S1. Cepruna «buonorndecku mpapaomnogo0Hast MOAEIhb 3pH-
TEJNBHOTO BoOcHpuaTus: Mepapxus 0ObEMITIONINX CCHCOPHBIX XapaKTCPUCTUKY
BBOJUTCS TOHATHE OObeMITIONICH XapakrepucTuku. OHa MpencTaBiIseT co0oi
OTBET JTaHHOTO TEPIENTHBHOTO YPOBHS Ha CEHCOPHBIC TIPU3HAKH YPOBHS, JIEkKa-
IIeTO HIDKE, TaKhe, YTO WX CHeIH(UIECKOe COYETaHHE COCTABISCT aJalTHBHO
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3HAYAMYIO LEIOCTHOCTh. [TocenoBaTenbHOCTh TAKUX XapaKTEPUCTHK 00pa3yeT
HEPAPXUI0, OT CEHCOPHBIX MPU3HAKOB JI0 LIEIOCTHBIX 00pPa30B U CIICH.

8. Jlexuus C. A. TepexoB «I'eHnanbHble KOMUTETH! YMHBIX MaIIMH» MOCBS-
IeHa aKTyaJbHOI MpobieMe MOBHIMICHHS TOYHOCTH OOyUYeHHS MAIINH ITyTeM
oObeuHeHNS WX B KOMHTETH. OCHOBHAS IIETTb €€ COCTOUT B OOCYKICHUH aj-
TOPUTMOB JiUIsl 00pabOTKH OYeHBb OOIBIINX HAOOPOB OOYJAIOIINX JaHHBIX, MTPH-
TOJIHBIX K MCIOJIb30BAaHUIO HA COBPEMEHHBIX M IEPCIICKTUBHBIX MHOTOSICPHBIX
KOMIIbIOTEpaXx.

9. B nexuuu 0. P.os «BBenenue B HeliposBonounoHHbIN noaxoxd: Oc-
HOBHBIC KOHIICTIIIAN U TIPHIIOKEHUSD JaeTCs 0030p MCCICIOBAHINA, HAXOIAIINX-
CS Ha CTHIKC MCKYCCTBCHHBIX HEHPOHHBIX CETCH W JBOINIOIMOHHBIX BBIYHCIIC-
Huid. [Ipoananu3npoBaHbl MPEUMYIIECTBA U HEJOCTATKH HEUPOIBOIIIOIMOHHOTO
MOJIX0/1a NP PELICHUH 3a]a4 HBOJIOLMOHHON HACTPOWKU BECOB U CTPYKTYPbI
Helipocereld. PaccMaTpuBaeTcst npuMeHeHHE HEHPOIBOIIOLMOHHBIX aITOPUTMOB
MpU PEIIECHUH 3a/1a4 alalTUBHOIO YIIPABJICHUS, aJallTUBHOTO MOBEIECHUS, MHO-
TOAreHTHBIX CHCTEM, YBOJIOIIMOHHON pOOOTOTEXHHUKH, TONCKA UTPOBBIX CTpaTe-
THA ¥ KOMITBIOTEPHOTO TBOPYECTBA.

10. Jlexus B.JI. BBenenckoro «IlocTpoeHue cMBICIOBOrO MPOCTPAHCTBA
A3bIKA YEJIOBEKa» MOCBSIICHA U3JI0KEH HETPAJAUIIMOHHOTO M0AX0/1a K podiieme
MIPE/ICTABIICHHS YEJIOBEUECKOTO si3bIKa B (hopMe, IPUEMIIEMO JUIsl KOMIIbIOTE-
pa. OOBEKTOM HCCIEIOBAHUS SIBISIETCSI MHOXKECTBO CIIOBApEH PA3HBIX S3BIKOB.
Be110 00HApYKEHO, YTO YCTPONUCTBO JICKCHKOHOB PA3HBIX SI3BIKOB MOMIHHSIICTCS
CTPOTMM MaTe€MaTHYECKUM 3aKOHOMEPHOCTSAM, OIHMPAasiCh HA KOTOPBIE, MOYKHO
YCTQHOBHTH CIIOCOO MPE/ICTABICHHS A3bIKa B MO3re yesioBeka. [losryueHHble pe-
3yJIBTaThl MOTYT OBITh IOJIE3HBI ISl pa3pabOTKN CHCTEM PEUeBOTO KOHTAKTa C
KOMITBIOTEPOM.

x ok

Jiist Toro, 4ToOBI MPOJIOIDKUTH U3yYEHUE BOIIPOCOB, 3aTPOHYTHIX B JICKIHSX,
MOYHO TIOPEKOMEH/IOBATh TAKOW YHHUKAIbHBI HCTOYHUK HAYYHBIX M HAYYHO-
TEeXHUYECKUX IyOnukanuii, kak uudposas oudimoreka Researchindex (ee Ha-
3piBatoT Tarke CiteSeer, cMm. mosumuio [10] B crmcke TUTepaTyphl B KOHIIE
MPEANCIIOBH). DTa OMONINOTEKa, CO3JaHHAs U pa3BHBaeMas OTIEJICHUEM (Qup-
mbl NEC B CIIA, comepxut yxe okoio 800 ThIC. myOnwMKamuid, IpUIeM 3TO
YHCIIO TTOCTOSHHO M OBICTPO YBEJIMUUBACTCS 33 CUET KPYINIOCYTOYHOW padoThI
TTOMCKOBOI MAaIlTMHBI.

Kaxplit U3 XpaHUMbIX UCTOUYHHKOB (CTAThH, MPEHPUHTHI, OTYETHI, AUCCEP-
Tal¥ ¥ T.11.) JOCTYIEH B IOJHOM oObeMme B Heckoibkux (opmarax (PDF,
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PostScript, DjVu u np.) u conpoBokaaercst oueHb MOAPOOHBIM OubIMorpadu-
YECKMM OIMCAHUEM, BKJIIOYAIOIINM, TIOMUMO JaHHBIX TPaJULHUOHHOIO Xapak-
Tepa (aBTOpHI, 3arvIaBUE, MECTO MyOIMKALWMK W/WIM XpaHEHUS W Ap.), TaKkkKe
7 OOJBIIOE YHCIIO CCHUIOK-ACCOLMAINH, ITO3BOJSIOMNX MEPEeHTH M3 TEKyIle-
ro OubmMorpauIecKoro OMHMCAHUS K JIPYTHUM ITyOTUKAIHSIM, «ITOXOXKHMY» IO
TeMe Ha TEKYIIYIO0 IPOCMaTprUBaeMyto paboTy. DTO 0OCTOSATENLCTBO, B COUETa-
HUHM ¢ BecbMa d((EKTUBHBIM TTOJTHOTEKCTOBBIM MOMCKOM B 0a3e JOKyMEHTOB IO
c(hOpMyIMPOBAHHOMY I10JIb30BATEJIEM ITOMCKOBOMY 3aIpocy, JAenaeT Oudimore-
Ky Researchlndex HezameHMMBIM cpelcTBOM MO00pa MarepualoB 1o Tpelye-
MOH TeEME.

ITomumo 6ubmmoTekn Researchlndex, MOXHO peKOMEHIOBATh TaKke Oora-
TBIN AJICKTPOHHBINA apXuB myOinkanuii [11], HeaBHO OTKPBIBIIMKACS OMCKOBBIN
cepsuc Google Scholar [12], a Takke mopran HaydHbIX BeramcieHuit [13].

[epeuens npodiem HelporMH(POPMATUKN U CMEKHBIX ¢ HEH oOiacTei, Tpe-
OyToIIMX MPHUBICUCHNS BHUMAHHS CTICIIHAINCTOB U3 HEHPOCETEBOTO M POJCTBEH-
HBIX C HAM COOOIIECTB, JaJEKO HE MCUCPIBIBACTCS, KOHEYHO, BOIIPOCAMH, pac-
CMOTpPEHHBIMHU B TIpeJIaraeMoM cOOpHUKE, a Takke B coopHmKax [1-9].

B nanpHeliem npezronaraercst pacliupeHre JaHHOTO CIIMCKA 3a CYET pac-
CMOTPEHUS HACYIIHBIX TPOo0IIeM COOCTBEHHO HEHPOUH(POPMATHKH, TPOOIIEM «IT0-
TPaHUYHOT0» XapaKTepa, 0COOCHHO OTHOCSIIUXCS K B3aNMOICHCTBHUIO Hefpoce-
TEBOW TMapajurMbl C APYTHMH MapaJuTMaMH, pa3BUBacMBIMH B paMKaxX KOH-
LeNIUN MATKHAX BBIYUCICHUH, MPOOIEM HCIIONB30BAHMS METOJOB U CPEICTB
HEHpOMH(OPMATHKY JUIsS PELICHUSI pa3JIMuHbIX KJIaCCOB MPHKIAIHbIX 3a1ad. He
Oy/yT 3a0BITBI ¥ B3aMMOJCHCTBUSI HEUPOMH(POPMATUKM C TAKUMH Ba)KHEHIIH-
MH €€ «COCeIsIMW», KaK HeWpOoOMOIIOrysl, HeJIMHEeHHAs AMHAMUKA, YMCIICHHBINA
aHaU3 U T.TL.

3aMedaHus, MOKENaHUs U MIPEUTOKCHUS 110 CONEPKAHUIO U (hopMe JISKITHIHA,
MEPEYHIO PACCMATPUBAEMBbIX TEM H T. Il. IPOCHh0a HANPABIISTH HICKTPOHHON 110Y-
TOM 1o azapecy tium@mai.ru Tromennesy FOpuro BiagumupoBudy.
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A.A.EXKOB
TpouuKnit HHCTUTYT MHHOBAIMOHHBIX U TEPMOSJICPHBIX UCCIICI0BAHUH,
r. Tpouik, MockoBckasi o6nacTb
E-mail: ezhov@triniti.ru

CO3HAHHUE, PE®JIEKCHUSA U MHOI'OAI'EHTHBIE CUCTEMBbI
AHHOTaNMSA

Jlannas nekuusi, mpountanHas Ha lllkone-ceMuHape BO Bpemsi KOH(MEPEHIINH
«Heiipoundopmarnka—2006», SBIIETCS pPE3yIbTaTOM O0€3yCIEeIIHON IOMBITKH
TIOAATOTOBHTH JIEKIIHIO TT0 MHOTOAr€HTHBIM CHCTEMaM IJISI CTYICHTOB DKOHOMHKO-
aHasinTH4eckoro vHctutyTa MU®U 1 nmMeeT OTHOIIEHNE K OHOMY U3 BOIIPOCOB,
obcyxaaBmuxcs Toraa Ha Kpymiom ctone mo mpobiaeMaM CO3HaHHSA, a HIMEHHO:
«Mooicno nu obvacnums cosnanue 6 pamxax kiaccudeckou ¢uzuxu?» B Helt MBI
MBITAEMCsl TI0KA3aTh, YTO MU3yUEHHE CO3HAHHUS MOXKET MOTpPeOOBaTh 3HAHUS CTa-
THCTHYECKOH (U3UKH (a HE TOIBKO KBAHTOBOW MEXAaHMKH, KaK TPUHSITO CUUTATh
¢m3ukamu). Jlekys MOXKET pacCMaTpPHUBAThCsl KaK PaCHIMPEHHBIH KOMMEHTapuit
K cratee A.A. Ezhov and A. Yu. Khrennikov. Agents with left and right brain
dominant hemispheres and quantum statistics // Physical Review, ET1, 016138,
2005.

A.A.EZHOV
Troitsk Institute of Innovation and Fusion Research,
Troitsk, the Moscow Region
E-mail: ezhov@triniti.ru

CONSCIOUSNESS, REFLECTION AND MULTIAGENT SYSTEMS
Abstract

This Lecture given for the Tutorial Session at the Neuroinformatics-2006 Con-
ference represents an unsuccessful attempt to prepare a lecture about multiagent
systems for students of Economics and Analytics Institute at the Moscow Engi-
neering and Physical Institute (MEPhI). The Lecture concerns one of questions
discussed on the Round Table discussion held at the Conference and devoted
to the consciousness problem. The question was formulated as: “May we ex-
plain the consciousness within the framework of the classical physics?” We
try to demonstrate that statistical physics knowledge can be needed to study of
the consciousness (not quantum mechanics only as physicists think usually). The
Lecture can be considered as some extended comment for the article: 4. 4. Ezhov
and A. Yu. Khrennikov. Agents with left and right brain dominant hemispheres
and quantum statistics // Physical Review, ET1, 016138, 2005.
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BBenenne

[lorepsin co3HaHue, OUHYICA —
I'n66c¢ . ..

U3 ponvrnopa

Jannas nekius He ObLTa ObI MpoU3HECeHa yCcTHO Oe3 momoruu AHapes FOpbe-
Buya XpeHHHKOBa, AHapes I puropeeBuda XpomoBa u JIuguu AnekcaHapOBHEI
Kpaiixo, n He Obuta Obl Hanmcana 6e3 nouepxku FOpus Bragumuposuya Tro-
MeHI[eBa, KOTOPBIM aBTOP BBIPA)KAET CBOIO MCKPEHHIOK O1aroJapHOCTb.

B nexnuu 00CykaatoTes CieLyoye BOMPOChl

CO3HaHME U ero JAeduIuT;
peduekcus o Jlederpy;
JIOTHKA U HU3HYECCKUH MUD;

MHOTI'Oar¢HTHbBIC CUCTEMbI U KBAHTOBBIC CTATUCTHUKH.

[lepBbIii Bompoc, Ha KOTOPBIM OJHAKO HA/J0 OTBETUTH — a II0YEMY HMEH-
HO 3/1eCh M ceidac Mbl JOJDKHBI TOBOPUTH O CO3HAaHMH? MOXET OBbITh IydIle
MIOTOBOPUTH O YEM-TO JAPYyrom?

B 1999 roay y Hac Obuna «Juckyccus o meupoxomnwviomepax — 10 nem
cnycmay U B ee xone Cepreif AmexcanapoBud ILllyMckHil pe30HHO 3aMETUI
([1],c.33):

Jlecats et Haszax Oblna JUCKyCCUsl M OBUIO pELIeHO, 4TO IVIaBHAs IPo-
61emMa — 310 TpoOiIeMa BHUMaHHs. Tereps OmsTh TOBOPUM, YTO IpodieMa
BHUMaHUs He peleHa. 3HauuT OHA He IVIaBHAs, 3HAYUT OHA He BOCTPeOo-
BaHHasA. KTo MHe JoKaXkeT, 9TO MOHMMAHHUE TOTO, KaK YeJIOBEK MBICIUT U
BOCHPHHUMAET MUP, UMEHHO ceifuac mo3ape3 Hy>KHO MHPOBOH SKOHOMUKE?

Bonpoc npaBuiIbHEIA, 1 HEOOXOAUMOCTh TUCKYTHPOBATh O CO3ZHAHUU 31ECh
U ceivac HaJ0 TOXKE JJOKa3bIBATh.

Kro Tompko He m3ydaer cozHanue! HemosHbIN cHMCOK BKIOYaeT (HHUIOCO-
(hoB, TICUXOJIOTOB, CIICIIMATMCTOB 110 KOTHUTHBHBIM HayKaM, HEHPO(U3HUOIOTOB,
(bU3UKOB (HEKOTOPHIX), COITMOIOTOB, SKOHOMUCTOB (HEMHOTHX ), MEIUKOB (TICH-
XHUaTPOB) U BCEX, KOMY HE JicHb (BKJIFOYAsl HOKJIaq4nKa). Bompoc — 3aueM oHu
9TO JENaroT?

Boo0mie-To, a1 MHOTHX 3TO BONPOC npaxmudeckuti. Hampumep, 115 mocTy-
MAIOMKX B aCIUPaHTypy. Bcem acmpanTam NMpeAcTOUT cAaBaTh KaHIUAATCKHE
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9K3aMeHbl. PaHbllle CO3HAHUE M3y4yalloch B Kypce ¢uinocodun, U BCe COMCKa-
TEJIM 3HAIU, 10 KPaWHEH Mepe, YTO «mamepusi NepeuyHd, d CO3HAHUE GMOpPUY-
noy. Tenepb Guiocoduu HET, a eCTb ucmopus u guiocogus nayxu. zyuenue
HPOrPaMMbI TOTO 3I0XaJIBHOIO Kypca BIOJb M IMOMEPEK IOKa3bIBACT, YTO O
CO3HAHMHU TaM NPAKTUYECKU HE YIIOMUHAETCS, & €C/IM YIIOMUHACTCS, TO B CIe-
LHAJIBHOM pasJielie «Puiocopckux npobiem acmpoHOMUL U KOCMOIO2ULY, TIE
€CTh TEMa MPOUCXOXKICHHS CO3HAHHMS, [MO-BUIMMOMY, OHO HPOHMCXOIUT IIC-TO
B KOcMUYeckux riyouHax. Ha 3emiie co3HaHue, BUAUMO, €IIe HE MPOU3OIILIO,
WM ObUIO YacTUYHO moTepsiHo (mocie 1991 roxa).

B kauyectBe 0€3yCIOBHO MOJIOKHUTEIHLHOTO HOBOBBEJCHHUS MIPOTrpaMMa ycTa-
HaBIHMBaeT (HAKOHEI-TO!) CBS3h C TEMATHKOHN KOH(pepeHInH 1Mo HelponHpopma-
TUKE. B 0JJTHOM U3 pEeKOMEHIyEeMbIX aClUPaHTaM MOCOOUI CKa3aHO:

HckyccTBeHHBIH Helponponeccop npodeccronana (mpogeccopa, T0KTopa
HAYK ¥ T.1.) 3MEHHUTh MOXeT . OIHAKO YUEHOTO — HEe MOKET.

HmenHo 3TOT « Kapayﬂ! » aBTOpP U MpeyIarac€t KaKk oaHo U3 OHpaBL[aHI/Iﬁ pas-
ToBOpa O CO3HAHUMU.

Mo:xHO JIU 00BACHUTH CO3HAHME M 4YTO MIOHUMATH IO €ro
o0bLaAcHeHuem?

Tak 3ByuuT nepsbiii Bonpoc Hamero Kpymioro cromna. Ho, aTot Bonpoc syurie
ocTaBuTh. Bo-niepBhIX, Kak nucan Muxamn EBrpagosud CanteikoB-1llenpuH B
Hcemopuu oonoeo copoda:

A Tak Kak BOIIPOC 3TOT HHHHHLIﬁ, a PYKH y HUX KOPOTKH, TO OU€BUIHO, YTO
CymI€CTBOBAaHHE BOIIPOCa TOJIBKO MOKOJICOIET UX TBEPAOCTH B 6CZ[CTBPI$IX,
HO B IOJIOKCHUU CYHICCTBEHHOT'O YIIYUIIEHU BCE-TaK HE CHCIIACT.

Bo-BTOpBIX, TC KTO U3y4all B acCHHUpaHType @ur0coduro, TOIHKHBI TOMHUTh
0 MBICITH OJJHOTO HBIHE 3a0BITOr0 HEMEIIKOTO MBICIHUTENS, YTO TpodiemMa He B
TOM, 9TOOBI «OOBACHUMDb MUP, @ 8 MOM, 4mModbl e2o usmeHumsy. K cO3HaHUIO
3TO OTHOCHUTCS B TIOJIHOM Mepe.

Urak, maBHOE MOHATH, KaK U3MEHUTH co3HaHue? 3ayeM 3To HyxHO? U TyT
MbI OJXOJUM K TaKO¥ BOJHYIOIIEH TeMe, Kak aHO30THO3USI.

IHa opHoM U3 caiiToB Tak u ckasaHo: KagMKHH Austexcanap MonceeBnd, 10KTOp (uI0cOD-
CKHX HayK, MPOLECCOop.
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AHo30rHO3us: TeopeTnuecknii acnmekT

C HEKOTOPBIM TPENEeTOM 51 OBl HOMPOCHI MOETO TEPIETHBOTO
YHUTATeIsI 03HAKOMUTECS B « Cnpasounuke no ncuxuyeckum
3a601e6aHUAM», N3BECTHOM CPEAN TICHXUATPOB KaK
DSM-III, ¢ 3a00jeBaHUEM, HAa3bIBAEMbIM dHO302HO3UEIL.
DTOT CHHAPOM, KOTOPEIM B TOT WJIM MHOH IIEPUOJ CBOCH
®u3HU cTpagaeT oT 30 no 70% HOmymnsAHMy. . . , B KOTOPOM
JIIOZIM BOCIIPUHUMAIOTCS KAK MEPTBBIC MJIM KaK MAIIUHBI. . .
51 mymaro, 94TO YUTATENh MOXKET JOIMYCTUTb, YTO ATUM
CHHJIPOMOM €XKEJHEBHO CTPaJiali JIIOJM B MEPHOJ XOIOAHOM
BOITHBI, U, 4TO Oo0JIee BaKHO, MHOTHE U3 T€X, O KOTOPOM
IIUIIETCS B 9TOH KHHTE.

Qunun Muposcku. CHbI MalIMH. DKOHOMUKA CTAHOBUTCS
KHOOpr-HayKoH.

AHnozoenoszus (a + rped. nosos — 00Je3Hb, gNOSis — 3HAHUE). DTOT CHHAPOM
Heocoznanus 6one3Hu, KOTOPbIH HAOMIONACTCsl MPU HEKOTOPBIX ICUX03aX (Ha-
TpuMep, TpH MH30(PPEHNN) W OPraHMYECKUX MOPAKCHUSAX TOIOBHOTO MO3Ta,
ObLT omMcaH (paHIy3ckuM BpadoM baburckum eme B 1914 roxy. Ho Tombko B
80-e ToIBI OH MPUBICK MPUCTATHFHOE BHUMAHHE WMEHHO B CBS3U C U3yUCHHEM
co3HaHus. [IposiBieHne aHO30THO3MH JIETKO OIMCATh Ha IpHUMepe.

[Tpu nopakeHUu MPaBoOro MOJYLIAPHS TOJIOBHOTO MO3I'a, YaCTO Pa3BUBACTCS
rapajiny JeBbIX KoHeuHoctel (remuruierusi). Y 50% takux OosibHBIX HaOIona-
eTCSI AHO302HO3UA NpU 2eMunie2ii — OHU HE OCO3HAIOT, UYTO MapaI30BaHbI.

Ha ykazanwue, uto 5eBast pyka He ABMKETCSI OOJLHOM TOBOPUT:

— Bort, noxaiyiicra — s ee OIHII, a BOT — OIYCTHIL

— A xaxas >ke pyKa JexXHT cieBa oT Bac Ha kpoBaTtu?

— Bumgumo Baiua, 1oKTop.

— Hy noxsonaiite AByMs pyKamu.

— Iloxnonain.

— A modemy THX0?

— [loromy 4TO — 51 KYJIBTYpHBIH YEJIOBEK.

— A npoiitucs He MOXxeTe?

— Jla TOJBKO YTO XOIMJI 3a Tra3eTaMy — BOT HMPWJIET OTAOXHYTb.

BonbHOI aHO30THO3MEH CrTOCOOEH COYMHUTH JTI00YI0 (haHTACTHYECKYIO WC-
TOPUIO, TOKA3BIBAIOIIYIO €T0 MOJTHOE 310poBhe. [IpaBoe momymapue y Hero cTpa-
naet. Jleoe paboraer Ha IOJHYIO KaTyIIKy, TO €CTh CaM03a0BEHHO OTPHLACT
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JIEUCTBUTEIBHOCTb.

Wnnniickuii noxrop BunasHyp PamauanapaH oObsCHSET aHO30THO3HUIO TEM,
YTO CXEMa Halllero Tejla XPaHUTCS B NPABOM IOJYIIAPUU M IIPHU €ro Iopake-
HUW coxpassieTcs, 0e3 mMomupukanuii. [ToaTroMy OGOIBHONH OpPHEHTHUpPYETCS Ha
ycrapesiryo uHpopManuio. OnHAKO, aHO30THO3MS Pa3BUBACTCS U MPH APYTUX
OONE3HSIX — MPU CJIETIOTE 3TO TaK Ha3bIBAEMBIH CHHIPOM AHTOHA, MMEETCS
TAKKE AJIKOTOJIbHASI AaHO30THO3HS.

[IpaBoe nojymapue, Kak MojaraioT, CBSI3aHO C OCO3HAHHMEM HAC Kak JIMY-
HOCTH, U €r0 MOpa)KCHHE NPUBOIUT K TAKOMY YIAWBHUTCIBLHOMY JIE(EKTY camo-
CO3HaHMA. 3aMETUM, YTO €CTh JAHHBIE O TOM YTO AHO30THO3MS IMPOSIBISIETCS
1 TIpY TOPAKCHUM JIEBOTO TOJIyIIApus, HO HAPYIIECHHS PEYd B ITOM Cllydae
3aTPYAHSIOT ee 0OHapyKEHHE.

Tem He meHee, HanOosee paclpOCTPAHCHHBIM (M BOIMIOUIMM) SIBIISICTCS
CBsI3b @HO30THO3MH C MOPAXXEHHEM UMEHHO IIPaBoro nosrymapus. B atom ciyuae
JUISL IEYEHUS TIPUMEHSIETCSI METO KAJIOPUIECKOH Tepariy, Py KOTOPOi 00iIb-
HOMY B JIEBOE YXO BIMBACTCS JICSIHAS BOAA, YTO CTUMYIIUPYET NIPABOE MOTyIIIa-
pue rosnosHOro Mosra. Ha HekoTtopoe Bpemst K O0IbHOMY MPUXOANUT OCO3HAHHE
HeJyra, OJJHako, OH IIPU 3TOM HE NPU3HAET, YTO paHee OTPHULAJ] ero HaJMYue y
ce0s1. Korna sxe sieueOHbIi 3h(heKT mpoxoauT, OOIEHON BHOBL yTBEPKIAET, YTO
COBEPIIEHHO 3/10POB U OTPHUIIACT, YTO pPaHEe MPU3HABAI OONE3Hb.

AHO30TrHO3HSL: HpaKTIfl‘leCKI/Iﬁ ACIIEKT

310pOBBIX HET — €CTh
HeoOCIeI0BaHHbIE.

Axcuoma ncuxuampuu.

Bce 310 mMeno ObI Majo OTHOIICHUS K HAIIeH >KU3HH, €CITU OBl ABJICHUS CXOII-
HBIE ¢ aHO30THO3UEH He HAOMIONAINCH y TOOPOI TIOJIOBHHEI YEI0BEYECTBA B TOM
WM MHOM NeproJI )KU3HU (cMoTpH 3nurpad K npensiayiemy pasueny). [loxoxe,
pa3banaHc MONyIIAPHUA, HIIH, MOXKET OBITh, AC(PUIUT aKTUBHOCTHU IPABOTO II0-
JyLIapysi, BCTPEYAFOTCS HA KAXKJOM IIary 0e3 sSIBHBIX MPU3HAKOB OPTaHUYCCKUX
TIOBPEKICHUA WIIM HHBIX 3a00JIeBaHUM.

MHorwue moau Kak 05 He BUAAT OKPYKAIOMIUX O/, OTKa3hIBAIOTCS UX IPH-
3HABaTh M HAYMHAIOT TOPOAUTH M3BICKAHHEHIITYO UyIlb, YTOOBI YITH OT HENpH-
SITHBIX BOIIPOCOB.
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B cBsi3u ¢ HenaBHE# OITYNMIUTEIHHO MPOBAJIBHOM MOMBITKON 3KpaHU3aLUN
Macmepa u Mapeapumer Ha OIHOM M3 MHTEpHET-(GOPYMOB ObLIa MPHUBEICHA
HMHTEPECHAsi MBICIb 110 OBOAY MHTEPIIPETAllMK 3aMbIC/ia pOMaHa, TOBOPSIIast O
TOM, 4TO Bpad BynrakoB 06 aHO30THO3WMHM 3HAJ, a MOKET M CTPAJaj OT Hee.

Boo61e poMaH 0 TOM, Kak HeXellaHHe MPU3HATh OJHY CBOIO (aTalIbHYIO
omnOKy U Oer OT peaJbHOCTH MPHBOIAT K COBEPILICHHO O€3yMHBIM MOCTIE -
CTBHUSAM M KOHLEHIHUSM U KaK YeJIOBEK CIIOCOOCH BBICTPOUTH CIOXKHEHIINE
TEOPUH U YCTPOUTH BEPEHHUITY JKEPTBOIPUHOIICHUH Pajil TOTO, YTOOBI Ipe-
BPATHTH CBOM IIPECTYILICHHS B CBOM JOCTHKCHHS 2.

IlepenucpiBaHre UCTOPUHM TAKIKE MOXKET OBITh OOBSCHEHO 3a00JICBAHUEM,
XOTSI HHOTJIA B 9TOM MOXET MPOSIBIISITECS MPOCTast KOPBICTb.

15 ssaBapst 2006 rona B iepenade B. T. TpetbsakoBa « Ymo denamuv? » HECKOb-
KO HCTOPUKOB, )KMYPSICh OT IPEBKYIICHHsI 00CIIaHHOTO (PHHAHCHPOBAHUSI, pac-
CKa3bIBaJIM O 3aKa3¢ Ha MEPCIHUChIBAHUE UCTOPUH Poccuu, mpu KOTOPOM M3 HEe
ucuesna O0bl KueBckas Pych: «Beap He MOXKET e HUCTOpPHUS OIHOTO rocynap-
CTBa HAYMHATHCS HA TCPPUTOPHH JPYroro rocymapctsaly OOCyKIanoch, ¢ 4ero
Hayath — ¢ HoBropoja, wim yx mpsiMo — ¢ TaTapo-MOHIOJILCKOTO HAIIECTBHSI.

Bce 510, yBbI, IMEET OTHOILICHHE W K IKOHOMUKE, U K NonuTHke. s uiiiro-
CTpaluy IPUBEIEM €Ille O/JIMH CITyyaii, KOTOPbI He HY)KIaeTCsI B KOMMEHTAPHsIX.

Cayyaii ¢ 6oiabHbIM I

I". paccepauiics u Beimanwi: Hukakoro pocta cmeptHocTH B Poccun Her!. . .
Bot y Hac HayuHBIH 9KCTIEPT, OH OOBACHUT. DKCIEpT B. mpuBen «Hay4HBIIH»
apryMeHT. .. P® nepenuia Ha 3amasHyl0 METOAMKY y4eTa POXKIAEMOCTH.
Panbmre. .. muazeHues, poausiuxcs ¢ BecoM MeHee 700 I..., He BKIIO-
Yaau B CTaTHCTHKY POXICHUM, a Teleph BKIIOUAIOT. A OHH, OeHbIE, T0T0-
JIOBHO YMHPAIOT, YTO U JAET XKYTKUH MPUPOCT CMEPTHOCTH.

(C.I! Kapa-Myp3a. Vineonorus u mMath ee Hayka // Hesasucumas easema,
5 nexabpst 2005 rona)

Huzkyro poxxmaemocTs B Poccnn u paHHIOIO CMEPTHOCTh MY>KUHH . 00Bsic-
Hu ycranoBkoir CCCP Ha paBHOIIPAaBHBIN JOCTYI KEHIIMH K TsHKeIToMY (HH3u-
YECKOMY TPYAY U TSATOW CHIIBHOTO IMOJIa K aJIKOTOJIO.

2KoHeuHo, Ha TaKylo HHTEPIPeTAlMIo MOXKeT BCerjia Noc/e0BaTh UPOHHUHbIH KOMMEHTapHii:
«Tema kpoBaBo#i ra6uu He packpeital Husauor!»
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Camoco3Hanue

AHO30THO3HS BBISBIIAECT BaXKHYIO POJIb,KOTOPYIO UTPAET B CAMOCO3HAHHWHU TIpa-
BOC TIONyIIAapHe TOJIOBHOTO Mo3ra. M, XOTq yke oTMedajach BO3MOXKHOE BO3-
HUKHOBEHHUE TAKOTO PACCTPOMCTBA M MPH MOPAKESHUH JIEBOTO Tomymapwus [52],
CYLICCTBYIOT JAPYTU€ YKa3aHHs Ha OCHOBOIIOJIATAIOIIYIO POJIb UMCHHO MPaBOW
yactu Mo3ra. OJIHO M3 TaKMX CBUJICTCIIBCTB JaeT y3HaBaHUE ccOs B 3epKale.

W3BecTHO, 4TO TaKO CIIOCOOHOCTBIO, KPOME JIFONICH, 00JIaJat0T JIUIIh HEKO-
TOpBIC BBICIINE NMPUMATHI U JICTH(QHHEI.

Ponps mpaBoro mosymiapus B pactio3HaBaHUH ce0sI TFOABMHE OBLTa MPOIEMOH-
ctpupoBana KenaHoMm u cotpynaukamu [53]. B 3TuX sKkcrniepuMeHTax OOJIBHBIM
C aHeCTe3MeH JICBOTO WIIM MPABOTO MOJYIIApHs MOKa3biBaiack ororpadus, siB-
JISIFOILASICSL XMMEPOH, COCTaBICHON U3 (hoTorpaduul UCIBITYEMOTO U H3BECTHOM
JUYHOCTH (151 s)KeHIUH — MopuauH MoHpo). VictibiTyeMble, Y KOTOPBIX OBIIO
OTKJIFOYSHO TIPaBOE TONyIIapre COOOMIIaNN BIOCICACTBAN, YTO MM ITOKa3bIBAJIH
W3BECTHYIO TepCOoHY. U JIHIITs OTKITIOYSHNE JIEBOTO MOy IIapus (TIPH aKTHBHOCTH
MPABOT0) MO3BOJISLIO UM COOOIIUTH O TOM, YTO OHM BUJICIH CEOsL.

B sxcnepumentax ['a33aHHrH U COTPYIHUKOB [54] aHAIOTUUHBIE XUMEPHBIE
HM300paKeHHS MMOKA3BIBAIMCH OOJIBHBIM C PACHICIUICHHBIM MO3roM. M300paske-
HUS COAIepkKaJ cMech (hoTorpaduu OOIHHOTO U H3BECTHOTO €My ueloBeka (KOH-
KpeTHO, [ a33aHurn), Tak 4to Aot 6ompHoro MeHaIack ot 100% mo 0%. B atux
IKCIIEPUMEHTAX Ha BOIPOC «ITo BeI?» ImpaBoe MoOJyIIapue OTBEYAIO yTBEp-
JUTEJIBHO, TOJNIBKO €CIIU JI0JIs ce0st B m300paxeHun Obuta Oonee 70%. A seBoe
«y3HaBayo» celsl, Koraa dTa 1o Obuia yxe mopsiaka 30%. Ha aTom ocHOBaHMH
JIeNajcs BBIBOJ, YTO, HAIIPOTHUB, JIEBOE MOJyIIIapHe OTBETCTBECHHO 32 y3HABAHHE
ceos.

Hao0Oopor, mpaBoe nomymapne y3HaBaio B H300pakeHHH APYTOTO, €CIIH €TO
J0J1sl ObLIAa HEBENMKA. A Ui JICBOTO MOJdyIiapust Tpebosanock 70% npyroro,
4yTOOBI €ro pacmosHarb. [lo3ToMy, mpaBoe MONyIIApHE MPHU3HABAIOCH OTBET-
CTBEHHBIM [T PACIIO3HABAHUSA JPYTOTO.

OpHaKo, 3TH K€ Pe3yAbTaThl MOTYT HHTEPIIPETUPOBATHCS U TO-APYTOMY.

B cnyuyae m3o0paxeHHs, COAEPIKAIIETO JIMIIbL Myl IION0 cebs, JIeBoe
MOJIyIIIApUE MOXKET MPOCTO BpaTh Bpady, OTBeYas YTBEPAUTEIHHO HAa BOIPOC
«3910 BBI?» (BCIIOMHUM aHO30THO3HIO).

B nipoTHBOIOI0OKHOM ClTydae, KOTa J0JIs 4yKOro B U300pakeHHU MaJia mpa-
BOC TIOJTyIIapHe MOYKET UCTIBITHIBATE 3aTPYAHCHHUE MIPH MOCTPOCHUHU OTPHUIIAHHS
npu HOpMyITUPOBKE OTBETa Ha Bompoc: «Ito Maiik? (["a3zzanura)y.

B takom ciy4ae BBIBOJ O POJIH JICBOTO MOJIYIIAPHS B Y3HABAHUH CCOST MOKET
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OKa3aThbCsl IPEKICBPEMEHHBIM.

Ecnmu MbI XOTHM, 4TOOBI M3y4deHHE CO3HAHUS (WM BHUMaHUsS) ObLIO OBl
none3Ho Ong MUpo6oll SKOHOMUKU, TO Mbl MOTJIM ObI NOCTaparbcs MOCTPOUTH
XOTsI OBl IPUMHUTHBHBIC MOJIEIN CO3HATEJILHBIX SKOHOMHYECKUX arcHTOB.

V3 BbIIIECKA3aHHOTO CIIEAYET, YTO IPABIONOAOOHO CleNaTh UX JBYXIOIY-
LIapHBIMHA U CHAOAWTH MMEHHO JIEBOE IOJIyLIApUe TAaKUX areHTOB CIIOCOOHO-
CTBIO CTPOUTH OTPHUIAHMS, JIMIIMB 3TOH BO3MOXKHOCTH MX IPaBoE€ IOJIyIIapHe.
B KkadecTBe OCHOBBI TAaKHMX MOJIENCH MOTYT OBITh IOJIOXKEHBI peQIICKCUBHBIC

CTPYKTYPBI.

MaremaTuueckasi ICUX0J0TUSA U SKOHOMUYECKHUIl areHT

Korma MBI roBopuM «peiekcHsy», U3 IIyOWH HaIeH
HEMEIKOH MaMsATH BCIUTBIBAET KOHTEKCT, B KOTOPOM
[oAipa3yMeBaceTCsl HU 4TO MHOE, Kak co3HaHue. Hy a eciu Mbl
BCIIOMHHUM, YTO B PaAMKaX HEMELKOIO KJIACCHYECKOIO
ujieann3Ma CO3HaHUE CyTh BCEOXBATHAs, BCE 3aMBIKAOIIAs Ha
ce0st peaTbHOCTD, YTO YeJIOBEK KaK JIMYHOCT Pe(IIEKCHBHO
OTOXK/IECTBIISIETCS] C CO3HAHNEM (KaK CaMOCO3HAHHEM), TO MBI
MoiiMeM, 4TO Mocsras Ha PaCCMOTPEHHE MM Ja)ke Ha
pasrajbpIBaHHE TOTO, YTO €CTh peIeKCHs, MBI, aKe
nepectaB OBITH (QHIOCO(GAMH, TeM He MEHee NPHUTSI3aeM Ha
OXBaT 3TOTO MPOCTPAHCTBA LIETHKOM.

B. I Ierens

B nBagmaToM Beke CTalo SICHO, 4TO, MOCKOJBKY JIFOMM COBEPIIAIOT BCE BO3-
MOXHBIC HPPalHOHAIBHBIE MTOCTYIIKH U JENAl0T BCE BO3MOXKHBIC KOTHUTHBHBIE
OLIMOKH, TO PAlMOHAIBHBIN areHT HE MOIXOAMT Ul MOCTPOCHUSI SKOHOMHYE-
ckux mozenei. [109TomMy, IMEHHO KOTHUTHBHBIC HAYKH, YAaCThIO KOTOPBIX SIBIISI-
eTcs MaTeMaTHdecKasl MCUXOJIOTUs, JOJDKHBI IaTh 3HAHUS, HEOOXOOUMBIE MPHU
MIOCTPOCHUH TaKOW MOJAENN SKOHOMHYECKOTO areHTa, KOTOpas MO3BOJIMIa Obl
OIHCAaTh PEalbHYI0 SKOHOMHKY. B 9acTHOCTH, BKJIaj B pelIeHne 3Toi mpooie-
MBI MoTJ1a Obl BHECTH TeOpHs pepiieKCUBHBIX cucteM Biagumupa Jlegpepa [18].
YnuBUTEIBHBIM 00pa30M, 3Ta TEOPHsl, HOJIOKHUTEIBHO BOCIIPUHSTAS BOCHHBIMU
W IMITIOMaTaMU, U, BO3MOXXHO, CBITPABIIIasi OTPE/ICIICHHYIO POJIb B TParnieckon
cynpOe Hameii ctpansl [19], He 6bpuTa BoctpunsTa skoHOMUCTamMu. Cam Jlederp
roBopmi 00 3ToM Tak [20].
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IlepBoie peanbpHO paboTaromue pedueKCUBHBIE MOJEN MOSBUINCH B KOHIIE
70-x TozoB. VX co3manue ObLIO aKTUBHO MOJIEPKAaHO BOSHHBIMH U JTUILIO-
Maramu. OJJHaKO SKOHOMUCTBI BCTPETHIM UX JOCTaTO4YHO XosoAHO. MHTe-
pec BOGHHBIX M JUMIOMATOB CTUMYIUPOBAJICA CIOCOOHOCTBIO pedeKcHB-
HBIX MOZENeH MPEACTaBIATh CIOKHBIE BOSHHO-MONUTUUECKHUE KOIIU3HUH,
paHee HaxXOIWBIINECs BHE cepbl HAyYHOTO paccMOTpeHus. Peakmus sko-
HOMHCTOB TpeOyeT CIEIHAIBHOrO MOSCHEHHs. B 0CHOBE YKOHOMHYECKHX
MozesIell JIeXKUT NPEeJCTABICHUE O YEJI0BeKe KaK O palliOHAJIBHOM CyIle-
CTBE, CTPEMSIIEMCSl MAKCUMU3UPOBATh CBOIO BbIroAy. Takoi B3IV Ha ue-
JIOBEKA YXOJUT CBOMMM KOPHSIMHU B MOJIMTHUYECKYO0 3KoHOMMIO X VIII Beka.
PedrnexcuBHbIE MOJIENH BHECTH B HAYYHOE MPEICTABICHUE O YETIOBEKE HO-
BOC U3MEPEHUE, CBA3AHHOE C TAKUMM KaTeropHsMH, Kak MOpajb, COBECTb
U 4yBCTBO clpaBeAnuBOCTU. OHU MO3BOJIAIOT OTPaXkaTh CUTyallUH, B KO-
TOPBIX JIIOAU HE TOIBKO CTPEMSTCS MONY4YHUTh MaTepUalIbHBIM JOXOX, HO
UMEIOT ¥ HEYyTHIIMTapHbIE 11U, COBEPIIAIOT KEPTBEHHBIE MMOCTYMKHU, CTPe-
MSTCSl BBITNISIIETh JOCTOMHO M B CBOMX COOCTBEHHBIX IVa3aX, M B IVa3zax
JIPYTUX JIOAEH.

IenrpanbpHoe Mecto B Teopun JledeBpa urpaer akcuoma, popmMaibHOE BbI-
paXKeHHE KOTOPOil JaeTCsl C MOMOIIBI0 (PYHKIMHA UMILTHKALHN:

c—a=a+c. (1)
DKCIOHCHIMAILHOE PEACTABICHHUE STOU (yHKIUN
a“=c—a 2)

HMMEET 3aMevaTeNbHy 0 HHTEPIPETALHIO, IIPU KOTOPOH OCHOBaHHME (a) MPEACTaB-
JsIeT coOOH MpenyioKeHne Cpebl areHTy chenath noOpeid (¢ = 1) wim 37oi
(a = 0) mocTynok, mokaszarenb (¢) — OIEHKY 3TOTO TPEUIOKEHHUS KaK J00po
(¢ = 1) uim 310 (¢ = 0). 3HaueHne camoil GyHKINH UMIUIMKALUKN ONpeaeisieT
HWHTEHIIMIO areHTa, KOTopasi MOXKeT o0y aarh ero caenarb 10opo (1) wmm 310
(0). Mockombky 0° = 1, To akcroma asre6psl JledeBpa IMIACHUT, Y4TO 3710 OCO3HAH-
HOE Kak 3JI0 ecTh 100po. [Ipyrue 3HaueHus QyHKINN UMIUIMKAIUH TPUBEICHBI
B Tabm. 1.

B teopun JleeBpa areHTH MOTYT B3aUMOJCHCTBOBATD JPYT C APYTOM M 3TO
B3aUMOJICHCTBHE MOXKET OBITH (POPMAIILHO NPECTABICHO BBIPKECHUSMH THIIA

a® b, (3)
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TABMUA 1. 3HaueHUs] PYHKUUHM UMIJIHUKALUN

TJe 3HaK ONepanyy * MOXKET 03Ha4aTh KaK TO, YTO areHTHl HaXOASTCA B CO-
CTOSIHMM KOH(POHTALMH, TaK U KOMIpoMHcca. B 3aBucumocTH oT TOTrO, Kakas
W3 ONepanuil, CIOKEHUE WIM YMHO)KCHHE, MCIOIB3YeTCs JJIsl ONUCAHHS KOH-
¢poHTanMKU (KOMIIPOMHCCA), TOMyYaeTcs JBa BapHaHTa TEOPHHU, KOTOPbIE, KaK
HAIIJIO MMOATBEP)KICHNE B XOAE IMCUXOJIOTHICCKIX HKCIIEPHIMEHTOB, OIMCHIBAIOT
JIBE STUYECKHUE CHCTEMBI, PEaJII30BaHHbIC, B IEPBOM CIIydae, B 3aMaJHOM MHpE,
a B ipyroM — B CCCP 1 HEKOTOPBIX BOCTOUHBIX [IUBUIM3ALUSIX.

B nepBoii (3amaaHoil) 3THYECKOW CHCTeMe, TIOCTPOSHHOW Ha (OpPMasIbHOM
3ampeTe 3J1a, areHThl OLIEHUBAIOT KOH(UIMKT 100pa 1 371a NO3UTHBHO, HO, Mapa-
JOKCAJIBHBIM 00pa30M, /ISl IOBBIMICHHUS CBOETO STHYECKOTO CTATyCa CTPEMSATCS
K KOMIIPOMHUCCY C TPOTHBHHKOM. B0 BTOpO# (COBETCKOI) dTHYECKOH CHCTE-
Me, TIOCTPOCHHOW Ha He(hOopMaIFHON JeKIapamuu Jo0pa, areHTHl IMO3UTHBHO
OLICHMBAIOT KOMIIPOMHUCC 100pa W 3J1a, HO, HAalpPOTHB, IOBBIIAIOT CBOM JTH-
YEeCKHMH CcTaryc, BCTynas B KOH(IMKT ¢ NMPOTUBHHUKOM. HekoTophIM aHamorom
TIPECTABICHUS O CYIISCTBOBAHWM JBYX STHUECKHX CHCTEM MOXKET OKa3aThCs
npoaeMoHcTpupoBaHHoe B. 1. MaciioBeIM CylIECTBOBAHUE JIBYX XapaKTEPHBIX
JUTSL KaruTaiau3Ma U conmainuama maremaruk [25]. CoracHo JledheBpy nmMeHHO
OTCYTCTBHE aBTOHOMHOI'0 MexaHu3ma paspeuenust kongaukra 8 CCCP (peanu-
30BaBIIECTOCS paHee BIACTHIO) IIPUBEIIO K TOMY, 4TO B Poccny 1€BSIHOCTBIX I'OJ10B
JIBAJILIATOTO BeKa ATy (YHKLMUIO B35 Ha ceOsl KPUMHHAJI, YTO MPEIOIPEEIIHIO0
HeratuBHOE pa3BuTHe oOmecTBa. Cam JledeBp BHICOKO OIIEHNBAT COOCTBEHHYIO
POJb B OKOHYAHHMH XOJOXHOW BOMHBI M paspymennn Coerckoro Corosa, Tak
KaK, TI0 er0 MHEHHUIO, YCTAHOBJICHHOEC UM 3HAHHE 00 0COOCHHOCTSIX COBETCKOI
9TMYECKOH CHCTEMBI ITOMOIVIO aMEpPHKaHIAM Hay4YHUTbh COBETCKOE PYKOBOJCTBO
oOMaHbIBaTh cBOW Hapoa. IlpakTuueckas peKOMEHJanus, BbITEKAIOMas U3 Me-
TOJla KOHTPOJIUPYEeMOW KOH(DPOHTAINH, 3aKIII0YaeTCs B TOM, 9TOOBI He Tpebo-
BaTh OT COBETCKOTO IIPABHUTEIIECTBA TPOMOTIIACHOTO MOIACAHHUS KOMIIPOMHUCC-
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HBIX JOKYMEHTOB, a TIPEJCTaBUTh €My BO3MOKHOCTH O(DOPMIIATEH TIOJUTHIESCKUE
peleHus OpUIHAIBLHO B OJHOCTOPOHHEM MOPSIKE. DTa HCTOPHsI ObLIa OIKCaHa
JledpeBpom B cratbe [19]. Eciu JledeBp mpas, TO 3TO 03HAYaeT, 4TO MBI JCH-
CTBUTEIILHO CYIIECTBEHHO OTIMYAEMCS OT 3arafHbIX JIOJEH, 9T0, HECOMHEHHO,
JIOJDKHO OBLTO CKa3aThCsl Ha pe3ysbTarax MpOBOIUMBIX B Poccuu sxoHOMMYE-
CKHX JKCIIEPUMEHTOB TI0 CTaHJapTaM MHOW dTHYECKOW CHCTEMBI.

[Tpuznanus Jledespa BeI3Banu octpyto peakuuto [eba I1aBioBckoro, KOH-
crarupoBasiuero [21]:

):[a, MbI IPEBPATHUIIMCh B «MOPAJIbHO OITU3KHUX)» 3ar[az1y, HO 110 CHy‘IaﬁHOCTH
JI1 OTHOBPEMEHHO C 3THUM MbI CTalIN 6paTBOﬁ?

Henp3st mu Bce ke mcmonp3oBath (Gopmanusm Jlederpa must mocTpoeHHs
MHTEPECHBIX MHOTOArCHTHBIX YKOHOMHUYCCKUX MOJICIICH C HETPUBUAIBHBIM I10-
BEJICHUCM, B KOTOPBIX arcHThI 0053aHbI OBITh TETCPOTCHHBIMU? 3aMETHM, YTO Y
JledeBpa areHTHI, IPUHAUICIKAIINE PA3HBIM STHYCCKUM CHCTEMaM, MOTYT COCY-
IIECTBOBATH B OJTHOM OOIIECTBE, 00pa3ysi HIMEHHO TaKOe TeTEPOreHHOE co0O0IIIe-
cTBO. HO HY’)KHBI JTH SKOHOMHYECKHE MOJICIIH UMEHHO C TAKUMH arcHTaMH, Kak
y Jledenpa?

Hanuure u poib SIPKO BBIPAKEHHON T'€TEPOTCHHOCTH arcHTOB B PEabHOM
9KOHOMUKE onucaHo bumiom Buibsmcom [22]. Bunbsimc ormedaet, uto 90%
YY9aCTHUKOB PBIHKA — TTOCTOSHHBIX €0 HEYAaYHUKOB — XapaKTePH3yeT JOMHHH-
POBaHUE JIEBOTO MOIYIIAPH TOJOBHOTO MO3Ta. Takhe areHTHl pacCMaTPUBAIOT
OKPY’KaIOIINK UX MUP KaK UEPAPXUUECKYIO CUCTEMY C JKECTKOW KOHKYpPEHIUEH
MEXIy YYaCTHHKaMU. J[BHKYIIMMU CHJIAMH TOBCICHHS arcHTOB C IOMHUHAHT-
HBIM JICBBIM IMOJTyIIAPUEM SIBISIFOTCS aJTYHOCTh U CTpaX. DTH areHThI CTPEMSTCS
JIOCTUYb YCTIeXa, OBJaieBast OOIBIINM YHCIOM (OPMAIBHBIX TEOPHH U HHCTPY-
MEHTOB aHAJIN3a PBIHKA, HO MapaJoKCAIHHBIM 00pa3oM 3TO MPUBOANT HX K TIO-
pakeHHIo (COTIacHO aMepHuKaHckoMmy dKoHOMUCTY [loimy Kpyrmany [23] aTux
JIFONICH, KPOME JKaJHOCTH, XapaKTePU3YIOT HEAabHOBUIHOCTE, BEPA B TO, YTO
JIpyrue — euie TIylee, cTaJHoe YyBCTBO, Ype3MEpHasl CIIOCOOHOCTh K 0000-
meHusM U mp.) [loOenauTensiMu Ha PBIHKE OKa3bIBAIOTCS, 10 BHIIbSIMCY, arcHTBI
C JOMHMHAHTHBIM TIPAaBBIM TONyIIapHeM Mo3ra. Takue areHThl pacCMaTpUBAIOT
MHp KaK JIPY>KECTBEHHYIO CETEBYIO CPEIy C TOPH30HTAIBHBIMH CBA3SIMH (CEMBH,
npy3esi). OHM HE MCIIBITHIBAIOT YyBCTBO CTpPaxa M CHOKOWHO OTHOCSTCS K BO3-
MOJKHBIM ITOTEPSIM. ATCHTBI C JOMUHAHTHBIM MIPABBIM MOJTYIIAPHEM IPHHAMAIOT
pellicHHs, OCHOBBIBASICh HA CBOCH MHTYHIIMU U Ha HE()OPMAILHOM, KOHKPETHOM
aHaiM3e cUTyanuu. THTepecHO B ATOH CBS3M OTMETUTH, uTo Darap Ilerepc [24]
OTIHCAJ IPUYNHY TTOPAKECHHUS «JICHHHCKOTO KOMMYHH3Ma) OTCYTCTBHEM UyBCTBA
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AITYHOCTH U CTpaxa — JBIKYIIUX CHUJI PHIHOYHOM SKOHOMHKHU. Beriomunas Bu-
JIBSIMCA MOXKHO MTPEIIOJI0KHUTh, UTO 3T UyBCTBA, ICUCTBUTEIILHO HYKHBI PHIHKY,
HO JIMIIb [T TOTO, 4T00BI chopmupoBath 90% Jronei, KOTOPBIE JIUIIATCS CBOUX
nerer. [lo-BunnmMomy, Ha COXpaHEHNE STOTO YUCIIa M HAMPaBICHBI YCHIIUSI Macc-
Mena, 3aloNHSAoNMe d(Up y)kacaMi Ha BCe BKYChl M UTPAMU HA MUJIIHOHEI B
mo0Ooii BaroTe. Tak WM WHAYe, TeTePOTeHHOCTh areHTOB, HCTOYHUKOM KOTOPOH
SIBIISICTCS] MEXKIOTyLIapHAsi aCUMMETPUSI U JOMUHUPOBAHHUE OJHOTO U3 MOJTyLIa-
puii, SBJIsIETCS TUIOAOTBOPHOM OTIPABHOM TOUKOH AJIsl MOCTPOCHUSI MOZAECIEH.

ITHYeCKHEe CUCTEMbI U JAOMMHAHTHOCTDb

Bpewms — at0 ycrpoiicTBo, He
I03BOJISIIOIIEE COOBITUSIM
3aKaH4YMBATBCA Cpasy Mocie uxX
HayJana. . .

[IpocTpaHCTBO — 3TO YCTPOUCTBO,
MPENATCTBYIOLIEE TOMY, YTOOBI BCE
npoucxoamio B KemOpumxe.

Jlxapma Kymap

B cratbe [3] ObLIO BBLABUHYTO MPEIIONIOKCHUE, YTO CYLICCTBOBAHUE JIBYX ITHU-
YeCKUX cucTeM 1o JledeBpy, MOKET ObITh CBSI3aHO C JOMHHUPOBAHUEM y 0O0JIb-
ITUHCTBA areHTOB JIEBOTO (B MEPBOMA, 3aMaIHON ITHUECKOW CHCTEME) U MPaBOTO
(BO BTOpOH, BOCTOYHOM ITHYECKOH CHCTeMe) TOIyIIapuii TOJOBHOTO Mo3ra. B
MOJICP’KKY TAKOTO COOTBETCTBHsI OBUIO BBIJIBUHYTO MHOTO apryMmeHToB. Pac-
CMOTpUM €IlIe OJH.

CBsi3b IBOMCTBEHHOCTH CMBICJIOB OIEPALUN CIIOKEHHSI U YMHOXKEHHS C J10-
MUHAHTHOCTBIO MOJYIIAPHA MOKHO MTPOAEMOHCTPHUPOBATH Ha CIEAYIOIEM IpH-
Mepe. YUHUTBIBas, UTO JIEBOE MOJyIIapHe TOJIOBHOTO Mo3ra oOpabaTeiBaeT Bpe-
MEHHYIO HH()OPMAIHIO, a TIPAaBOE€ — MPOCTPAHCTBEHHYIO, PACCMOTPHM JIBa MO-
JIeTIbHBIX MHUPA, B IEPBOM U3 KOTOPBIX OTCYTCTBYET MPOCTPAHCTBO, & BO BTOPOM
— BpeM4L.

B nmepBom snenpocmpancmeennom Mupe (MHpE J1e6020 TONyIIApHsS MO3Ta)
BCE MTPOUCXOUT B eOUHCIBEHHOU MOYKe NPOCMPAHCMEd, HO B Pa3HbIC MOMEHTHI
BpPEMECHH.

Bo Bropom sHespemenrom mMupe (MUpE npagozo MOIYIIApUs MO3ra) BCE
MPOUCXOIUT 6 OOUH MOMEHM 6peMeHuU, HO B Pa3HBIX €ro MPOCTPaHCTBEHHBIX
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TOUYKAX.

ITocMmoTpuM, KaK MOKHO NMPOUHTEPIPETUPOBATH B 000MX ITUX MHPaX HEKO-
TOpPOE YTBEPKICHHUE O (PU3MICCKOM SIBIICHUH, HAIPUMEP TaKoe: «Boda kunumy
U «Booa ne xunumy.

Bo BHeNpoCTpaHCTBEHHOM MHUpPE TaKO€ YTBEpKIeHHE OyleT MpOTHBOPEUH-
BBIM TOJIBKO €CJIM JIOTUYECKOE YMHOXKeHUE Y noHumarh Kak 1 OJHOBPEMEH-
HO. JleiicTBUTENBHO, B TAKOM MUPE BOJIa HE UMEET MPOTSHKEHHOCTH U B TAaHHBIN
MOMEHT BPEMEHH MOXET JIHOO KHIICTh, OO HE KHUIICTh. BhIpaKeHue It COOT-
BETCTBYIOIEH UCTUHHOCTH BBICKa3bIBAHUS «Booa kunum» 1 OOHOBPEMEHHO
«Booa ne xunumy:

1-0=0.

B To0 e Bpems Bblpakenue «Booa kunum» ¥ «Booda ne xunumy» He IPOTHBOPE-
4YBO €CJIM IIOHUMATh M kak 1 B TOM KE TOUKE (a 3JIECh BECh MUP — OJHA
TOYKa), MTOCKOJIBKY OHAa MOXET KHUIIETh B 3TOM MHpPE B OIMH MOMEHT BpeMe-
HU ¥ HE KUMETh B Apyroil. Takum oOpaszom, eciu Y1 HHTEPIPETHPOBATH TAKUM
obpasoM «Booda kunum» U B TOA XE TOUKE «Booda me Kunumpy, TO TaKOn
onepanuy HY>KHO COIOCTaBUT 3HAK CIIOXKEHUSI:

1+0=1.

C apyroii cTOpOHBI, BO BHEBPEMECHHOM MHpPE YTBEpXKICHUE «Booa xunumy
U «Booa He kunumy SBISETCS TPOTUBOPEUNBBIM €CIIH TOJIBKO Y OyIeT 03HavaTh
U B TOW XE TOUKE. To eCTh 9TOi OIlepaiuy COOTBETCTBYET HE CIIOKEHHE,
KaK B MIEPBOM cIIydae, & yMHOXKCHHE.

A Tak Kak BO BHEBPEMEHHOM MHUpE, B KOTOPOM BCE MPOUCXOAUT OJHOBpE-
MEHHO, BbICKa3bIBaHHE «Boda xunumy 1 OOHOBPEMEHHO «Booa He kunumy
HE TIPUBOANT HU K KAKOMY ITPOTHBOPEYHIO, TAK KaK OHA MOXKET KHIIETh B OHOM
MPOCTPAHCTBEHHOM TOYKE U HE KUIIETh B APYyTrou, To ¥ OOHOBPEMEHHO co0T-
BETCTBYET JIOTHIECKOMY CIIOKEHHI0. OKOHYATENFHO CHUTYAlHIO0 HIUTIOCTPUPYET
Tabm. 2.

HUrak, kak u B anreope Jlegenpa, MUPBI JICBOTO M IPABOTO MOJIYIIAPHS TPE-
OyIOT JIOTIOJTHUTEIEHOTO OMHCAHUS JIOTUYCCKUX OIepaluil.

I'mnoTe3a o CBSA3M 3THYECKOW CHCTEMBI C TOMUHAHTHOCTBHIO TIO3BOJISET I10-
poOoBaTh, HAKOHEII, UCTIOJIF30BATh TEOPHIO PE(IICKCHBHBIX CTPYKTYP B COIH-
AJBHBIX MOJEIISIX BOOOIIC M B IKOHOMHKE, B YaCTHOCTH. YIUBUTEIBHO, YTO MPH
9TOM BO3HHKACT MPsIMasi aHAJIOTHs C (PU3NICCKUMU CUCTEMAaMHU, OMUCHIBACMBIMHU
KBaHTOBOM CTaTUCTHKOH.
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Tabsmua 2. CMbICH JIOTHYECKHUX ONepaluil BO BHENPOCTPAHCTBEH-
HOHl W BHEBPEMEHHOIH MOJeJsIX MHpPa JIEeBOrO W MPABOro MOJyIIapust
TOJIOBHOT'O MO3ra, COOTBETCTBEHHO

Mogiens mupa | 1 B TOVI XE TOUKE | ¥ OIHOBPEMEHHO

BHenpocTpaHCTBeHHbIH
MHp JIEBOTO TIOJYLIAPHUS
BHeBpemenHo# Mup
MPaBOTro MOJYILIApHS

_|_ .

MogeJsib areHTOB, 00J1a1aI0IIUX IBYMS pecypcamMu

J1si HeokJaccHYecKo HSKOHOMHMKHM XapaKTepHO HAJIMYUE Yy SKOHOMHUYECKOTO
areHra eJUHCTBEHHOTO ONTHUMHU3UPYEMOTrO pecypca — TaK Ha3bIBAEMOU noses-
nocmu (utility). B Mozenu, u3naraeMoii HIDKE, UX JBa, YTO CYIICCTBEHHO. MBI
MPEACTABIAEM 3Ty MHOTOAreHTHYIO MOZEIb, HIUTIOCTPUPYIOIIYI0 BO3HUKHOBE-
HUE JIBYX DPa3IMYHBIX KBAHTOBBIX CTAaTHCTUK — bosze-DiHmrelina nu depmu-
Jupaka — B IpyKECTBEHHOW MOMYIISAINA WHANBHAYYMOB, Y KOTOPBIX JOMHHU-
pYer npaBoe Nojiyuapue Mo3ra, 1 B KOHKYpEHTHON NOMYJISIUY UHIUBUAYYMOB,
Yy KOTOPBIX IOMUHUPYET JIEBOE MOJIyIIapue MO3ra, COOTBETCTBEHHO. /115t aTOTO,
MBI TIPUBOANM apTyYMEHTHI B MOJIB3Y TOTO, YTO JieeBPOBCKas anredpa COBECTH
MOXET OBITh MCIOJH30BAaHA CCTECTBEHHBIM 0Opa3oM ISl OMMMCAHUS CTPATCTHH
TIPUHATHS PEIICHUS areHTaMt, IMUTHPYIONIMH JIFO/IeH, IMEIOINX JOMHHUPO-
BaHUE Pa3HBIX MOJyIapuid Mo3ra. MOXXHO MPEANOI0KHUTh, YTO BOSHUKHOBEHUE
JIByX IJIABHBIX CTaTUCTUYECKUX PaCHpeiesieHU MOXKET WILIIOCTPUPOBATH BO3-
HUKHOBCHHE Pa3JIMYHBIM TUIIOB OpPraHH3aluu OOIIECTBA, U MOXKET OBITh TAKXKE
WCTIOJIF30BAHO TIPH MOICIHPOBAHUH SBICHUA Ha PBIHKE W TICHXMYECKUX pac-
CTPOMCTB, B KOTOPBIX MOXKET OBITh 33JCHCTBOBAHO MEPEKIIOYCHNE TOMHHUPO-
BaHUS MOJIyIIAPUH.

N3yyenue conuanbHbIX U 9KOHOMUYECKUX MPOLIECCOB MOYKET OCHOBBIBATHCS
Ha UCHOJb30BaHUM MHOTOAreHTHBIX Mojiesieil. B Takux MoJensx Kaabli areHT
JOJDKEH MMHUTHPOBATh YEIOBEKA, KOTOPHIN TOHKEH BBDKHBATH B OKPYIKAIOIICH
Cpezie, NCIONB3Ys IS TOTO MPABIIIBHBIC CTPATSTHH IPUHATHS PEIICHHS 1 B3aH-
MOJICHCTBYS C IPYTUMH areHTaMu. MHOTHE 13 TIOZ00HBIX MOJIENIEH UCTIONb3YIOT
HCHPOHHBIC CETHU JJIsI MPECTaBlIcHUs areHTa. OIHAKO, [T TOrO YTOOBI OTKCATh
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PBIHOYHEIC SBICHHS, HEOOXOAMMO CAETATh ITHX areHTOB JOCTATOYHO PAa3HOOO-
pa3HBIMH — FOMOTCHHAS IOIYJISIIKS arcHTOB HE MMUTHPYET MPABIONOI00HBIM
00pa3oM IOBEJCHUSI PhIHKA. B pesynbrare, B MOMYNSAIUIO arcHTOB 4acTO HWC-
KyCCTBEHHBIM 00pa30M BBOIHUTCS TeTePOreHHOCTh. OmHAKO, Takas MpoIeaypa
4acTO HOCHT ad hoc XapakTep M B JCHCTBUTEIHHOCTH HE MMEET OTHOIICHHS K
3HAHUIO O peasbHON paboTe MO3Ta M O KOTHUTHBHBIX CIIOCOOHOCTSX YeJOBEKa.
ToBopst KpaTKO, HEHPOCETEBBIC MOJCIH CIUIIKOM IPUMHUTHBHBI JIJISI TOTO, YTO-
OBl MPENCTABIATh PabOTy MO3ra, MO3TOMY HEOOXOIUMO HCKaTh MOJICIb arcHTa
0oJiee BEICOKOTO YPOBHSL.

OnuceiBaeMast ajiee MOJIeh €CTECTBEHHBIM 00pa3oM BKITIOYAET pa3HOOOpa-
3We CTPATeTHH MPHUHATHS PEIICHHUs areHTaMH, KOTopoe 00yCIIOBICHO TOMHHH-
POBaHUEM PA3JIUYHBIX MMOJYIIAPUI MO3ra YeloBeka. MoJiellb 3Ta OCHOBBIBACTCS
Ha psiJic TPEANICCTBYOIUX PE3YIIBTaTOB.

IepBblil U3 HUX CBSI3aH C MOHUMAaHUEM TIIYOMHHOW CYTH PBIHOYHBIX SIBJIC-
HUH, ONHMCaHHBIM BHIbAMCOM: MOXXHO OOHAPYXHThH, YTO HEYJAYHUKH DPHIHKA
(90% ydJacTHHUKOB) SIBISIOTCS JHIIAaMH, UMEIOMIMMH BBIPAKCHHYIO JOMHHAHT-
HOCTB JICBOTO IMOJYIIAPHs. DTH MEPCOHBI BEJJOMBI CTPAXOM M AITIYHOCTHIO (TyB-
CTBAMHU pPACCMaTPUBACMBIMH KaK HCOOXOIUMbBIC MHTPEIMEHTHI PBIHOYHOMN KO-
HOMUKH, Haripumep, [lerepcom [24]) 1 OHU SIBHO UCIIOIB3YIOT CBOM JIOTHYECKUE
M MaTeMaTH4ecKue CIoCOOHOCTH (MPUIUCHIBAEMBIC JIEBOMY TTOJIYIIAPHUIO) IS
TIPUHATHS pemieHni. Takue JICBOMOMYIIapHBIe JOAH UMEIOT CICHU(PHISCKYTO
MOJICNTb MHpPa, PACCMAaTPUBasl €r0 KaK BEPTUKAIBHYIO MEPapXHUECKyIO CTPYK-
TYpY, XapaKTepPH3yeMYI0 BEUHBIM COMICPHUYCCTBOM, BHE3AITHBIMU MAJICHUSIMU U
TPYIHBIM BOCXOKICHHEM Ha BEPXHHC CTYICHH colmanbHOi uepapxuu. C npy-
TOH CTOPOHBI, PHIHOYHBIC MOOCTUTEIH BBHINISAAT OOJICe MPaBOMONYIIAPHBIMU.
OTH MPaBOMONYIIAPHUKN HE MUCTIBITHIBAIOT CTPaxa, MOJIaraloTCsl Ha CBOIO MHTY-
WO W PAacCMAaTPUBAIOT OKPYXKAIOIIYIO CPEAy KaK IPYKET0OHOE MECTO IS
KOOIICpAIMK U YCTAaHOBJICHUS TOPU30HTAJIBHBIX CBsi3cil. EcTecTBeHHBIH BOIpOC,
KOTOPBIA MBI XOTHM OOCYXKIATh Jaljice, TAKOB: MOXEM JIH Mbl UMUTHPOBATH
TaKyl pa3HHIly B KapTHHE MHpPA, CBOHCTBEHHYIO JIIOMSM C JOMHHAHTHOCTBIO
Pa3IMYHBIX MMOTYIIapUil MO3Ta, UCTIONB3YS MPOCThIE MATEMATHUECKUE MOCITH?
Msr Oyzmem mpearnoiarath, 9TO Ui 3TOTO OyAeT €CTECTBEHHO HCIOIb30BaTh
MHOTOAreHTHYIO MOJICNb, B KOTOPOH MOTYT OBITh CHMYNHPOBAHEI JICBO- U TIpa-
BOIOJTyIIApHBIC areHThl. Ho Kak omucarh 3TH J1Ba THIIA ar¢HTOB?

31ech MOXKET OKa3aThCsl MOJIC3HBIM BTOPOU MPEIIISCTBEHHUK. B «aneebpe
cosecmuy, pa3BUTON JledeBpoM, apryMEHTHPYETCSI BO3SMOKHOCTB CyIIECTBOBA-
HUS B ACHCTBUTEIHFHOCTHU JIMIIG JIBYX THIIOB STHUECKUX CHCTEM. MOXKHO TIpen-
TTOJIOKHUTH, YTO TaKas JAUXOTOMHUS MOXKET BO3HHKATH BCIEICTBHE ACHMMETPHUH
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MO3Ta, ¥ BCIEACTBHE JOMHHAHTHOCTH JIEBOTO MIJIM MPABOTO TOJTyIIAPHS MO3Ta.
MsI Takke MOKa)xeM, 4To 3JeraHTHbid (popmanusm JledeBpa MOKET OBITH
€CTCCTBEHHBIM 00pa30M HCIIONb30BaH Ui Pa3paOOTKU MOJCIH arcHTOB, MMe-
FOIUX JIEBO- WM TIPABOMONYIIAPHYIO JOMHHAHTHOCTh. bomee Toro, MbI Oymem
TIPUBOJIUTH APTYMEHTHI B TIOJIB3Yy TOTO, YTO JIMIIH JBE PasyMHBIC CTPATCTHH
TIPUHATHS PEIICHNA BO3HUKAIOT B IMOIMYJIIIUAX, B KOTOPBIX ar€HTHI CTPEMSATCS
COXPaHHUTh CBOM (PM3MYCCKUII M MEHTalbHBIH pecypc. [lo-Buaumomy, Haubo-
JIeC MHTCPECHOW OCOOCHHOCTBIO MOJICNHU SIBJISICTCSl Ta, YTO YHCTBIC COOOIIe-
CTBa, COCTOSIIIHE U3 JICBO- U MPABOIOJIYIIAPHBIX aTCHTOB C JPYKCCTBEHHBIMH H
KOHKYPEHTHBIMH OTHOIICHUSIMH, COOTBETCTBEHHO, OTMCHIBAIOTCS M3BECTHBIMH
KBaHTOBBIMH pactipenenenusmMu — depmu-/Iupaka u bose-DnHmreliHa.

MBpI nosiaraeM, 4To JaHHOE OOCTOSTEIBCTBO HAXOUTCS B COIIACUH C HAIICH
LIEJBI0 — UMUTHPOBATh HAIIMYUC MPEICTABICHUS O KOHKYPEHTHOW Cpejie y Jie-
BOIOJTYIIAPHBIX JIFOZIEH (BhIpakacMoe B 3(Q()EKTUBHOM OTTAIKUBAHUU (PEPMHO-
HOB) ¥ KOOTIEPAIIMH TPABOTIOIYIAPHBIX (4TO MOKHO COOTHECTH C AP HEKTUBHBIM
TPUTSDKEHUEM OO30HOB).

Hac He MomKHO yOMBIATH, YTO TaKWE M3BECTHBIC PACHPEACTICHUS BO3HUKA-
FOT B HaIlICH KIaCCUYECKOW MHOTOAareHTHOM mojenu. CyIIeCTBYIOT pa3invHbIC
CHUCTEMBI, KaK KBAaHTOBBIC, TAK U KJIACCUYECKHEC, YbC COCTOSIHUC PABHOBECHS
OTIMCHIBACTCSI KBAHTOBBIMH CTATHCTHYECKAMH PaCIIpEIeICHISIMU.

Hampumep, DBanc [31] oOHapyxun bo3e-DUHIITEHHOBCKYIO KOHICHCAITHIO
TIPU PEIICHUH TEeTEePOTCHHOW 3aJadi MepeBO30K (MPBUKKOB YacTHUI). BbIHKO-
uu u bapabacu [41] nokazanu, uto crarucTika bo3e-DiiHInTeiiHa onuchIBaeT
PaCTyIIYI0 UHTEPHET-CETh (TaKasi CETh MOCTOSIHHO PACcTET IyTeM T00ABICHHS U
yJalleHus HOBBIX y370B U cBsizeil). CraanyHac [33] npuBen apryMeHTHI B M10JIb-
3y TOro, 4T0 bo3e-DHHITEeHHOBCKAas KOHISHCAIUS MOXXET BO3HHKATh B Kilac-
CHYECKHX CHCTEMax, JaJIeKUX OT COCTOSTHHS W TEIUIOBOTO PaBHOBECHS, 3a CUET
KOTCPEHTHOW TUHAMUKH, WM SKBHBAJCHTHOW aBTOKATAJIMTUYCCKOU AMHAMHKH
B IPOCTPAHCTBE UMIYJILCOB CUCTEMBbI. CyIIIECTBCHHBIM YCIOBUCM IJIS TTOSIBIIC-
HUsl B03e-DUHIITCHHOBCKOTO pacIpe/cliCHus B JaHHOM Cliy4dac SIBJSICTCS TO,
YTO CIy4aiiHass MUTPALU YacTHUI] B IPOCTPAHCTBE MMITYIbCOB 3aBHCHUT OT CTe-
TIEHU 3aHATOCTH COCTOSHHN 3TOTO MPOCTPAHCTBA. DTO TUIHMYHO IS MHOTHX
HEJMHEHHBIX cucteM. [1o3ToMy, KBaHTOBBIM XapakTep CHUCTEMbI HE SIBISETCS
CYILLIECTBEHHBIM MHIpelueHTOM bo3ze-DiHIITeHOBCKON KoHIeHcanuu. Takke,
BbssHKOHM HENAaBHO OOHApYKWiIa, 4yTO pactyiuee naepeBo Kenw, mmeromee Ka-
YECTBEHHO Pa3HbIE y3JIbl U TEIJIOBOM IIyM, ONMCHIBAECTCS CTAaTUCTUKOU Depmu-
Hupaka [34]. Panee /leppuna u JleboBuir ooHapyxwiu [35], Kak pacrpenercHmne
®depmu-Jlupaka, Tak U boze-DWHINTEHA TPU PACCMOTPEHNH TIOJTHOCTHIO ACHM-
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METPHUYHBIX [TPOIIECCOB MCKIIOUEHHsI Ha KoJiblie ¢ N caiiTaMu M p 4acTUIAMHU.
MBpbI OKaKeM, YTO KBAHTOBBIE CTATUCTUYECKHUE PACIIPE/ICIICHHS OTUCHIBAIOT TaK-
K€ TOMYJISIIUKA areHTOB, OOUTAIOIINX B KIICTOYHOW MOJICITH MHpPA, OMIChIBACMOMA
B CIIE/IyIOIIEM pa3/ele.

Kiaerounas moaeib MHpa

[Ipearnonxoxum, 4To MUP COCTOMUT U3 1 KIETOK, B KOTOPBIX MOXET HaXOJUTHCS,
B 00IIEM clTy4ae, IPOU3BOJIBHOE YHCIIO arCHTOB @ o=1,...,N.

Kaxnprii areHT oOnmamaeT ABYMs THIIAMH PECypCcoOB: (PU3UYECKHM W MEH-
TaJIbHBIM, KOTOPbIE XapPaKTEPH3YIOTCS ICHCTBUTEILHBIMU 3HaueHuaMH pl®) > 0
n m( > 0.

Arent z(®) = {p(®) m(®)} ymupaer, ecnu moGoii U3 ero pecypcos 06HY-
astercst. Takum 0Opa3oMm, Juisl BBDKUBAHUS JIIOOOM areHT JOJDKEH TOJICP)KUBATh
TOJIO’KUTEIILHBIMU CBOM (PU3MYECKUI M MEHTAJIBHBINH PECypchl B JTIF000OH MOMEHT
Bpemenn ¢ > 0: p{®)(t) > 0 and m(¥) (t) > 0.

IIpenoxpanenne 000UX pecypcoB OT UCUE3HOBEHUS MPEACTABIACT COOOM, B
o01em ciydae, IPOTUBOPEUUBYIO 3a/ady.

[penmonokum, 4TO KaxKIblil areHT NOJDKEH 3a BpeMsi At 3aTpaTUTh HEKOTO-
polii pusnueckuii pecype YA (v > 0, 7 > 0) anst coxpaHeHust cBoeit Gpusnue-
CKOH CTPYKTYpBL. DTOT MPOIIECC COMPOBOKAACTCS O€3yCIOBHBIM YMEHBIIICHHEM
(hm3MIecKoro pecypca areHTa.

K cuacthbio, 110001 areHT MOXKET OTPEOUTh HEKOTOPYIO BETMIHHY (hr3HUe-
ckoro pecypca (eapl) hAt, KoTopasi BOSHUKACT CIydailHbIM 00pa3oM B KIETKaxX
mupa. [t 3TOro areHT JoJKEH CMEHHUTh KIIETKY, B KOTOPOW OH HaXOIUTCsl, €C-
JIM Takas €a BO3HHUKAET B JPYTOH KiIeTKe (OH JOJDKEH MepeiiTh B MOCIIEIHION).
Ecnu xe ega Bo3HHMKAET B TOM KJIETKE, B KOTOPOM areHT y»e HaXOJIUTCS, TO OH
MOXKET YIOTPEOUTh ee TyT Ke.

Msl Oynem mpeprosnaratb, YTO OJHA M Ta K€ MOPIHMS €/1bl BO3HUKACT B
Pa3HBIX KJIETKaxX MHUpa C pa3HOW 4acToToi f;,7 = 1,...,n, oTpaxaroumei npu-
BJICKAaTEJILHOCTh JaHHOM KJIETKH Ul areHTa. MBI Takke MPEearoIoKiuM, 9TO B
uHTepBan BpemeHn At areHT Moxer ynorpebuts hAt (h > 0) dusuueckoro
pecypca B 000 KIeTKe, TAe 3Ta BEIWIHHA MOSBUTCS.

[Ipennonoxum, 9To €CIIM areHT MeHsAem C8010 KiemKy UL TOTO 9TOOBI yIIo-
TPeOUTH €1y, ero MeHmAaabHbill PeCypc yMEHbIIAeTCsl Ha equHuIy. Mbl Oyaem
HMHTEPIIPETUPOBATh TAKYI0 CHTYAIMI0 KaK €cii Obl areHT TpaTWil CBOM MeEH-
TaJBHBIA pEeCypc Ha penieHrne MpoOIeMbl (PU3MIECKOTO BEDKUBAHHA. MBI TakKe
OyzeM mpenmoiarate, YTO areHT HE MOXKET HUKOMM 00pa3oM YBEIHYMBATH WM
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KOMIIEHCHPOBAaTh CBOW MEHTaJIbHBIA pecypc. KoHeuHo, eciu ena mosiBisieTcs: B
TOM KIJIETKE, B KOTOPOW HAXOJMTCS areHT OH MOXKET YIOTpeOuTh ee Oe3 n3MeHe-
HUSL MEHTAJIHOTO pecypea’.

Mp1 OyzieM HHTEPIIPETHPOBATE MOSBICHHUE €/IbI B KIIETKE, HE 3aHATONW TaHHBIM
areHTOM, KaK npeoiodceHUs oKpyxcaioujell cpedbl UsMeHUums MeHmaibHOChb
azeHma WM, 9TO TO K€ CaMmoe, 3alUIaTHTh CIMHUIICH MEHTAJIBHOTO pecypca 3a
eny.

[Tycrs Ounapnas (OyseBa) nepeMeHHasi ¢ 0003HaYaeT Takoe MPEeIoKeHNuE,
npudeM a = 0, ecii OKpy’>KEHHUE MpeaIaraeT CMEHHUTh KIIETKY.

IosiBnenne equHUIBI (U3NIECKOTO pecypca B KIETKE, y)Ke 3aHATOH aH-
HBIM areHTOM, MOJKET TPaKTOBaThCA KaK NPEIUIOKCHHUE MY COXPAHUMb CBOH0
MeHmManbHOCHb U YIIOTPEOUTH ey OecruiaTHo.

[Tycrb a = 1, eciiu OKpyKEHHE NpeJIaraeT areHTy COXPaHUTh CBOIO KIIETKY.

[IpearnonoxuM, 4To JIH0OOM areHT MOXKET MPUHSITH WIN OTBEPIHYTH TaKoe
TIPEATIOKEHUE U UTO €ro perieHue sABisieTcs OyneBou (gyHKuei a, o6o3Havae-
Moii kak ¢ (a). ITycts 1(a) = 0 03HAYaeT, 4TO areHT PELINJ CMCHHThH KJIETKY
W 3aHATH JPYTYIO, 3aTPavunBasi CBOM MEHTAIBHBIN pecypc, HO YIOTPeOIsist exy,
KoTOpasi (K COXKaJICHUIO) IpeyIaracTcsi B Ipyrol KieTke. AHAJIOTHYHBIM 00pa-
30M, ¥(a) = 1 03HA4aeT, YTO areHT PEIIMI OCTAThCS B CBOCH CTApPOU KIIETKE.
ITocennee pemeHne COMPOBOXKAACTCS COXPAHEHNEM €TI0 MEHTAIBHOTO pecypca
" yMeHbIIIeHneM (u3mdeckoro pecypcea (ecim a = 0) wim ke OeCTUIaTHBIM yBe-
JIYeHUEM (U3HYECKOTO pecypca, eCii OH, Ha CIaCThe, BOSHUKACT B TOM KIIETKE,
IJIe areHT y)Ke HaxoAuTcs (eciu a = 1).

3Heo6X0nMMO YTOUHHTh Jajiee Halllk KOHIEMMH KJeTOK MHPA U MEHTAJbHOTO BhIXKHBAHHS.
MupoBele KNeTKH He cleflyeT pacCMaTpHBaTh KaK S4eHKHM HEKOTOpPOro (hpM3H4ecKoro MpocTpaH-
crBa. OHU He HMEIOT COCEHUX WJIM NaJeKUX KJEeTOK, TaK UYTO HUKaKas MeTpHKa He BBOAMTCS.
Kaxnasi U3 K/1eToK MoKeT ObITb OXapakTepu3oBaHa HAOOPOM MapaMeTpoB, TaKMX Kak (My-
3bIKaHT, 10r) B TakoM ciydae nJisi areHTa, 3aHMMaIOLIEro TaKylo KJeTKy He NMPHHLHIHAJIBHO,
BO3HMKaeT /v muila B MusanckoM opkectpe uian B bapcesonckom opkectpe. OH MOKeT MeHSATb
CBOe peasibHOe reorpauueckoe MOJOKeHHe, HO OyleT 0CTaBaTbCsl B TOH Ke MHPOBOH KJETKe.
Hao6opor, ecnu efa BosHuKaeT B CTOKIOIBMCKOM OPKEeCTpe, OH JIOJI2KeH CMEHHTb CBOIO KJIETKY,
MOCKOJIBKY KJIETKa ¢ e10H 3T0 Tenepb (My3blKaHT, ceBep). AreHTy OyeT Tak:Ke HEOOXOLHUMO H3-
MEHHUTb KJETKY /st yOTpeO/eH s e/bl, eC/IM OT Hero notpedyeTcsi cTaTh KOBOOEM HJIH MOeXaThb
Ha Boctok. MoseT mokasaTbcs, 4TO KOHLEMLIHS MMPOBOH KJETKH JOBOJbHO CyObeKTHBHA. Ho
Mbl GyeM MpeanosaraTb, 4YTo BCe areHThl HMEIT OJMHAKOBOE IPe/CTaBJeHHe O JeJeHUH MUpa
Ha TakWe KJeTKH, TaK 4YTO 3Ta KJEeTOYHasl CTPYKTypa MOXKeT CUMTaThCs 0OBEKTHBHON
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Mogaeas ¢ OTCYTCTBHEM B3auMoaelcTBHUIl MEKAY areHTaMu

Jlanee Mbl BBelIeM B3aUMOJICHCTBHE MKy areHTaMu, HO BHa4Yale pacCMOTPUM
MOJIeTb 0e3 B3aMMOICHCTBU.

JaBaiiTe mokaxxeM, 4TO CYILIECTBYIOT MOIbKO 08€ PA3IUYHbIE CHMpAmeuu
BBDKUBAHUS HEB3aUMOJCUCTBYIOIINX OOBCKTOB B OMMCAHHOM BBIIIC KICTOYHOM
MHpE.

MBI yKe MPEIIIoIOKIIIH, YTO PEIICHIE areHTa MOXKET OBITh OIMKCAHO OyJie-
BOH (DyHKITMEH OHOW IMepeMEeHHOM:

Y = Y(a). (4)

Cy1iecTByIOT YeThIpe pa3inuHbIX (PYHKIIMH TAaKOro THIA U MBI 0OCYJMM HX BCE.
IlepBbIe ABE M3 HUX TaKOBBI:
e Ecmu ¢)(a) = 0, To areHt Gyier MEHATH KIETKY, B KOTOPOIl OH HAXOIAUTCSI
Ka)KIbI pa3 MpH MOSBICHUN €]Ibl, Ia’KE €CIIN OHA MOSBUTCS B KIICTKE, T7C
OH YK€ HaXOIUTCS. DTO COGEPUIEHNO Hepa3yMHAsl cmpameusi, TaK Kak
OHa COIPOBOXKAACTCS HEM30EKHBIM CHIDKEHHEM MEHTAJIBHOIO pecypca
110 (haTaybHOTO HYJICBOTO 3HAUCHUS, T. €. 10 MEHMAIbHOU cubenu azeHma.
e Eciu ¢)(a) = @, To areHT OyzeT Beerya AeiiCTBOBaTh BOMPEKH MPEIIOKE-
HUIO cpebl: OH OyZeT MEHATH CBOIO KIIETKY, €CIIH €/1a BO3HHKAET KaK pa3
B HEH, n Oy#eT oCTaBaTbCsl B CBOEH KIIETKE, €CIH eaa OyIeT BO3HHUKAThH
B Jpyroit kietke. OueBHHO, YTO TAKOW areHT OyAeT IMOCTENEHHO TepsTh
CBOW (PU3HYECCKUI pecypc BIUIOTh JI0 CBOCH husuueckoil eubenu.

3aMeTuM, 4TO B 00OMX PACCMOTPEHHBIX BBIIIC CIy4asX HOBas KJICTKa, B KO-
TOPYIO areHT CTPEMHUTCS TIEPEUTH, KOTIa OKPYKEHHE 3TOTO HE TpeOyeT, He orpe-
neneHa. Takum oOpa3oM, MOBEACHWE areHTa B ATHX CIydasx OyIeT BBIIVISICTH
KaK cilydailHOe ONy)KIaHHWE M JWHAMHKA arcHTa OyIeT OTYaCTH cmoxacmuye-
CKOll.

PaccMmoTpuM Teneps ABe pazymHvle cmpamecu:

e [leprast omuceiBacTcs OyneBoi (hyHKIUCH

Pla) = 1. (®)

ATeHT cOoXpaHsieT CBOM MEHTAJIbHBIN peCcypc HE3aBUCUMO OT TOTO, B KaKOH
KJIETKE MOsBIIsieTCS efa. Tak Kak 9Ta eja MOXKET ClIy4aiiHO BO3HUKHYTH U
B KJIETKE, B KOTOPOI JTaHHBIN areHT y>K€ HAXOAUTCS, TO OH UMEET TAKXKE 1
ITaHC BBDKUTH (PM3MUYECKH, €CIIH TAKOE CYACTINBOE COOBITHE MPOUCXOIUT
JIOCTATOYHO YacTo.
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e Bropas pasymHas cTpaTerusi onuchiBaeTcsl (pyHKITHeH

Y(a) = a. (6)

Hcnone3yst 3Ty cTpaTeruro, areHT BCEraa ClenyeT MPeUIoKEHUIO CPEabI,
yBEJIMYMBast CBOW (PU3MUYECKHUI pecypc myTeM norpedienus eapl. OH Tak-
K€ UMEET ILIaHC COXPAHUTh CBOI MEHTAIILHBII pecypc B CUTyalHsAX, KOIaa
cpena He TpeOyeT OT HETO CMEHHUTh 3aHIMAEMYIO KIIETKY.

JaguM HEKOTOpYIO0 MHTEPHpPETAINIoO 3TUX JBYX pasyMHbIX crpareruil. Jlis
3TOr0 ymoOHO TPEJCTaBUTh COOTBETCTBYIOIIHE OyineBbl (DYHKIIMH B DKCIIOHEH-
[UAIEHOM BHJIC:

Yr(a) =1=a", (7)
Yr(a) =a=a, (8)

rae
a“=a+c=c—a (9)

€CTb JIOTMYECKasi MMIUTHUKALIHSL.

Mpl OyzieM Ha3bIBaTh 3TH CTPATETHU NPABONOIYUAPHOU U 1E€BONONYULAPHO,
COOTBETCTBEHHO. MBI Taroke Oy/ieM Ha3blBaTh areHTOB, CICAYIOIUX ATUM CTpa-
TETUsIM, 1paso(/1e60)ONyIIAPHBIME areHTaMu. MOXHO ITPUBECTH HEKOTOpbIE
MIpeABapUTEIbHBIE apIyMEHThI B MONb3y Takoi uMHTepnperanun. CymecTByrOT
HEKOTOPBIE SKCTIEPUMEHTAIIBHBIC CBUAETENBCTBA B MOJIB3Y TOTO, YTO MPABOE I10-
JTylIapue HE MOXKET CTPOUTBH JOTHUECKHX OTPUIIAHUNA — BCE JIOTHYECKHE OIe-
pauuu SBISIIOTCS (PYyHKIMAMH JICBOTO MOJymapus. Takum oOpa3oM, IpHHSATHE
peLICHUs! IPABOIOJYIIAPHBIM areHTOM B ciydae @ = () MOXeT ObITh ITPOHHTEP-
MIPETHPOBAHO B HAIICH MOJIEIN TaK:

e [IpaBomonymniapHelii areHT npedcmasisient, 9T0 OH ciedyem npeonodice-

HUI0 cpedbl CMEHUTh KJIETKy W yMEHbBIIAeT CBOW MEHTAIBHBIH pecypc.
OTa BO3MOXXHOCTH TOTEPH ceOs1 MPU CMEHE MHUPOBOH KIIETKH yoicacaem
€20 W OH OTBEPTracT TAKOE MPEATIOKCHHUE.

HampoTus, 1eBOTOTyIIapHBINA ar€HT MOXKET CO3AaTh MEHTAIBLHBINM 00pa3, Ko-
TOPBIA COOTBETCTBYET J102UUECKOU UHBEPCUL NPeOiodiceHUs cpedbl. Tak uTo ero
MIPUHSTHE PEILCHUSI MOXKET OBITH ONHMCAHO TaK:

e JleBomnoyIapHslii areHT npedcmasisiem, 4To OH omeepaaen npeoioice-
Hue cpedvl YIIOTPEOUTh €4y B TOW WJIM MHOHM KIJIETKe. DTa BO3MOXXHOCTb
YIYCTUTB LIAHC YBEIHYHUTh CBOI (pU3NUECKHUI pecypc yocacaem e2o N OH
CIIeTyeT MPEUIOKEHHUIO CPEIbI.
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MB&I yBUANM Aajiee, YTO CYIIECTBYIOT TaKKe W JPYTHE apTyMEHTHI B TTOJB3Y

TaKoil HHTEPIpPETALMU JIBYX Pa3syMHbIX CTpaTeruii*.

IIpaBonoaymapnas crparerus

ITycTh @3aumodeiicmeue azenma co cpedoli, 3aKTI0UaIONIeecs B TPEITOKECHHH
arenTy h eamHHI (QH3MIECKOrO pecypca, NMeeT XapakTepHoe BpeMs 7. Takum
06pa30M, BEPOATHOCTh areHTy HE HOJYYHTh MPEMIOKEHUS OT CPelbl yObIBACT
Kak e t/7.

JIMHAMYKA TOMYIISINA, COCTOSIICH TONBKO U3 TIPABOMOYIIAPHEIX areHTOB,
oueHsb mpocTa. Takue areHTH He MEHSIOT CBOHMX KJIETOK, a TAKKe HE MEHSIOT
CBOETO MEHTAJBHOTO pecypca. ECIH 4icIo areHToB B KIeTke i ecTb N;, TO

N;(t) = N;(0), (10)

m @ (t) = m (0). (11)

Ux dusmaeckuii pecype pl®)(t), omHako, u3Mensercs Bo BpeMenu. Ipe-
MTOJIOKAM, YTO 338 BPEMsI 7 areHT TPATUT B CPEIHEM ~yT CAWHUI (PU3HICCKOTO
pecypca. Torna

PO+ A =p ) 74 1S e, ()

T

40pnuH M3 TakKMX aprymMeHToB Obli1 MpeicTaieH Porenoeprom n Apmasckum. OHU Tperno-
JIOXKHJIH, UTO «...B HanboJsee obllel Gopme pasiuyne MeKIy ABYMsI CTPATETHSMH MBIIITEHHS
CBOAUTCS K MPOTHBOIMOJIOKHBIM CII0COOAM OpPraHU3alUK CMbIC/IOBbIX CBSI3ed MeXIy 3J/eMeHTa-
MM HH(pOpMaUuu. «JIeBomoymapHbelil croco0» MBILIIEHHS] TaK OpraHU3yeT JI0OOH 3HAaKOBBLIH
Martepualn (Kak CHMBOJIMUECKHH, TaK U HKOHHUYECKHI), UTOObI MOJIYUYHJICS CTPOrO YIOpPSAOUeH-
HbIH M OIHO3HAYHO MOHHUMaeMblll KOHTeKCT. Ero dopmmposanue TpefyeT akTHBHOTO BHIGOpA,
BHE peaslbHbIX W MOTEHLHANbHBIX CBs3eill MeXK1y MHOrO(GOPMHBIMM OOBEKTAMU U SIBJEHHSIMH,
HeGOJIbIIOr0 YHCJa ONMpele/eHHbIX CBs3eH, KOTOpoe He TNpHBEAeT K CO3[aHHI0 BHYTPEHHHX
nportuBopeunit (!) U oGJeryuT yropsiioueHHbIH aHa/us. .. HanpoTus, ¢yHKUHS «IpaBorosy-
IIAPHOT0» «0OPA3HOr0» MBbILIJIEHUS] 3aKJ/I04YaeTcsl B OJHOMOMEHTHOM CXBaThlBaHHM OeCKOHeu-
HOTO 4YHC/Ia CBf3eH M (pOPMHUPOBAHME B pe3ysbTaTe TaKOrO CXBATBIBAHWS HHTErPasbHOTO, HO
npomusopeuusoeo Konmekcma. B TakoM KOHTEKCTe, Liesloe He ONpefessieTcss CBOMMH 4acTsi-
MH, TaK Kak BCe CHelH(pHUecKHe YepThl LEeJOro ONpeJessioTCsl TOJbKO CBSA3SIMH MeXAy STHMH
yactsaMu. HaoBopor, /110604 KOHKPETHBIE 3/1eMeHT TaKoro KOHTeKCcTa HeceT Ha cebe Medarhb Le-
soro. HoBBIil onbIT HHKOPIIOPUPYETCS B 3TY XOJNHCTHUECKYI0 KapTHHY Mupa. MHnnBunyanbHble
3/1eMeHThl 00pa3a B3aUMOLEHCTBYIOT APYT C APYTOM BO MHOXECTBE CEMaHTHUYECKHX IJIOCKOCTeH
oHOBpeMeHHO. [IpuMepamM TaKHUX CMBIC/IOBbIX CBf3ell SIBJSIOTCS CBSI3M MeXIy 00pa3aMu B CHO-
BUJEHHSX, UK B TBOopuecTBe. [IperMylecTBa TaKoH CTpaTervd MBIIJIEHHS TPOSIBJISAIOT cebs
TOJIBKO €C/IH HH(OPMaLKs SIBJISETCs CJ0XKHOM, BHYTPEHHE NPOTHBOPEUHMBOH U CYIIECTBEHHO He
CBOIMMO#H K HEMPOTHBOPEUHBOMY KOHTEKCTY» [30].
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rae o € C; 03HayaeT, YTo (v areHT 3aHUMAaeT KIIETKY i.
VYerpemssis At — 0, nomydum

1
a4 e Lt e ,
i T(v hfi), a€Cy, (13)

U3 (13) cnenyer, yto

1

P (t) = p'™(0) — ;(7 —hf)t, a€C;. (14)
Takum 06pa3om, IPaBOMOIYIAPHBINA areHT OyJeT BEDKMBATh B TEX KIIETKaX,

JUIst KOTOPBIX A f; > . Jljis KIIeToK, y KOTopsIX h f; < -, ero ¢pusndeckas »KHU3Hb

6yLlCT HUMETDH MPOAOJIKUTCIIBHOCTD

o) _ () (0)

b =g @€C (15)

CHG[[OB&TGJ'ILHO, IpaBoIIoJdylapHas CTpaTerus ABIsICTCA a0COJIFOTHO ACCUBHOM
Y BbBDKMBAHUC arcHTa 3aBUCHUT TOJIBKO OT IMMapaMETPOB CPEAbl, a TAKKEC OT HIaHCa
Arc¢HTy 3aHATb U3HAYAJIBbHO CHACTIIMBYIO KIICTKY.

JleBonoJymapHas crparerusi: Pacnpenesienue I'uooca

JleBomoOMyIapHBIC areHTHl MEHAIOT CBOM KJICTKU Ul MOTPEOICHMS TTHILH,
KoTopast UM Tpezaraercs. CIeIoBaTeIbHO, CPEIHEE YHCIO YacTHI[ B KICTKE
(N;) cranosurcst dynkuueii Bpemernu (N;(t)). KoHeuHO, HAM MPUXOIUTCS HC-
0JTB30BATh CPEIHNCE BETMIMHEI, TIOCKOJIBKY IPEITOKCHHE UL HOCHT CIIydaii-
HbII Xapakrtep. B unrepsane Bpemenu [t, t + At] cpennue Benunaunbl N; GymayT
BO3pACTarh BCIEACTBHE IPUOBITHS areHTOB, IPUHSBIINX [PEIIOKEHHIE yIOTpe-
OUTE exy B i-if KJIETKE U OYLyT YMCHBIIATHCS BCICACTBHE TOTO, YTO HEKOTOPHIC
areHTHI, KOTOPBIC BHAYaJIe 3aHUMANH KICTKY ¢, OTyYaioT IPEITIOKCHIE TTHIIH
B Ipyrux kierkax. CooTHomeHue OaraHnca

N+ a0) = vy + 32 1B (v 0
J#i

=S 5B

J#i

(16)
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B npenene At — 0 nonydaem ypaBHEHHUE:

d 1 N

§<Ni(f)> =——(Ni(t)) + (17)

Ero pemenue nmeer Buu:
(Ni(1)) = ((N:(0)) = fiN)e " + N f;. (18)

O‘-ICBI/IL[HO, YTO aCUMITOTUYCCKHU PACIIPCACITICHUC cpeuﬂeﬁ 3aHATOCTU CTPEMUT-
Ci K pacClpeacjaCeHUI0 4aCToT NpEACTAaBICHUSA TMULIN:

Crnenys [32], BBeIeM dHEPTHIO STYCHKH:
€ = —blog f;, (20)

e napamerp 6 xapakTepHusyeT TeMIepaTypy Cpeabl.
Torna paBaoBecHoe pacnpenenenue (19) npuHumMaer Gpopmy pactpenesieHus
I'nb6ca
lim (N;(t)) = Ne~ </, (21)

t—o0
YroObl MOJYYHTH CPEIHEE BPEMs JKU3HU JICBOIOJYIIAPHBIX arc¢HTOB, BCIOM-
HUM, YTO OHH MOCTENEHHO TEPSIIOT CBOM MEHTAJIbHBIN pecypc, MEHss KIETKY, B
KOTOPOUM OHHM HaXOMASTCS.
Ilo onpenenenuto, cpeHU MEHTAIBHBIA PECYpPC JUIsl BCEW MOMYISIUU CO-
CTaBISCT
N (@)
(0%
() =+ > > mi@), 22)
i=1 acC;
rae C; — 3T0 HabOp HOMEPOB arcHTOB, 3aHMMAIOIIUX i-F0 KIeTKy. CpenHuii
MEHTaJIbHBIA PECypC areHTOB, 3aHUMAIOLIHNX -0 KJIETKY, PaBeH

L (@)
(mi(t)) = ™0y Z m; (). (23)

aeC;

Hanwiem 0ataHCHOE COOTHOIIICHHE JUIA MHTETPAJIbHOTO MEHTAJIBHOI'O PE-
Cypca aréHToB, 3aHUMAIOIIUX 1-10 KIIETKY, KOTOPOC OTPaXKACT YTCUKY arcHTOB C
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MIPEIBIAYIINM 3HAYEHUEM pecypca M TakXKe IMPUTOK areHTOB M3 IPYTHX KIIETOK

C pecypcaMi, YMCHbIIUBIINMUCS Ha CANHUILY:
(NSt -+ A0 (1 -+ A1) = (N(0) (1)~
At
=3 5(5) o) ma )+
i
£ AN @) i)~ ),
i

(Nt -+ A0 (ma(t + AL) = (Na(8)) ma(0) ¢
x (1 - %(1 - fi))+
£ R oy omaey - )

J#

Tlepexoms k mpeaeny A — 0 moayduMm:

d 1
o (Nip(mi) = ——(1 = fi) (Ni) (mi) +
2 (Senmy - ).
i i
Tak kak
Z<NJ> =N - <Nl>7
J#i
u
D Ny (my) = (Nm) — (Ni)(ms) = N(m) — (Ni)(ms),
J#i
TOCJIe TIPOCTHIX alredpandecKux Mpeodpa3oBaHUA MOTyIaeM
d 1 Nf; N;) fi
& vy tme) = Ly m + L (g 1) 4 e
Cymmupyst (29) mo ¢ = 1,...,n ¥ IpUHUMAs BO BHUMAHHUE YTO

n

D (Ni)(ms) = N(m),

=1
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ToJTy4aeM
Sm) = == (1= FNi(D). (31)

Tenepb, ucronb3ys sBuyto Gopmy (N, (t)) MoxHO npounTerpuposars (31):

n

(m(t)) = (m(O) = = £i(1 - )~

RN (32)
- ;(<N1(O)> — iN)Y( = f) (1 _ eft/q-) .

W3 atoro BBIPAXKCHUA MBI MOXXEM BBIBCCTH TPAHCHCHIACHTHOC YPABHCHHUC UIA
BPEMCHHN MCHTAJIBHOTO BBIDKWBAHUA Tm, noJjaras

(m(T},)) = 0, (33)

_ rm0) r
= SR f) Ny - ) 34)
Y (NO) = LN (L= J) (1 =TT

i=1

Eci (m(0)) 10cTaTodHO BENHKO, TO

1%

__Tm(0)) (35)
- .

it fill = fi)

U3 (35) cnepyert, 4TO eciiM pacnpeeCHUE MPEIIOKEHHE ebl f CTPEMUTCS K

COCPEI0TOYEHHOMY B OJIHOM KJIeTKe: f; — 0k, TO T}, — 00. DTO 03HAYACT, U4TO

eCJIM ella MPEJIaraeTcsl B SAMHCTBCHHOU KJIETKE, TO JICBOIOJYIIAPHBIC arcHTHI

HEMEJICHHO 3aHMMAIOT €€ M MOTYT IMOJJIEPXKHUBATh CBOMl MEHTaJbHBIA pecypc

HaBcerJa He TPOHYTBHIM. 3aMETHM, 4TO 00Ilee BbDKUBAHUE OyJeT TapaHTHPOBa-

HO, TOJIbKO eciii (pU3nYecKoe BbKMBAHUE OyIET 00CCIIeUUBATHCS MPEIOKCHU-

€M CJIbL.

Tm

B3aumopaeiicTBue areHToOB

MBI MOKEM JaibIie pa3BUTh MOIETb, IPEAoaras 4To areHT MOXKET MIPHUHSATH
BO BHUMAaHHE TIPEUIOKCHNE IPYTOMY areHTy IMepel MPUHATHEM pPEeIIeHUSI. JTOo
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MOXET MHTEPIPETHPOBATHCS, KaK €CIM OBl areHT (v «B3aMMOAEHCTBOBAJ MbIC-
JICHHO» C JIPYTMMH areHTaMHu. MBI MIPEAIOIOKHM, YTO TaKOe B3auMoJeHCTBHE
SIBJISICTCS TIAPHBIM, TaK YTO JIOOOW areHT MOXKET NPUHSATH BO BHUMAaHUE CHTya-
LU0 TOJBKO C OJJHUM JPYTHM CIydaifHO BEIOpAaHHBIM areéHTOM, BKJIIOUasi CAaMOTO
ce0s1. KoHkpeTHO, MBI OyZieM Ipeonarars, YTo €CIM €/1a MPEIIaracTcsi areHTy
Q, TO DMOM azeHm 600bpadcaem, 4mo oHa makxice npednazaemcs azenmy (3 —
cMm. puc. 1. B comacuu ¢ JlegeBpom, MbI OyneM Takke Mpearnoararb, 4YTo areHT
MOXET paccMaTpUBaTh JIBA TUIIA OTHOLICHUH C JPYTHMM arceHTOM: APY)KCCTBEH-
HOE€ U KOHKYPEHTHOE.

Tenepsb penieHne areHTa «v 3aBUCHUT KaK OT MPEATIOKEHUS CPENIBl 4 €My, TaK
U OT NPEIVIOKEHUS ee b areHTy 3 — ¢ MoyKu 3peHus azenma o ma jce camds
edunuya Qusuueckozo pecypca npeonazaemcs u azenmy [3. Tenepb HamepeHne
areHra (v CTaHOBUTCSl (DYHKIHMEH ABYX IEpEMEHHBIX (CM. pHC. 1):

¥ =(a,b). (36)

Msr Oymem mpenmonarath, 4To (DyHKIHMs, ONKCHIBAIOIIAS PCLICHHUE IPABOIIO-
JyIIAPHOTO areHTta, COBMAJAeT C TOH , YTO ONHUCHIBACT WHTCHIUIO YEJOBEKa,
otHOCUMoTo JledeBpoM xo smopoil smuueckoti cucmeme [29]:

Yr =a"?’, (37)

IIe * = +, €CIU NPAGONOLVULAPHBIL deeHm TIOJNAraeT, yTo areHt 3 ero dpye u
% = -, €CJIM OH II0JIaracT, YTO areHT (3 ero epae.

Pemenne (HamepeHue) JIEBOIOIYIIAPHOTO areHTa Oy/ieT OINpezeseHo B Co-
OTBETCTBUHU CO CIIy4aeM OTCYTCTBMSI B3aUMOJECHCTBHUH IyTEM JIOTUYECKOrO OT-
pHUIaHUs BRIpaKECHHUS B TIOKa3aTele SKCIIOHEHTHI. Takum o0pas3om,

b1 = a®*. (38)

31ech, B COOTBETCTBUH C JI€(DEBPOBCKUM OIPEICICHUEM, OTHOCSIIUMCS K arcH-
TaM, NMPUHAUICKAIMM K 1epeoti smuueckol cucmeme (KOTOpas B Hamled Mo-
JIETIM OTOXJIECTBIIAETCS C JIEBOIOIYIIAPHON JOMHHAHTHOCTBIO), MBI TIOJIaracM
YTO * = -, CCIIH JIeBONOMVIAPHYIN a2eHm (v CIUTAET, YTO areHT [ ero opye, u
% = -, €CJIM OH II0JIaraeT, 4TO areHT (3 ero gpae.

3aMeTuM, YTO €CIM BUJ HAaMEpPEHMs MPaBOIOIYLIAPHOIO areHTa B Hamlel
cucTeMe cognaodaen C TaKOBBIM JUIS WHIMBHIYYMa, IPUHAJJICKAIIETO BTOPOU
3TUYECKON cucteme, BBeneHHBIM JledeBpom, To popma HamepeHus JeBOHOITY-
LIAPHOTO areHTa omiauuaemcss OT PEIICHUS areHTa, MPHUHAUISKAIETO MePBOH
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a=10b=0 a=01b

|
—

Puc. 1. Yerbipe pa3iuuHBIX cjydas MpeNJOXKeHHsl elbl U COOTBeT-
CTBEHHBIX MMapaMeTpOB, OMUCHIBAIOLIUX TPeNJIOKEeHNsT CPelibl, a U b,
areHTaM « Y (3, COOTBETCTBEHHO

STHYECKOH CHcTeMe. DTO pa3iiMuue BBIPAKACTCA B JIOTHIECKOM OTPHIIAHUH BHI-
paKEeHUs1, HAXOISLIErocs B MOKasarese KCIOHeHTHI (38).

PaccmoTpuM HaMepeHUs [BYX THIIOB arcHTOB KaK ()YHKyuu 08YX nepemeH-
Hblx, a U b.

Jliist paBoOIONyIApHOTO areHTa (v, KOTOPBIH paccMarpuBaeT /3 Kak CBOe-
TO ApyTa, MBI MMOJydaeM 3HAUCHHs (YHKIMH, IPUBEICHHBIC B TPETHEM CTOJO-
e Tabum. 2. TlTocMOTpuM Ha BTOPYIO CTPOKY ATOTO CTOJIONA: MPaBOTIONYIIAPHBIH
areHT CJICYCT MPEIUIOKCHUIO CPEJIbI YIIOTPEOUTD €Iy B HOBOI KJICTKE CO CHIDKE-
HUEM MCHTAJILHOTO pecypca (ICHCTBYs MO CYTH KaK JICBOTIONYIIAPHBINA arcHr),
€CJIM TONBKO cpela He TpeOyeT cAenaTh 3TO €ro Apyra, ¢ KOTOPHIM TaHHBIHA
areHT (v MEHTAJIbHO B3aMMOJICHCTBYET. TO €CTh, IPABOMOJYIIAPHBIN areHT Me-
HSET CBOIO KJIETKY M MICT B JPYTYIO KIETKY (TJe eMy mpemiaractcs eaa), eciu
B 9TOI HOBOW KJIETKE YXKE€ HAXOJHUTCS €ro IPYT, C KOTOPBIM arcHT (v MCHTaJIb-
HO B3aUMOJICHCTBYeT. byneM Ha3bIBaTh TaKyl CTPATEIHIO MPABOIOIYIIAPHOTO
areHTa «Uomu K opyey».

J1J1s1 paBOMOITYIAPHOTO areHTa, KOTOPbIA paccMaTpUBaeT areHTa 3 Kak Bpa-
ra, MBI TIOJTy9aeM pelIeHus, TIPEACTaBICHHBIE B YETBEPTOM CTOJIOIE TaOI. 2.

BunHo, 4TO Bparu cogepuieHHo He 61us0m Ha HAMEPEHUE MPABOIOIYIIAPHO-
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TabsMLA 3. PeleHust IpaBonosylapHOro areHTa, KOTOPBIH yUHUTHI-
BaeT NpeioxkeHue apyry (3 cronbewn) u Bpary (4-it crosnber)

a
0
0
1
1

—_—— O —
—_— — — —

TABIMLIA 4. PelieHust JIeBOMOJYIIAPHOTO areHTa, KOTOPbIH yUUThIBA-
eT npenJsoxeHue Apyry (3 crosnben) u Bpary (4-if cronben)

H anrb ‘ aa~b ‘

alb
0]0
011
110
1 |1

0
0
1
|

—_—— O

ro areHra. MO»XHO 3aKIIIOUUTh, YTO B OMKUCHIBACMON MOJICIIU IIPABOIOIYIIIAPHEIC
AreHTHI YYUTHIBAIOT TOJIBKO CUTYALUIO CO CBOUMH JIPY3bSIMHU.

JlJiss IeBOMOYIIAPHOTO arcHTa, KOTOPBI MEHTAJbHO B3aUMOJICHCTBYCT C
JIpyroM (C €ro TOYKH 3PEHHs), Mbl TMoJydaeM (TpeTuil crosoer Taodm. 3), 4To
JIPY3bsl JICBOTIOJYLIIAPHOTO areHTa He BIMSIOT Ha ero pemienue. Haobopot, mis
JICBOTIOJYIIAPHOTO areHTa, KOTOPBIH YYUTHIBAET CUTYAILUIO C BPAroM, peIICHHs
MpPEACTABJICHBl B YETBEpTOM cTONIONE Tali. 3. BHOBB, oOpamiasi BHUMaHUC Ha
BTOPYIO CTPOKY STOTO CTOJIOLA, MBI 3aKIJIFOYAEM, YTO JICBOMOIYIIAPHBIA arcHT
JICUCTBYET KaK IMPaBOIOIYIIAPHbIA, HE CIEMysl MPEIJIOKCHUIO CPEe/ibl YIOTpe-
OUTH ety B IPYTOii KIIETKE, €CIIM TOJBKO cpe/ia He TpedyeT OT ero Bpara CMEHHTh
ero KJeTKy (Tak 4YTo e[a Mpesiaraercsi Kak pa3 B KJIETKE, KOTOPYIO 3aHMMAeT
CIIy4aiiHO BBIOPaHHBII Bpar, C KOTOPBIM arcHT (v MCHTAJIbHO B3aUMOJICHCTBYET).
Jpyrumu cioBamu, JICBOIOIYIIAPHBI arcHT HE UACT B HOBYIO KIICTKY 32 €I0H,
©CJIM €TO Bpar yxe B Heil. BylieM Ha3bIBaTh TaKyI0 CTPATETUIO JICBOMOIYIIAPHOTO
areHra «He npucoeOUHsIMbcsi Kk 8pazy». MOKHO 3aKJIIOUUTh, YTO JICBOTIOMYIIAp-
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HBIE areHTHI IPHHAMAIOT BO BHUMAHUE TOJIBKO CHTYAIHIO C BParamH.

WHTEepecHO 3aMEeTHTh, YTO PELICHUE JICBOTIONYIIAPHOTO arcHTa MOXKET OBITh
MPEJCTaBICHO B Ooiyice mpocToil popme, KoTopas He TpeOyer JieheBPOBCKOTO
WCTIOTb30BAHMS PA3IMIHBIX OMEPAINid ISl ONMUCAHNS APYKESCTBEHHBIX M KOHKY-
PEHTHBIX OTHOIICHHUH B Pa3IMYHBIX THUECKUX CHCTeMax. cronp3ys 3Haku + u
- 7u1s HUX (KaK JUIs OpaBOIIOyIIAPHOTO areHTa), GyHkims a®® MoxeT GbITh 3a-
MEHCHA TOX/ICCTBCHHOI eif (DyHKIUECH aa“’, a QyHKIHs a®tt — toxecTBeHHOM
eit pynxupeit a®’. Dt HOBBIE (HOPMBI MOTYT OBITH JIETKO HHTEPIPETHPOBAHbI
KaK Takue, B KOTOPBIX JICBOTIOMYIIAPHBIN areHT MPEACTABIACT, YTO KaK OH, TaK
U arcHT, C KOTOPBIM OH B3aUMO/ICHCTBYET, OTBEPTalOT MPEATI0KCHUS CPEJIbI.

BaxHO OTMETUTh, YTO ONMUCAHHBIC MPABUIIA MCHTAJIBHOTO B3aUMOICHCTBHS
AreHTOB MOTYT OBITh IMONTBEPKICHBI JIHIIb [IPHU HCIOJIb30BAHUH JaHHON MOJIC-
T U OMHCAaHUS peaNbHBIX sABICHUH. [T1aBHOe ompaBmaHme Ui HUX COCTO-
WT B TOM, YTO 3TH TpaBHJa COOTBETCTBYIOT MpaBWiaM, c(HOpMyIHPOBAHHBIM
JledeBpoM i1t BTOPO# ITHUSCKON CHCTEMBI (Y4TO HAINLIO 3KCICPUMCHTAJIBHBIC
noaTBepxkaeHus [29]) U rUmoTe3e 0 TOM, YTO TOJBKO JIEBOE IMOJYIIAPUE MOXKET
OCYIIECTBIIATh JIOTMYCCKHE OTCPAIIHH.

CaMoBO3/1eliCTBHE aT€HTOB

Hawm cneyer Takxke pacCMOTPETb CUTYaIHIO, KOT/Ia areHT B3aUMOJICHCTBYET caM
¢ coboit npu mpuHATHE pemienus. Hamomuum, uto dynkuus i(a,b) = a®+®
OIMCHIBACT CUTYALHUIO, KOTZA IIPABONOJIYIIAPHBIA areHT v MpEeNCTaBisieT cede
CHUTYAaLHIO, B KOTOPOIl OH HAXOIUTCS B IPY’KECTBEHHBIX OTHOIICHHUSX C areHTOM
[ (MEHTaIIbHO B3aWMOJCHCTBYET ¢ HUM). Eciu areHT « BeIOMpaet 5 = «, TO OH
MOXET IIPEJCTAaBUTh CHTYAIMIO B3aUMOJCHUCTBHUS ¢ co0oi. ITockosbKy TpymHO
MIPE/CTaBUTh, YTO ATOT areHT HAXOAUTCS B IPY>KECTBEHHBIX MJIM KOHKYPEHTHBIX
OTHOILCHUAX C CAMUM COOOIi, TO €CTECTBEHHO PACCMOTPETh B KaYECTBE TaKOTO
B3aHMOJICHCTBUS peqhieKcuro areHTa.

J1st npaBonoynIapHOTo areHTa Takylo pedIeKCHIO MOXKHO ONPEIETIUTD KaKk

a

¥ = ad". (39)

DTO BBIpAOXKCHHE 03HAYACT, YTO MPABOIOJYIIAPHBIA areHT BOOOPaXaeT, 4To
OH TIPCJICTABIISACT ceOs MPUHUMAIOIIUM MpeIIoKeHne cpeabl. OUeBUIHO, YTO
JUTSI TAKOTO peIIeKCHPYIONIETo (B3anMOJIEHCTBYIONIETO ¢ CO00i) areHTa

Yv=a+a®=a+ata=a+1=a. (40)
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CrneoBaTenbHO, TaKOW areHT JEHCTBYET Kak JICBOIIONYIIApHBIA areHT! Takum
00pazom, e3aumooeticmsue npasonoNIYUAPHO20 A2eHMA ¢ CAMUM cOOOU npespa-
waem e2o 8 1e6ONONYUaApHO20 azenma. Mpl OylieM CYUTaTh 3TO SAMHCTBCHHBIM
BO3MO)KHBIM CJIEJICTBHEM PEQICKCHHU MPABOIOIYIIAPHOTO areHTa, CISIYIONIETO
W3 €T0 HECHOCOOHOCTH CTPOUTH JIOTHUCCKUE OTPHUIIAHHS.

Hanpotus, Mp1 OymeM npearnonarars, 9To B OTIMYHE OT MPABOMOIYIIIAPHOTO
arcHTa peQICKCUPYIOIINI JICBOIIOIYIIIAPHBIN MOXKET /1160 OCTABATHCS TAKOBBIM,
Jub0 BecTH ceOsl KaK MPaBOIOIYIIAPHEI, TO €CTh B MOJICIH OY/ICT CYIIECTBOBATh
OYCBHIHASI ACHMMETPHUS MKy PEPICKCUPYIOIIUMU MPABOIOIYIIAPHBIMU U JIC-
BOTIOJTYIIIAPHBIMH areHTaMu: pedIeKCHPYIOMN TPABOMOMYIIAPHBIN areHT Jaei-
CTBYET KaK JICBOTIOIYIIAPHBIA, HO PedIICKCUPYIONTUH JIEBOTIOIYIIAPHBIA OCTa-
€TCSl JICBOTIOIYIIAPHBIM MM CTAHOBUTCS MPABOMOIYLIAPHBIM.

UroObl ompaBnaTh TaKyl aCHMMETPUIO M JBOWCTBCHHOCTh CaMOBO3JCH-
CTBUSl JIEBOIIOJIYIIAPHOTO areHTa pacCMOTPUM €lIe OJHY MHTEPIPETALMIO KITIO-
4eBOH 1T HAC (QYHKIUHM MMITDTHKALIIH.

00 ofmmem ciiyuae B3auMO/IeliCTBHS aT€HTOB

Panee MBI paccMoOTpeny HpOCTEHIIME COy4YaW JAWHAMHKH TOMYJSIUN HEB3au-
MOJICHCTBYIOIIMX arcHTOB, MMCIOLINX PAa3JIMYHOC TOMUHHPOBAHUE TOTYILAPHH.
Jlyist MEHTaJbHO B3aUMOJICHCTBYIOLIMX AareHTOB aHAJOIMYHOE PACCMOTPEHHUE
(oTHOCSTIIEECSI, HAIPUMEP, K BEDKMBAHUIO areHTOB) SIBISIETCSI O0JIee CIOKHBIM
Y MBI TJIAHUPYEM PAaCCMOTPETh ATy MPoOJIeMy B JalbHeHeM. 31ech e JIUIIb
OTMETHM, YTO BEDKUBAHKE arCHTOB 3aBUCHUT OT B3aHMMOJICHCTBUS PaCIIPCICIICHHS
arcHTOB M0 KJICTKaM M PACHpPEACICHUS MIPEUIOKCHUS ebl 1Mo KieTkaM. OHO Tak-
)K€ CHIIbHO 3aBHCHUT OT KOHKPETHOH CTPYKTYPHI OTHOILICHUI MEXIY areHTamu
(npy’KeCTBEHHBIX MIIH KOHKYPEHTHBIX ). KauecTBeHHO, 4eM OOJIbIlie areHTOB pac-
CMAaTPUBAIOTCS JIAHHBIM TIPABOMOJYIIAPHBIM areHTOM Kak JIpy3bsi, TeM 0OJIbIie
€ro MOOMIIHOCTh B KJIICTOYHOM MHUPE U OOJIBIIC IIAHCOB U30CTHYTh (PU3UIECKOM
rubenu. C Apyroil CTOPOHBI, YeM OOJIbIIEC areHTOB PacCMATPUBAIOTCS TaHHBIM
JICBOMOJTYIIAPHBIM arcHTOB B Ka4eCTBE BPAroB, TeM OOIbIIE BEPOSITHOCTH OT-
BEPrHYTh MPEJIOKEHNE €bl U OOJIbIIE [IAHCOB COXPAHUTh CBOM MEHTAJbHBIN
pecypc. B o0riem cityyae, rmpu npou3BOJIBHBIX OTHOLICHHSIX MEXIY areHTaMH,
MHOTOAreHTHasl CUCTEMa MOYKET ObITh W3y4eHa IVIaBHBIM 00pa30M MyTeM KOM-
MBIOTCPHOTO MOJICITUPOBAHUS, & HE aHAJUTUYCCKOTO PACCMOTPCHUSI.

MOKHO YBHIETh, KAK MEHTAJIbHOE B3aMMOJICHCTBUEC MOXKET YCIOKHUTD CBO¥-
CTBa MOJIENIH, pacCMaTpHBasi MPOCTEHIINE MPUMEPBI, MPOULIIOCTPUPOBAHHBIE
puc.2. B nepBom ciydae JiBa MpaBoMOJyIIAPHBIX areHTa, KOTOPhIE HAXOASATCS
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AGENTS RELATIONS
(O —Right brainer — Friendly
«o+ Competitive
@ —Left brainer O—Self — interaction

a) b)
0O—00 ° -0

LY ¥ L1 Y 4 Y-—Food

1) 2) 1) 2) <— Cells
f f t
Mental death Physical death

Puc. 2. (a) [lBa npyxxecTBeHHBIX (06a areHTa paccMaTpHBalOT APYT
Ipyra Kak JApy3ei) peJeKCHBHBIX NPaBOMOJYIIAPHBIX areHTa, »Ku-
BYLIMX B ABYXKJETOYHOM MHpeE, TMPOSIBJSIOT KaueCTBEHHO IOBeJe-
HUe HeB3aHMOJEHCTBYIOLIUX JIeBOMOJYIIapHbIX areHTOB, eC/]H efa
NpelbsABJsSETCS PABHOBEPOATHO B 00€UX KJeTKax. DTH areHThbl Mo-
TyT NMOTMOGHYTb BCJEACTBHE HelNocTaTKa MeHTasnbHOro pecypca. (b)
JleBomosylIapHBIi areHT, 3aHUMAIOMIUH TIePBYI0 KJETKY, B KOTOPOH
efla He TpeJJaraercsi, MOXKeT NOruOHYTb BC/IeACTBHE HefoCTaTKa (hH-
3MUECKOro pecypca (Kak HeB3aMMOIEHCTBYIOLINE MPABOMOJYILIAPHbIE
areHTHl), eCJM OH HAXOMUTCS B KOHKYPEHTHBIX OTHOLIEHHSX C APY-
TUM JIeBOMOJIYLIAPHBIM areHTOM, 3aHHUMAOLIUM BTOPYIO KJETKY, Iue
efla TipenJiaraetcsi. 3aMeTHM, YTO B 9TOM CJyuae Mbl UCKJIOUAEM ca-
MOBO3/I€HiCTBHE areHTOB, TaK 4YTO areHT W3 MepPBOH KJETKH He MUMeeT
IIAHCOB TI0MAaCTh BO BTOPYIO.
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B JPY>KCCTBEHHBIX OTHOWICHHSAX IPYT C APYTOM, 3aHHMAIOT JBE KICTKH (Ha-
MpUMep, BHAYaje OJMH arcHT B KJICTKE, KaK IOKa3aHO Ha puc.2a). Ecnu ena
npejyiaraeTcsi B 00CHx 3TUX KIIETKaX, HAIPUMEP, C OJUHAKOBOI BEPOSTHOCTBIO,
TO TOBEJCHME ATHX areHTOB OyJeT Ka4eCTBEHHO OYCHBb IMOXO0XKE Ha TOBEICHHE
HEB3aNMOCHCTBYIOIINX JICBOIIONYIIIAPHBIX areHToB. TakuM obpa3oM, 3TH mpa-
BOTIOJTyTIIAPHBIC aT€HTHI MOTYT YMEPETh BCICICTBHE NCTOIICHHS X MEHTAIBHBIX
pecypcoB. B HeKkoTOpOM CMBICIIE TaKoe MOBEICHUE BBIVISIIUT HEPa3yMHbIM, I10-
CKOJIBKY TPEJIOKCHUE IMUIIUA MOXET JIaTh MM B HEKOTOPBIX CIIyYasX BBDKHTH
(busnvecku 63 cMEHBI KJIETKU IpeObIBaHus. Bo BTOpoM citydae Mbl paccMaTpu-
BaeM JIBYX JICBOIOJNYIIAPHBIX areHToB. ECiM areHT, n3HadalbHO 3aHUMAIOIITHA
TIEPBYIO KJIETKY, HAXOANUTCS B KOHKYPHPYIOUIHX OTHOIICHHUSIX C APYTHM JEBOIIO-
JYIIAPHBIM arcHTOM, KOTOPBIH 3aHMMAacT BTOPYIO KJICTKY M ella Mpeiiiaractcs
TOJIBKO B 3TOHM MOCIEIHCH KIETKE, TO MPHU OTCYTCTBHH CaMOB3aUMOJICHCTBUS
MMOBEJICHHE TICPBOTO arcHTa OyIeT aHAJIOTUYHO TOBEICHHUIO IPABOIOIYIIIAPHOTO
areHra B MoJien 0e3 B3auMojieiicTBrs. Hampumep, areHT, 3aHUMAIONIHA IEPBYIO
KJIETKY, MOJKET IMOTHOHYTh M3-32 HEXBATKU (PU3MUECKOTO pecypca. 3aMeTUM, 4To
BIIVSTHHE CaMOBO3JIEHCTBUS (PePIESKCUH ), KOTOPOE NEHCTBUTEIHHO JaeT areHTOM
B MOMYJISIIUN MHHUMAJIBHYI0 MOOWIBHOCTh, YMEHBIIACTCS C POCTOM 4ucia [N
arcHTOB B momyisiiuu. HecMOTpst Ha CIIOXKHOCTH OOIICH MOJCIH MEHTAJIBHO
B3aWMOJICHCTBYIOIINX areHTOB, HHTEPECHO PACCMOTPETh €€ MpPEACIbHBIC CITy-
Yyau, KOTOPBIE BEAYyT HAC K KBAHTOBOW CTAaTHCTHKE.

IIpaBomoaymapHas crparerusi: Pacnpenenenne boze-Jiinmreiina

PaccmoTpuM cO0OIIECTBO areHTOB C MPaBOIOYIIAPHONW JOMHUHAHTHOCTBIO, KO-
TOpBIE HAXONSTCHA B JPYKECTBEHHBIX OTHOIICHHAX APYT ¢ ApyroM°. Mbl yxe
paccMaTpUBaii CITydail HEB3aMMOICHCTBYIOIINX PABOIIONYIIAPHBIX aATCHTOB H
[MOKA3aJIi, YTO OHM 3aHMMAIOT CBOU IICPBOHAYAIILHBIC KICTKU B JIFOOOH MOMEHT
BpemenH t. [TosiBieHue B3auMoeicTBHS O3BOJISIET MIPABOIONYILIAPHOMY areHTy
CMEHUTb CBOIO KIIETKY, €CJIU:

® OH MCHTAJILHO B3aMMOJAEHCTBYET C JPYIOM, KOTOPBIH YK€ 3aHUMAET KJIeT-
Ky, B KOTOPOH MOSIBIISICTCS €13 — uomu K opyey;

® OH MEHTAJILHO B3aUMOJCHCTBYET caM ¢ COO0H — 3T0 pedieKCHBHOE B3au-
MOJICHCTBUE TPEBpallaeT ero MOBeJCHHE B JICBOIIONYLIIAPHO-IOX00HOE 1
MI03BOJISIET CMEHUTD [IEPBOHAYAIIBHYIO KIICTKY.

5Mbl yxKe OoTMedasiy, YTO TaKHue OTHOLIEHHWS THIHWYHBI AJs NPaBONOJYLIAPHBIX areHTOB.
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[IpeArnosaoKuM, 9TO areHT (v 3aHUMAaeT KJIETKY j, HO e[a Ipe/uiaraetcsi B
KIeTKe ¢. [lycTh areHT (v MEHTaJbHO B3aUMOJICHCTBYET CO CIIy4ailHO BHIOpaH-
HBIM arcHTOM (BKJIIOYasi ceOst). BeposiTHOCTH TOro, 4To OH BBIOCPET arcHra,
KOTOPBIH 3aHUMAET Kak pa3 KIeTKy ¢ coctasiser (N;) /N, B To BpeMst Kak Bepo-
STHOCTB TOTO, YTO OH BbIOEpeT cebs cocrasmsier 1/N. Takum oOpa3om, HOJIHAS
BEPOSITHOCTD JIJISl areHTa (v IEPeUTH B KIIETKY i COCTABISET

pj—i = ((Ni) + 1)/N. (41)

DTO B TOYHOCTH M3BECTHASI BEPOSITHOCTD IS 3aHSITUSI COCTOSIHUS ¢ 0030Ha-
mu. CrieioBaTenibHO, ee IpUMeHeHne BeleT K boze-DiHiTeiiHoBCkOMY paciipe-
JISJICHUIO areHTOB B KIIETOYHOM MPOCTPAHCTBE.

JIeicTBUTENIbHO, TaK KaK BEPOSITHOCTH TIOSABIICHUS €J1bI B STYCHKE ¢ COCTaBIIS-
eT f;, TO BEpOSTHOCTh arcHTy (v 3aHATh HOBYIO KJICTKY ¢ B MHTCPBAaJC BPEMCHH
[t,t + At] nponopumonansHa ((N;(t)) + 1) f;. [Tocne HOPMHUPOBKH OHa MOXET

ObITh 3alMCaHa KaK (NA0) 1 1)/
(1)) +1)Ji
Py = AL (42)

B cocrosiHiE paBHOBECHS, KaK 3TO CICAYCT U3 NPUHYUNA OeMaATIbHO20 OANAH-
ca, CKOpOCTh OOMEHa MEXJTy JBYMs KIICTKaMU ¢ ¥ j JOJKHA OBITh OJMHAKOBOW:

(N;)((Ni) + 1) fi = (Ni)((N;) + 1) £, (43)
WM, IpuHUMas Bo BHuManue (20),

(Ni) e NG e (44)

(N;)+1 (N;)+1

Tak kaKk MOCJICHEE COOTHOILICHHUE BBITIONHACTCS ISl JHOOBIX ¢ U j, TO BbIpa-
JKCHUE B JICBOM YaCTH SBISICTCS IOCTOSHHOM, et/ ¥ rhe [t — 9TO XUMHUYECKHUI

IIoTreHuuai, To
(Ni)

€/0 _ ou/0 45
e [Call
(N;) +1 (45)
U3 nocnieanero BeIpakeHUs HEMEUIEHHO CIIEAYET, YTO
Ni(e)) = —— (46)
< T 67, - e(fi—ﬂ)/e . 1'
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JleponoaymapHas crparerusi: Pacnpenenenue ®@epmu-Iupaka

PaccmoTpuM Tenepb COOOIIECTBO JIEBOINONYLIAPHBIX areHTOB, KOTOPbIE HaXo-
JIITCSl B KOHKYPEHTHBIX OTHOIICHUSX JPYT ¢ apyrom. CornacHo Buibsamcy [22],
HUMEHHO KOHKYpeHmHble OTHOLICHNS THIIMYHBI JUIS JIEBOIIOJYIApHBIX HepcoH. C
JPYTOi CTOPOHBI, IPYKECTBEHHBIC OTHOIICHHS, KAK Mbl TOBOPHJIH, HE BIIUSIOT
Ha pELICHMS JICBONOIYIIAPHBIX areHToB. Takke, Mbl YK€ PacCMOTpEIH paHee
cilyyall HEB3aMMOJCHCTBYIOILIMX JICBOIOJIYIIAPHBIX areHTOB M MOKA3aJu, 4TO B
PaBHOBECUH OHM JOCTUTAIoOT pacnpenenenus ['n60ca. [losBieHne MEHTaIbHOTO
B3aMMOJICHCTBHUS [TO3BOJISACT JICBOIOJIYIIAPHOMY areHTy YIepiKaTb CBOIO KJICT-
Ky €CJIM OH B3aUMOJICHCTBYET MEHTAJIBLHO C BParoM, KOTOPBIH YK€ 3aHHMAaeT
KIIETKY, IIe IIpeasaraercs ena (e udy x epazy).

[IpearnoxoxuM, 4To areHT (v 3aHUMAET KIETKY j, a e/la peylaraeTcs B KieT-
ke 4. Jlanee Hy»)HO OyleT pacCMOTPETh JIBa Cliydasi CAMOBO3JICHCTBHS arcHTa.

BHayase npearonoxum, 4To Takoe caMOBO3/ICHCTBHE OCTaBIISCT JIEBOIOIY-
LIAPHOT'O areHTa JIEBONOIyIIapHbIM. [IycTh nanee areHT «v ciry4aifHo BEIOMpaeT
areHra (BKJIIo4asi cebs) Uil MEHTAIBHOTO B3auMOJIeHCTBHs. BeposaTHOCTb, uTo
OH BbIOEpET arcHTa HE 3aHUMAIOIIEro KIeTKy ¢ cocrasiser (N — (N;))/N.
[ToaTOMY, BEpOSITHOCTD areHTy (v IIEPEHTH B KIIETKY ¢ €CTh TaKKe

N — (Vi)

~ (47)

Pj—i =

3aMeTHM, YTO arcHT (v MOXKET BbIOpaTh ccOsl B KAUSCTBE MapTHEPa JJIsl MCH-

TaJIbHOTO B3auMopencTBusl. Ho 3To, M0 NpeAnonokeHuto, He MOKET U3MEHHUTD
€ro HaMEpPEHUs MEePENTH B KIIETKY 1.

BHOBB, Tak Kak BEpOSITHOCTH IMOSIBJICHUS €/Ibl B KIETKE § COCTABISIET f;, TO

BEPOSATHOCTh Ar€HTY (v 3aHATH HOBYIO KIIETKY 4 B HHTEpBaJie BpeMeHH [t, t + At]

paBHa
_ NN fi
Pjmi= 7N (48)

Wcnonp3yss BHOBR NPUHIWI ACTAIBHOTO OanaHca, MBI yYUTHIBACM, YTO B
PaBHOBECHH CKOPOCTH OOMEHa MEXIy ABYMsS KIETKaMH, ¢ M j, JOJDKHBI paB-
HATBCSL:

(Nj)(N = (Ni)) fi = (Ni)(N — (N;)) f (49)
e <N1> €. /0 __ <NJ> €
7N—<N¢>e /9_7N—<Nj>e /0. (50)
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Kak u panee, MOCKOIBKY MOCIEIHEE COOTHOLICHHE YIOBIETBOPSACTCS I
MOGBIX i U j, BRIPAXKEHHE B JICBOM 4acTH HocTosHHO, e/?. Takum o6pasom,

(Ni) 6 u/6
AN eiso _ oo, 51
W3 1mocneiHero ypaBHEHHs CIIeyeT, 4To

(Vilei)) = ==

ei—p)/0 + 1 (52)

TakuM 00pa3om, B paBHOBECHUHU COOOIECTBO JICBOIIOIYIIIAPHBIX ar¢HTOB, KO-
TOPBIC HAXOJSITCS B KOHKYPECHTHBIX OTHOIICHUSX JIPYT C IPYrOM, OMUCHIBACTCS
000011eHHbIM pactpenencHiueM epmu-Jlupaka, B kotopom N pepmuoHam 103-
BOJICHO OKa3aThCsl B OJJHOM SHEPreTUYECKOM COCTOSIHUH. MOXKHO CYMTATh ITO
pacnpeeneHne 0ObIMHBIM (EPMUEBCKHUM C BHIPOIKICHUEM YHEPIETHUECKOTO CO-
crostHust g = N.

Ecnu MBI MpeanonokuM, 4To0 CaMOBO3/ICHCTBHE JICBOMOYIIAPHOTO arcHTa
MpEeBpaIlacT ero B MPABOIOIYIIAPHOTO, TO OH HE CMOXXET MEPEXOJNUTh B UHYIO
KIJICTKY [IPUA TaKOM CaMOBO3JICHCTBUU. DTO MPUBEICT K U3MCHECHHUIO BBIPAXKCHHS
(47) na cnenyromee

N-(Noy+1)  (N-1)—(Ny)

T 6

PaccyskieHuns, aHaIOTMYHBIE TOJIBKO YTO MPUBEICHHBIM, JAI0T CICAYIOIee
pachpesiesieHie areHToB B 9TOM Cllydae:

(Ni(e)) =~ 64)

310 — pacnpexnenenune Pepmu-/lupaxa, B koropom N —1 hepMrOHaM 103BOICHO
0Ka3aThCsl B OJJHOM PHEPreTUYEeCKOM COCTOSIHUU. MOXHO CUUTAaTh, KaK U paHee,
9TO pacnperesieHne 00bIYHBIM (PEPMUEBCKUM C BBIPOXKACHHEM YHEPreTHUECKOTO
coctostaust g = N — 1.

Takoe ToHKOe pa3Indue IBYX paclpeIeieHnii HaM MTOHaI00UTCS B TallbHEH-
IeM.

Ecnu TepmonmHamMuyeckoe paBHOBECHE MOXKET OBITh JOCTHIHYTO 3a Bpe-
MEHa, 32 KOTOpbIe HHU OJMH areHT He MOrvbaeT BCIEACTBHE UCTOIICHHS (U3H-
YEeCKOTO MJIM MEHTAJIBHOTO pECypca, TO BEIMYMHA XMMHUYECKOTO MOTEHIMANA [
MOXET OBITh OTIpe/eTIcHa IIPH UCIIOIb30BaHUH HOPMHUPOBKH, KaK JJIsI COOOIIECTB

VITK 001(06)+004.032.26 (06) Heiiponmbie cern 45



ISBN 5-7262-0708-4 JIEKIIMY 110 HEMPOUH®OPMATUKE

JICBOTIONYIIAPHBIX areHTOB, TaK M JJIs PaHEe PACCMOTPEHHOTO CO00IIecTBa pa-

BOIIOJIyIIApHBIX ar¢HTOB:
n

i=1
DTO COOTHOIICHHE OTPAKAET COXPAHECHUE YKCIIa areHTOB.

J1st mpaBomoNTyIIapHbIX areHTOB, ONUCBIBAEMBIX bo3e-DHHIITEHHOBCKUM
pacrpe/elicHHEeM, MbI TI0JIy4aeM COOTHOIICHHE, U3 KOTOPOTO MOXKET OBbITh Hali-
JIEHO 3HAUE€HHE XMMHUYECKOro MOTeHIHaaa
n
Pp— N (56)
Laolei—p)/0 1

=1

O4eBHAHO, UTO 3TO 3HAYCHHUE, B OOIIEM CITydae, 3aBHCUT OT TEMIIEePaTypHI.
JLJist NeBONONTYIIAPHBIX aTCHTOB, TOMYHHSIONIMXCS cTatucTrke Depmu-/Iupaka,
MBI [10JIy4aeM B ClTydae COXpaHEHUs JIEBOIOIYILIAPHOCTH MPU CaMOBO3ICHCTBUM

n

1
Zl elei—pn)/0 +1 =1 (57)

1=

Bo BTOpOM ciiyuae BRIpaKeHHE TTOXOXKE.

3aMeTUM, YTO TPUHIMII JETAlbHOTO GanaHca yrBepkaaetr, 4ro eciu (Np)
u (No) npezacraBisior co0oii CpefHee YUCIO COCTOSHHUMN, HOMEUYEHHbBIX | U 2,
TO YHCJO TEepPexofoB w3 1 B 2 MODKHO PAaBHATHCS YUCIY IMEPEXOIOB U3 2 B
1. DTOT MpUHIMIT CHIIbHEE, YeM YCIOBHE PaBHOBECHS caMO 1O cebe U TryOoK
CBsI3aH C MHKPOCKOTIMUECKOW OOpaTUMOCTBIO M B3aWMHOCTBhIO OH3zarepa. OH
MOJKET MCIOJIB30BaThCsl HE TOJBKO JJIsl BbIBONA pactpernencuus depmu-/lupaka
st hepmuonog u pactpenenenus boze-DiHiuTeliHa 111 6030H06, HO TAKXKE U
JUTSL TIOJTYYCHUS TIPOMEKYTOUHBIX KBAHTOBBIX CTATHCTUYECKUX PACIIPCICICHUM
IUIL aHUOHO8. 3aMeYaTeIbHO, YTO CTATHCTUYCCKUE PaCTIPENesICHIS sl aHHO-
HOB MOTYT OBITh ITOJYYCHBI O€3 HCIIOJIH30BAHUS TEOPEMBI O CBS3M CIIHHA CO
CTaTHUCTUKOM.

Iepexaiodyenne moymapui 1 NPOMe:KyTOYHAS KBAHTOBAsSI CTATHCTHKA

CrnemyeT OTMETHUTh HEKOTOPHIC MaIbHEHIITIE BO3MOKHBIC MPUIOKCHHS JaHHON
Moznenu. OueBUAHO, YTO MPU MPUOIIDKCHUH K KPUTHYECKAM PEXKUMaM, KOTJa
(bu3MYecKud WM MEHTAJBHBIN PECypC MCYE3aeT, areHT MOXKET H3MECHHUTH CBOIO
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CTPATErnio BHDKMBAHMSA, H3MEHAS TOMHHaHTHOE momymapue®. B To xe Bpewms,
9MuYecKas cucmema areHTa He MeHseTcs. B Hamem moaxoie 0oJiee ioqoTBop-
HO PaCCMOTPETh nepeKitoyeHe cmpameeuy TPUA yICPKaHUH IPUPOIBI CBSI3CH
MeX1Iy areHTaMu. [loaToMy, TMHAMUKA TTEPEKITIOUCHHS TOTyIIapHii MOJKET OBITH
€CTeCTBEHHBIM 00pa30M BBEIEHA B HAILy MOJENb XOPOIIO M3BECTHO, YTO Ha-
PYIICHUS IUKIOB JOMHHUPOBAHUS TONYIIApUil pacCMaTPUBAETCS HEKOTOPBHIMHU
ABTOPaMU KaK MCTOYHHUK PA3JIUYHBIX MCHTAJBHBIX PACCTPOICTB.

Hanpuwmep, Ilerturpro npeArnonokuil, YT0 YMEHBIICHHE CKOPOCTH OUHOKY-
JISIPHOW KOHKYPCHIIMH — TaKasi KOHKYPCHIIHS KaK pa3 CBs3aHa C MEePCKII0YCHUCM
JOMHHAHTHOCTH TOTYIIAPHUN — SBISETCS HHIUKATOPOM OHITONISIPHOTO paccTpoii-
crea [37].

CrnenoBaTenbHO, AMHAMUKA TCPCKITIOYCHUS MOJIYIIAPHA MOXKET OBITH HC-
OJIb30BAHA JIJIsl MOCIMPOBAHUS, HAIPUMEP, MAHUAKAIbHO-ICTIPECCUBHOTO CHH-
JpOMa, TUITIOTETHYCCKU BEI3BAHHOTO B3aUMOJICUCTBHEM ar¢HTOB. DTO OTKPBIBACT
MyTh K yYETy COLHAIBHBIX YCIOBUH MPH PA3BUTHH MEHTAJIBHBIX PACCTPOICTB.

C >TOl TOYKM 3PEHUsT MHTEPECHO U3YyUUTh HAanOOJee MHTEPECHBIA OOIIHiA
Cllydail MOMYJSLNN, COCTOSIIEH M3 areHTOB C Pa3fIMYHOM MOJYIIApHON JOMH-
HAHTHOCTBIO U HAWTH €€ paBHOBECHBIC COCTOsTHUSA. [IpeacTaBiseTcs, 4To B 3TOM
ciydae OynyT ajiekBaTHbI OoJiee oOrmire (opMbl KBAHTOBO# craTucTiku. Hampu-
Mep, Kak 3To ObuTo Mokazano Xyanrom [40], ecu TomycKaeTcss TpaHCMYTaIus
06030HOB U (PepMHUOHOB (B HAIIEM CITydae OHA B TOYHOCTH COOTBETCTBYET Tepe-
KITIOUCHHUIO TOMHUHAHTHOCTH TIONYIIIApHii), TO CHCTEMa COCTOAIIAs U3 O030HOB U
(hepMuOHOB OyIeT UMETh (PYHKIIMIO CTATUCTHYCCKOTO PACIIPEIICIICHISI aHUOHOB.

IIpoMeKyTOYHBIC THITBI CTATUCTUKUA MOTYT OBITh HAMIICHBI HE TOJIBKO B CH-
CTeMax KBAaHTOBBIX KBazuvactuil. Hampumep, BbSHKOHH TIpelcTaBWiIa CIydaid
HETOMOTEHHOM paCTyIIEW €10 CHOU cemu C PA3IUYHBIMUA CBOWCTBAMH Y3JIOB,
JIEMOHCTPHUPYIONIEH CMENaHHyI0 KBaHTOBYIO CTaTHCTUKY [41].

63amerrm, uto B secheBpoBCKOH Asneebpe cosecmu W3MeHeHWe OTHOLIEHHH areHToB (0T
JIPY?KECTBEHHOTO K KOHKYPEHTHOMY M Ha000pOT) paccMaTpuBaeTcst KakK CPeACTBO IMOBBILIEHHE
€ro amuueckoeo cmamyca.

7CBUAETeNLCTBO B NOJIB3Y TOTO, YTO MEXIIOMyIIapHOe MepeK/loueHe CB3aHO C OCTPOH
Henpeccrel, U 4To 3TO 3a00/eBaHHE MOXKET UHULUUUPOBAMbCS WU NO0ABAAMbLCS SJEKTPH-
4eCKOH CTHMYyJIsILKeH JIHLIb OHOH MOJOBHHBI Mo3ra mpexacras/ieHo B [38]. Henasuo Jodcow
3HAUUTEJbHO YMEHDIIN/ CHMIITOMBl MaHWH y MalMeHTa MyTeM BBeIEHHs XOJOTHOH BOABI B Jie-
Boe yxo [39]. B ofuiem ciyuae, jeBoe mosyuiapue upe3MepHO aKTHBUPOBAHO MPH MaHHH, B
CpaBHEHMH C Ype3MepHOH aKTHBAaLMel MPaBoro MOJyLIapHs MpH AeNpeccHy. Tak Kak TemnJoBas
BeCTHUOY/sApHAsT CTUMYJALNS 3()(PEeKTHBHO AeHCTBYeT Ha ONHO IOJyIIapHe, MaHHs Morjaa Obl
OBITh M3/leUeHa TEMJIOBOH CTUMYyJsLHel ceBa, KOoTopasi yBeJaudn/a Obl aKTHMBHOCTb CIIpaBa H,
M03TOMY, YMEeHbIINIAa Obl MaHHUIO.
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Kputnaeckast mpobiema BBeICHUS MEXaHNU3Ma TPAHCMYTaIUU JT0JDKHA OBITH
paccMOTpeHa U OHA MPEICTABISCTCS YPE3BBIUANHO Ba)KHOM, IMOCKOJIBKY NAcT
BO3MO)KHOCTh HAWTH JIOJIFO JICBO- H MPABOMOIYIIAPHO JOMHHAHTHBIX arCHTOB B
MHOTOAreHTHON MOJIENIN C TIEPEKITIOYCHUEM MOTyIIaApHil.

CrnemyeT OTMETHTH IPyTroe BO3MOXKHOE HANpaBJlIeHUE pa3BUTHSA Mozaein. He-
CMOTpSI Ha BOSHUKHOBEHHE KBAHTOBOTIOMOOHBIX CTAaTUCTHK B TOJIBKO YTO TIPE.-
CTaBJICHHOM MOJEJH, MBI IPEMIOJIaracM TeM HE MEHEE, YTO arcHThI JCHCTBYIOT
CTPOTO KJIACCUYCCKUM 00pa3oM: b0 KaK MPaBOMONYIIAPHBIC, 1400 KaK JIEBO-
MOJyIapHbie (C BO3MOKHBIM MEPEKIFOYCHUEM JOMHHAHTHOCTH). Tak 4To ITto-
0oe HaOoIeHne KBAaHTOBOITOIOOHOTO CTATUCTHYECKOTO MTOBEIACHUS MOYIISIIUN
areHTOB He OyJeT o3HayaTh KBAaHTOBBIH XapakTep CaMUX areHToB. Tem He Me-
Hee, BO3MOXKHO 000OIIHUTE ATy KAACCUYECKYIO MOOelb Ha KEAHMOBYIO 001acmb,
MPE/IIIoarasi YTO areHThl MOTYT HAXOAMUTHCS B CYNEPIIO3UIIHU:

¥ = Blright) + 7lleft), (58)

e 3 1 7y SIBJISIFOTCSI KOMIUIEKCHBIMH aMILUTATYAaMHU COOBITHSI, TP KOTOPOM areHT
JEHCTBYET KaK MPaBO- WIIH JICBOIIONYIIIapHAas TIEPCOHA, COOTBETCTBEHHO.

Takass MOzeNnb MOXXET UMETh HEKOTOPYIO CBS3b C O8YCMbICIEHHOU Cmamu-
cmuxotl, paccMOTpeHHo MenBegeBbiM [42]. B aToM Buje CTaTUCTUKU BCE Ya-
CTHIIBI MMCIOT HEU3BECTHBIA THIL. JTO MOXKET OBITh CIICICTBHEM, HAIPHMED,
OCIWJUTSAIMY TUTIA YaCTHIBI, KOTJIa YAaCTHIEI SBIAIOTCS B JaHHBINA mepuon 0o-
30HAMH, HO 3aTeM MpPeBpamaioTcs B GepMHUOHHI 1 HaoGopom®. B xoje mapHOTO
B3aMMOJICHCTBUS YacTUIA PACIIO3HACT THUI APYTOW YacTUII (4 Haobopom) W
B3aMMOJICHCTBYCT C HEll COMIACHO €¢ BBISBICHHOMY THITY.

Ecnu BeposSsTHOCTB TOTO, YTO YacTuila OyIeT pacro3HaHa Kak 0030H (dep-
MUOH) eCTb Pp(pf), TO ITH YaCTHUBI OyAyT HOAYMHATHCS CTATUCTUKE AHHOHOB,
KOTOpasi MOJKET OBITh BBIBEICHA C MOMOIIBIO 1e(hOPMHUPOBAHHOTO KOMMYTAIH-
OHHOTO COOTHOIIICHHS

aia; — qa;—ai = 0ij, (59)
tne g = (p» — pr)/(py + py). Koneuno, Baxkno uccinenosars, 061aIaioT I HO-
JIOOHBIC 000OIICHUS MPEICTABICHHOW MOICIH KaKUMHU-THOO HOBBIMH U 9KCHe-
PUMEHMANbHO nposepsemMbiMiy CBOUCTBaMU. Ho 3TOT BOIIPOC BBIXOAWT 3a paMKH
JIAHHOM CTAaThbH.

8Takum 06pasoM, OCHMJIAUMH TOMHHUPOBAHHMA TOJYIIApHil MOFYT GBITh OMHCAaHBI ecTe-
CTBEHHBIM 00pa30M.
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3akiroueHne

Wrak, MBI MMOKa3aiu, Kak MOXHO C(OpPMYIHPOBAaTH MHOTOAreHTHYIO MOJENb,
OTIMICHIBAIONIYIO TIOMYJISIIIAA areHTOB C Pa3lIMYHON JOMHUHAHTHOCTBIO TTOJTyIIIa-
puil Mo3ra ¥ apryMeHTHPOBAIM, YTO TaKUE MOMYJSLUU MOTYT MOTUMHATHCS
M3BECTHBIM KBaHTOBBIM CTATUCTHKAM W MOTYT TakXe B IMOTEHLHMAJE OIHUCHI-
BaThCs MPOMEKYTOUYHBIMU KBAHTOBBIMU CTAaTUCTUKAMHU. DTO yKa3bIBAaeT Ha BO3-
MOXXHOCTh TIPUMEHEHHUs KBAaHTOBOW CTAaTHCTUKHA K HM3YUYCHHIO COIMAIBHBIX U
SKOHOMHYECKHUX SBJICHUH.

Ipumenenue dpopmanuzma JledeBpa kK MOCTPOCHUIO MHOTOAT€HTHBIX 3KOHO-
MUYECKHX arcHTOB MOTIIO ObI, KaK U oTMeval JleeBp, BHECTH B HUX PEaIUCTHU-
YECKUW DJIEMEHT, CBSI3aHHBINA C HAJMYUEM Y areHTa He TOJbKO YKOHOMUYECKUX,
HO ¥ BHEOKOHOMUYECKHUX MOTHBOB ITOBEICHHUS. 3aJladua TOCTPOCHHS TAKHX MO-
JleJIell He Ka)KeTCs HEBO3MOXKHOW M HajaymaHHoW. Ho monb3y Takoro momaxozaa
MO>KHO OYJIET OIICHHUTB TOJBKO B XO/I€ MX JIeTATbHON pa3paOOTKH ¥ MPUMEHEHNSI.

ABTOp HaIeeTCs, YTO ATO MOXKET SIBUTbCS HEKOTOPHIM apryMEHTOM B IOJIb3Y
TOTO, YTO IMOCTPOCHUE CUCTEM Pe(IICKCUPYOIIUX arcHTOB MOJE3HO ISl MUPO-
BOM DKOHOMUKH.
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Auekcanap Anexcanaposuyd EZKOB, xanaugar ¢pusznko-MaTeMaTHIeCKUX Ha-
YK, Ha9aJIbHUK J1a00paTOpHH KBAHTOBBIX HEHPOHHBIX CUCTEM TPOUIIKOro HHCTH-
TyTa MHHOBAalIMOHHBIX U TepMosiiepHbIX nccnenoBanuit (TPUHWUTU). Obnactn
HAyYHBIX HHTEPECOB — TEOPHS MEpeHoCca HEHTPOHOB, HEHPOHHBIE CETH, KBaH-
TOBBIC BBIYUCICHUS U dKOHO(DM3MKa. ABTOp Oostee 60 HaydHBIX ITyOTHKAIIHHA.
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CTOXACTHYECKAS TMHAMUKA, MAPKOBCKHUE MOJEJIN 1
IMPOTHO3

AHHOTAUS

Jlexmysi mpeqcTaBisieT HOBBIM METOZ MAapKOBCKOTO NpEACKa3aHHUs BPEMEHHBIX
psinoB. OH OCHOBaH Ha MHBAapUaHTHOH Mepe CiydalHOW TMHAMHKH, KOTOpas
peanmmsyercst Cuctemoit UteparuBubix Oynkimii (IFS) — ckUMarommx oTodpa-
JKEHHH, CHA0XKEHHBIX BEPOSTHOCTSIMH. [lapaMeTphl 9TOH CHCTEMBI MOTy4aloTcs B
pe3ynbTare peleHust 00paTHOH 3a1a4 Ha OCHOBE OLIEHKU SMIMPUYECKONH MephI
U3 BPEMEHHBIX PSIIOB.

N. G.MAKARENKO
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Institute of Mathematics, Kazakhstan, Alma-Ata
E-mail: ng-makar@mail.ru, makarenko@math.kz

STOCHASTIC DYNAMICS, MARKOVIAN MODELS AND FORECAST

Abstract

The lecture gives a new method of Markovian prediction of time series. It
is based on invariant measure of stochastic dynamics, which is implemented as
Probabilistic Iterated Function System (PIFS), i.e. a set of contractive maps with
probabilities. Parameters of the system are obtained as a result of the inverse
problem solution using the time series empirical measure.
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BBenenne

CT0 TBHICSTY MHJUIMOHOB 10 HeOa,
YMHOXXCHHBIC Ha OTCIONA U 10
¢ura garT NpencTaBieHne 00
ujiee, KOTOPYIO MbI TIOTBITAIHCH 10
Bac JIOHECTH.

Ilyenac Adamc
«Asmocmonom no I'anakmukey

B cuity cnoXuBIOIHXCS TPAAUITIA MBI OOBIYHO ITBITAEMCS YIIOPSAI0YNTE CBOU BITe-
yaTiaeHus o HabmomaeMoM Mupe B ¢opme momeneld. CaMble TIPOCThIE M3 HUX
MO3BOJISIFOT HHTEPIPETHPOBATh SKCIICPUMEHT B (JOPME CXEMBI, JIOTUYCCKOW HJIH
MaTeMaTH4YeCKOH, peayuupys HabmonaemMoe MHOrooOpaszue MakToB K BO3MOXK-
HO MCHBIIIEMY YHUCIY MapaMETPOB MOpsaka. Takue MOACIH-MHTEPIPETATOPEI
OTBEYAIOT, MJTM TOUHee, PopMaM3yIOT Botipoc: «Kak amo npoucxooum? » bonee
TIPOIBUHYTHIE MOJIEINN THITAIOTCS OTBETUTH HA Bompoc: «llouemy samo npoucxo-
oum uUMeHHO mak, a He uxaye?» B 1r000M BapHaHTE MBI XOTUM, YTOOBI MOJICIb
OBbLIa HE TOJIBKO «OOBSICHUTEIBHOI, HO U MO3BOJISUIA OBl YBUACTh UyTh JAJIbIIIC
«KOHYHMKA HOCa» — WHTEpBalia BPEMCHH, 110 KOTOPOMY OHA CTPOMIach. HbIMU
CIIOBaMH, MOJICTTh JTOJKHA TTPECKAa3bIBATb.

IIpencka3siBaTh MOBEACHUE AHHAMHYECKON CHCTEMBI, BOOOIIE TOBOPS, MH-
tepecHo kak Briepen (Prediction), Tak u Hazam Bo Bpemenu (Postdiction). On-
HAKO, B IPUCYTCTBHHU IMCCUIALUN ¥ KOHCYHON TOYHOCTH HAYaIBbHBIX JaHHBIX
peanmmzoBarh Postdiction, mo-BuanMoOMy, Topaszio CIOXKHEE, €CJIM 3TO BooOIe
MOYKHO CJienaTh. BO-TIepBBIX, CYIIECTBYET CIHIIKOM MHOTO BO3MOXKHBIX CIIe-
HapueB [Ipowinoco, KOTOPbIE MOTIIM B MPUHINIE 3aKOHYHUTCS CYIICCTBYIONTIM
Hacmoswum, 1 Bce OHA IJISL HAC pABHOB03MOXHCHBL. BO-BTOPBIX, MHBEPCHS JaXke
JMHENHHOro MpeAuKTOpa NpUBOAUT K NP-cnoxkubiM anropurmam [1].

CoBpeMeHHasl TEXHUKA JICTCPMUHAPOBAHHOTO HenuHeHoro Prediction Bpe-
MEHHBIX PSJIOB, O KOTOPOH s MOAPOOHO paccka3blBasl B OJHOW M3 CBOUX MPO-
MIUTBIX JIKIHHA [2], OCHOBaHA Ha TOTIOJIOTHYECKHIX MOJEIISX, KOTOPBIE TIOTYYaroT-
cs1 u3 HaOMromeHN. PeKoHCTpYKIWSI pecTaBisier coooi auddepenmpyemoe
BJIIO’KEHHE BPEMEHHOTO psijia B €BKIMIOBO MPOCTPAHCTBO MOAXOIAIICH pa3mep-
HocTh. [Ipu 3TOM caM BPEMCHHOH psifi pacCMaTPUBACTCS KaK AIAMOHOBCKAS
meHb (Ha30BON TPACKTOPUHU aTTPAKTOPA CUCTEMBI HA IPOHM3BOJILHOC HAIpaBIIC-
aue. CHMBOIBI BEpHI, HEOOXOAMMBIE TSI KOPPEKTHOHN peann3aiyl TakoW Mpo-
LY PBI, CBOAATCSA K MPEATIONOKEHUIO O CYIIECTBOBAHIH a0CTPAKTHOM TJIaKOM
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JUHAMHYECKOW CHCTEMBI C KOMITAaKTHBIM HHU3KOPa3MEpHBIM aTTpakTopoM. IIpe-
JUKTOP CTPOUTCS 1O MOTYYEHHOH MHOTOMEpPHON KOIUM aTTPaKTopa.

Ero nokanbHbIil BapuaHT HA3bIBAIOT MEMOOOM aHAN0208. ITOT MeTox (op-
Masm3yeT Gubmeiickuii Tesuc « Ymo 6110 mo u 6yoem» ' 2. Jipyrumu ciosamu,
MBI HaxoauM B [Ipoutiom Hamel peKOHCTPYKIMH (parMeHThl TPaeKTOpUH, KO-
TOpBIE MOX0XKH (aHAJOTHYHBI) TIOCIIEHEMY U3BeCTHOMY HaMm ¢parmenty. [Tocie
9TOTO BBIITMCHIBAEM MX JUHAMHYECKHE MPOJOIDKEHHUS, T. €. UX «Oyyliee B po-
nutom». JlokanbHOe IpeicKa3aHue IoJIy4aeTcsl YCpEeAHSCHUeM BapHaHTOB déjd
vu 3.

I'moGasbHBIN PEAUKTOP OCHOBAH HA BCEW HENPEPBIBHOW W M3BECTHOW HC-
TOPHUH Psila M TMPEACTABISIET COO0M HENMMHEWHYIO aBTOPETPECCHOHHYIO MOJACTH
C MaMATbIO, PABHOM pa3MepHOCTH BilokeHHA. DakTHUECKU, MBI 3[€Ch UMEEM
JIeJI0 C HEJTMHEHHBIM OTOOpa)KEHHEM BEKTOPOB PEKOHCTPYKIMH, U3BECTHBIX U3
HUCTOPUU PAJa, B UX HOCIEAYIOLIME MO BPEMEHHU 3HA4eHUs. ANMpPOKCUMAIUs
HEU3BECTHOIN HEIMHEIHON (YHKIIMH MHOTHX MEPEMEHHBIX MOXKET OBITH TOIY-
YeHa pa3HBIMH METOJaMH.

HckyccTBeHHBIC HEHPOHHBIE CETH, BOSMOXKHO, SIBIISIOTCS JYYIIUM aIlpOK-
CHUMaTopoM, 00y4eHHBIM TakoMy 0ToOpaskeHuto. OJjHaKo, B 00IIeM ciiydae KBaj-
paTuyHOro (yHKIMOHAJNA OMIMOOK M KOHEYHOH oOyuarolei BBIOOpKM 3ajava
amNMPOKCUMALINH HE SBISIETCS KOppekTHOH. [losToMy BEIOOp BapuaHTa, IpeTeH-
IYIOIIETO Ha POJb pednbHo20 W3 MHOKECTBA allbTEPHATHBHBIX PABHOBO3MOXK-
HBIX PEIICHHUH, BCET/Ia SIBISACTCS /CJIOM BeChbMa MHTUMHBIM Ja)Ke MPU HATHIHH
xopouiero peryispuszaropa. Jlist BeIOopa BapuaHTa HEPEIKO MCIOJB3YIOT Aaxe
9CTETHMYECKUI NPUHLMIL «BO3MOJICHO, 510 XOpOULO 8blensioum».

CoBceM MHasi CUTyallsi BO3HUKACT, KOIJIa Y HAC HET OCHOBAaHWI IMOJIararh,
YTO JUHAMHUKA UCXOJHOW CHCTEMBI SIBJISICTCS AETEPMUHUPOBAHHOM. [1o pazHbiM
TIPUYMHAM, BOSHUKAIOT OOJBIINE COMHEHHS B BBITOIHIUMOCTH Kpedo uoeanvHo-
20 axcnepumenmamopa [2], HeOOXOJUMOTO JUIsl TOIOJIOTHYECKOW PEKOHCTPYK-
uuu. B aTOM cilydae npuXoAuTCs UCNOIB30BATh CTOXaCTUYECKUE MOAEIH U Be-
POSITHOCTHBIHM MPOTHO3.

51 mo3Bomio cebe MPUBECTH 37eCh NUTATY W3 3aMedaTeNbHoro scce CraHm-
ciaBa Jlema, KOTOpasg OYeHb TOYHO OMFCHIBACT JABYCMBICICHHOCTD HEIETCPMHU-

'Ec/i ccbiika Ha MpUMeyaHye NpeCTaB/IsieT co60i YHeI0, 3aK/TI0UeHHOe B KPYT/Ible CKOOKH,
Hanpumep, (3), To oHa 0G03HauaeT HOMep MpUMedaHHsl, IOMELIEeHHOro B KOHLE AAHHOTO TeKy-
wero pasnesa. Ceblika B BUE YHC/Ia, He 3aKJI0YEHHOTO B CKOOKHM — OOBIYHOE MOACTPAHMYHOE
[pUMeyaHue.

2Eka. 1:9.

3Yke BHIEHHOE.
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HUpPOBAaHHO# cutyamuu *: «K nonsmuro seposimuocmu mvi npubezaem, Ko20a ne
3Haem ue2o-1ubo ¢ nonHoU yeepeHHocmuio. Ho neyeepennocmos sma Hocum ju-
60 uuCcmo cyOvLeKmuGHbIL Xapakmep (s He 3HAI0, YMO NPOU30UOen, HO KmMo-mo
O0pyeotl, 8603MOJICHO, U 3HAeN), TUOO 00bEeKMUBHBIU (HUKMO He 3HaAem U 3HAMb
ne mooicem). CyOvbekmuenas 6eposSmHOCIb — MO0 HPOme3 npu UHGOPMaAyuon-
HOM ygeube; He 3HAsL, KAKAs T0uadb 803bMen NPus, U y2aobleds Tullb No YUCTLY
Jowadet (eciu ux yemvipe, mo y Kaxicoou 0OUH WAHC U3 Yemvipex na nooeoy),
Mbl ROCIYNaem Kak clienoti 8 KOMHame, 3acmaegiienHol mebenvto. Beposmuocmo
nodobHa mpocmu cienya, KOmopou oH Haugynviéaem 0opozy. Eciu 6vl on euoer,
Mo He HYx*CcOacs 0bl 8 naike, a eciu Ovl A 3HAN, KAKAs 10uadb pe3gee 8cex, mo
He HYIICOacs Obl 8 meopul 8epPosmHOCIell».

K cuacTbro, CTOXaCTHYSCKUE MOJCIH, OCHOBAHHBIC HA MAPKOGCKUX TIPOLIEC-
cax, Ha3BaHHBIX B uecTh A.A.Mapkosa (1), He 3aBHCAT OT TOrO, 4TO HMEHHO
XapaKTePU3yeT HEMPEICKa3yeMOCTh OyIyIIuX COOBITHIA: HAIU 3HAHUS O HUX
WM CaMH 3TH COOBITH. MapKOBCKHIA MTPOIIECC CTPOUTCS Ha MPUHITUTIE: 0VJ)-
wee 3a8UcUm om NPouLIO20 MoJbKO Yepe3 HACmosiuyee.

Ha ¢opmasbHOM si3bIKE YCIOBHASI BEPOSITHOCTh HAOIIOAATH «3aBTPay HEKO-
TOPOE 3HAYCHUE Xy, 11, IPH YCIOBUH YTO MY MPEIICCTBOBAJA MOCIICIOBATEIIb-
HOCTh 3HAYCHHUU T, Tp—1, - .., Tg, PSAYLUHPYETCS K YCIOBHOW BEPOSTHOCTH,
3aBUCSIIIEH JIMIIb OT HAOIIOAEMOT0 «CETOIHSIIHEr0» 3HAYCHUS Ty,

p(xn+1|xn; LTn—1y--- er) = p(xn+l|xn)-

[pocreiiuii BApHaHT MapKOBCKOTO Impoiiecca peanusyercst A R-Moelbio,
ONKCHIBAMOIICH CllydaiiHoe cMmeuienue To4kd Tx, = (ax, + &) — Tpy1,
I7e ciaydaiiHasi mepeMeHHas &,, TOJYHUHSETCS TayCCOBCKOMY pacIpeleeHUI0
N (&, ). Jlerko nokasars, 4T0 €€ 9BONOUHUS Ty, — Tyt1 TONHOCTBIO OMUCHIBA-
€TCSl YCIIOBHOU (TTepeXoJHON) BEPOSTHOCTHIO

p(ffn-kl |xn) = p(Tnt1,%n)/P(Tn),

e p(Tnt1,Tn) = N(zp_1 — azxy, o).

PaccMOTpeHHBI MPUMEpP HILUTIOCTPUPYET HICI0 CAVUAUHOU OUHAMUYECKOU
cucmembl. OHA MOTYy4YaETCs, €CIM BMECTO OAHOTO omeparopa 1’ MCIoIb30BaTh
ciyuailHo BbIOpaHHble oToOpaxenust u3 Hadopa T = {71y}, k = 1,2,..., N.
Kaxnoe T; : X — X sBisieTcs HENPepbIBHBIM TPpeo0pa3oBaHUEM Ha KOMNAKHI-
Hom TogMHOXecTBe X € R"™.

4Cm. Jlem. O neBoamoxkHoCTH ku3HU. O HEBO3MOKHOCTH MPOTHO3MpoBaHUs / Bropkenue
¢ Anbne6apana. — M.: Un. Jlut. 1960.
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CnyqaﬁHa;{ op614Ta TaKOW CHCTEMBI — JTO IIPOCTO MOCICAOBATECIIBHOCTD TO-
YCK
00 . _ —
{IM}m:O R Tkm71 O0...0 Tkl e} TkgIO = TI(),

MOJIYYCHHBIX MTCPATHBHBIM MPUMCHEHUEM OmeparopoB u3 Habopa 71'. Kaxmprii
Homep k; € {1,2,..., N} Moxer ObITh BHIOpaH HE3aBHCHMO, JUOO C BEpo-
STHOCTBIO, 3aBHCAIICH OT HOMepa k;_1 TPEAIIECTBYIOIMEro orodpaxenus. B
TTOCIICTHEM CITydae MBI MOJTYYHM KaK pa3 MapKOBCKHH ITPOIECC.

PazoObem azoBoe mpocTpaHcTBO X Ui HANICH CIydailHON CHUCTEMBbI Ha
KOHeYHOe 4yucio Kietok {Aj, ..., A,}. MapkoBckas MOIeib 3a0aeTcst n X n
MaTpUIICH BEPOSTHOCTECH

Pij = PI‘Ob#{TZZ? S AJ|I S Al},

OIHUCBIBAIOIINX HePEeXoibl U3 KIeTKH A; B KiIeTky A; mon nedcTBueM HTepa-
uuit T. OCHOBHOI MPOOIEMOil SBJISICTCS HAXOXKACHUE THX MEPEXOIHBIX BEPO-
SITHOCTEM.

BcemoMuuM, 9TO BEpOATHOCTH MMEET CMBICT TOJBKO B KOHTEKCTE 33aJaHHOU
BEPOATHOCTHON MEpPBI, KOTOpasi IOMEUEHa BbILLIE CUMBOJIOM (. K cuacThio Oka-
3BIBACTCS, YTO JIJIsl OOJIBIIIMHCTBA OPOUT HAIICH CIIyYalHOW CUCTEMBbI TaKas MH-
BapUaHTHAs Mepa cyiecTByeT! B 4acTHOCTH, JUls KaXI0d M3 KIeTOK A; OHa
MIPOMOPIIMOHATIFHA JI0JIE BPEMEHH, KOTOPOE MPOBOIHT B KIETKE opOuTa, WIH,
YTO TO K€ CaMoe, OTHOCHTEIFHOMY YHCITy TOYEK OpOWTHI, KOTOpPBIEC B HEHl «3a-
CTPSIII».

Ocraercsi mpobieMa MoucKa Moaxosimux otoopaxenui 1. IIpomie Bcero
HCKaTh 10/ (JOHAPEM, XOTSI MHOTJA UCKOMOE MOXKET HAXOIUTHCS O] KPBILIKOM
B KacTproiie ¢ cyrnom! Takoil KacTprojiel B HaIlIeM CITydae SBISIETCS Te€OMETPHUs
(bpakTanos, 0 KOTOPOH 51 pacCKa3bIBaI B CBOCH Jiekmmu [3].

Bemomunm, uto (paxTan sBiIsgeTcs npeaeIbHEIM 00pa3oM peKyppEeHTHOH TH-
Hamuku Cucmemvt Umepamuenvix @ynxyuii (IFS) B IPOCTPAHCTBE KOMIIAKTOB.
ITocnenoBarenbHbIE UTEPALUMU CKATUN MPUBOIAT K €IUHCTBEHHON HEMOJBHK-
HOU Touke — @hpaxmany v ammpaxmopy IFS. Eciv cHaOIMTh Kaxaoe u3
0TOOpaXCHUH BEPOSATHOCTAMH, CilydaifHas nuHaMuka IFS mpomyupyeT ennH-
CTBEHHYIO MHBapHAHTHYIO (MYJIbTH(QpAKTAIbHYI0) Mepy Ha arrpakrope. Ciy-
YaHBIA aJITOPUTM MOCTPOCHUS (ppakTasoB SKBUBAJICHTCH (PYHKIIMOHUPOBAHHIO
HUCKYCCTBEHHOI HEHpOHHOH ceTu [4].

IIpeanonoxxum Tenepb, 4TO HAM 3a/laH aTTPakTop U Mepa Ha HeM. [lowck
IFS u uX BEpOATHOCTEH cocTaBisieT coaepxkanne OQopammuoil 3a0a4u B TEOPUH
¢paxranoB. OHa KOPPEKTHO MOCTaBICHA M PEIIAeTCS KaK ONTHMH3AI[OHHAS

56 VIIK 001(06)+004.032.26 (06) Heiipontbie cern



H.T. MAKAPEHKO

3a/a4a ¢ OTPAaHNICHUSAMH. VI3BECTHBIC METOIBI €€ PEIICHHs BKIIOYAOT U T'eHe-
TUYCCKHUN aJrOPUTM.

BoT k TakoMy HCOOBIYHOMY KOHTCKCTY MPHBOIUT COBPECMCHHBIM BapUaHT
MapKOBCKOTO TiporHo3a. [Toutn Oubneickuii cimyyait: nmomen Cayi, Kucos ChiH,
ucKath ociui, a Hamen L{apcmeo®. TIONMBITKOM TOHATHOIO OMHCAHHMS 3TOTO
@paxkmanvrozo Llapcmea wn siBnsercsd npeanaraemas Jlexkmus.

S cinenoBan opmMe MOUX MPOIUUIBIX JICKIUI: KXl pa3/ell COMPOBOXKIA-
ercst [Ipumedanusivu u [lyteBonurenem o aureparype. [locnequuit pasaen co-
JICPXKHT, B KAUYCCTBE WILTFOCTPAIIMHU, IPAKTHYCCKOE IPUMCHEHUE TCOPUH K MPE/I-
CKa3aHHUIO MarHUTHBIX Oypb. DTH pe3yNbTaThl OBUIN MOTYYECHBI COBCEM HEaBHO
moumu kosuieramu JI. M. KapumoBoii, O. A. Kpyriyra u C. A. MyxamekaHOBOH
¥ HE OBUIM 03BYYCHBI B YCTHOM BapuaHTe JIeKiuu.

51 GnarogapeH cBoeld jouepu u corpyanune Hpune Makapenko, 6e3 ToMouu
KOTOPOU TEKCT BPsiJ JIK ObLT ObI KOT/Ia-HHOY/b 3aKOHYCH.

Ipumeuanus

1. Annperi AugpeeBud MapxkoB-ctapimmii (14.6.1856-20.7.1922) — Bbiaro-
IIUICST pyCCKUI MaTeMaThK, OTell MaTeMaTtuka A. A. MapKkoBa-MJ1aquiero.
Ponuncst B Pszanu. B 1874 rogy moctynmn B [letepOyprekuii yHUBEp-
cutet. B 1880 rogy 3amuTui cBOIO 3HAMEHUTYIO MaruCTEPCKYIO AUCCEP-
Tamuio «O OWMHAPHBIX KBAJAPATHIHBIX (POpPMAx IMOIOKUTEILHOTO OTpe-
nenurersi», a 1881 romy — moxrtopckyro muccepramuio. C 1880 roma
A. A. MapkoB — nipuBart-no1ieHt [lerepOyprckoro yausepcutera. [1o mpen-
noxennto [laguytus JIpBoBnia YeobbiireBa n3opan axbrokToM (1886 1),
3aTeM SKCTpaopAMHApHBIM akajeMukoM (1890 r)u opanHapHBIM akaje-
mukoM (1896 1) B 1886 rony A. A. MapkoB — 3KCTpaopAUHAPHBINA TPO-
(deccop TlerepOyprckoro yHuBepcuTeTa, a B 1893 romy — opauHapHBIHA
npodeccop. B 1905 roay yimren B OTCTaBKy B 3BaHUU 3aCITY)KEHHOTO TIPO-
¢eccopa. B 1912 rogy no co6cTBeHHOI 1poch0e ObIIT OTIIyYEH OT LEPKBH.
B nuceme k CuHony oH mucani: «f He ycMaTpuBaro CyIIECTBEHHOU pa3-
HUIIBI MCKIY MKOHAMH M HJO0JaMH, KOTOpbIC, KOHEYHO, HE OOru, a uX
HA300paKSHHS.

5Kuura napers 1:9.
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MeTpuka 1 MeTpHYecKHe MPOCTPAHCTBA

MYV — eauHuna paccTosiHus B
WNupuu. O3navaeT npeaen
CIIBIIIMMOCTH MBIYaHUSI KOPOBBI.

Heseposmmno? Ho ¢paxm!
Ew e6apous, Tawkenm, 1971.

B 3TOoM paszesne Mbl IpUBEIEM HEKOTOPBIC OOIIHE OMpPEACTICHUS, HCOOXOIUMBIC
JUTsL paOOTHI B MIPOCTPAHCTBAX, KOTOPBIE MBI OYJICM HCIIOJIb30BAaTh.

MeTtpukoit B mpocTtpancTBe X Ha3bpBaloT QyHKIHIO d : X X X — R. Dta
3aIKiCh 03HAYACT, YTO KaXJ0H mape Touek n3 X X X CTaBUTCS B COOTBETCTBHE
BerecTBeHHOe yncio d. st Bcex ©,y € X QyHKOUA d yIOBICTBOPSET CIEIY-
FOLIM TPEOOBAHUSM:

1. d(z,y) = 0;

2. d(z,y) = 0 Torma u TOJIBKO TOTMa, KOTJA T = Y;

3. d(z,y) = d(y,x) — CBOHCTBO CHMMETpPHH;

4. d(z,z) < d(x,y) + d(y, z) — HEpaBEHCTBO TPEYTOIbHHUKA.

Eciu ormenuts ycioBue (2), TO MBI MOIYYUM HCE80OMEMPUKY, & SCITU 3a-
MEHHUTH CBOMCTBO (4) Ha yCIIOBHE «OCTPOYTOIBLHOCTH

d(z,z) < max(d(:z:, y),d(y, z)),

TO TONy4uTCs yavmpamempuxa. OHa UCIONB3YeTCs B HEKOTOPBIX 33/1a4ax pac-
Mo3HaBaHMs 00pa3oB [5], KOraa NPOCTPAHCTBA MPH3HAKOB HMEIOT BBICOKYIO Pas-
MEpHOCTh M PHOBpPETAIoT HeobkHbIe cBolicTra (1.

ITapa (X, d) Ha3BIBaCTCS Mempuyeckum npocmpancmeom. IlocnenoBareisb-
HOCTb TOYEK I'1,%2,...,Tk,... B (X, d) Ha3pBalOT (ynoamenmanvhoil, ec-
M PacCTOSIHMSI MEKIY TOYKAMH yMEHbIIatoTcs, T. e. d(z;,x;) — 0, korma
i,j — oo. Ecim nr06ast Takasi MOCJIe0BaTeIbHOCTh CXOAUTCS K HEKOTOPOH TOY-
ke x € X, T.e. d(vg,z) — 0, korga k — 0o, T0 poctpaHcTBo (X, d) Ha3bIBAIOT
NOAHBIM.

ITosHbIe METPUYECKHE IPOCTPAHCTBA HMEIOT OYEeHb Ba)KHOE [UIs HAC CBOIi-
CTBO, KOTOPOE BBIpakaeTcst meopemoii banaxa ) v punyunom cocumaiowux
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omoobpadicenull: 8 NOIHOM MEMpPU4ecKoM NpoCcCmpancmee noboe cocumaroujee
omoobpasiceHue umeenm eOUHCMBEEHHYI0 HeNOOBUNCHYIO MOUK).

HanomuuM, uto otobpakenue F' : X — R Ha3bIBAIOT COICUMAOWUM, SCIH
cymectByer Takoe uwucno r € (0,1), uro st JEOOBIX JBYX TOYEK
T1,00 € X

d(F(z1), F(22))< rd(z1, 22).

DKBHBAJICHTHBIM SIBISIETCS Clieiyromiee onpenenenue. [lycrs (X, d) — mon-
HOC MeTpHuueckoe mpocrpancTBo. Orodpaxkenne S : X — X ymoBieTBopsieT
yenosuro Jlunwuya, ecnu s Bcex ¢,y € X CyIECTBYeT Takoe 4ucio ¢ = 0,
4TO

d(S(z), S(y)) < cd(z,y).

Hocmosnnoi Jlunwuya Lip S 1uist S Ha3bIBAIOT MEHUMAJIBHOE ¢, U1 KOTOPOTO
BhIONHsieTcst yenosue Jlummmna. OrtoOpaxkeHue S Ha3bIBAIOT CKATHEM, CCIU
LipS < 1.

Henoosudicnas mouka a oToOpakeHuss [ — 3TO pellCHHE ypaBHEHHs
F(x) = 2. HenoBwkHas TOYKa MPUTATHBACT MOCIIECI0BATEIBHOCT TOYEK, 110~
Jy4EeHHBIX UTepalusaMu F, T.e. Ha4uHast ¢ 000N HayaJbHOW TOYKH, MOCIEN0-
BATEILHOCTh

v, F(z), F*2(z) = F(F(z)), F*(x) :F(F(F(:v))),

CXOIUTCS K @. VICTIONb3ysl HEpaBEHCTBO TPEYTOJIbHUKA (4), MOXKHO OIIEHUTH CKO-
POCTH CXOAMMOCTH TaKHX MTEPALiii K HEIOABIKHOI TOUKE.
Mycts d(z, F(z)) < € u r — koaddurment cxarust 1 F. Torna
d(z, F**(z)) <
<d(z, F(z)) + d(F(z), F?(x)) + ...+ d(F°* 1 (z), FOk(:zr)) <
<d(z, F@)(L+r+...+r" 1) <e( =1/ - 7).
Ipu k — 00 U3 MOCIEAHEr0 HEPABEHCTBA MOTyYaeM OLCHKY:

€
1—7

d(z, a) <

B craHmapTHBIX Kypcax aHaiau3a Teopema banaxa monydyaercs U3 yTBepiKie-
HUsl, 4TO TpaduK 0G0 HENPEePbIBHOM (YHKIHMH, ONPEICICHHON B 3aMKHYTOM
uHTepBane [a,b] 111 Beex 3HaYCHWH x € [a,b], IO MEHbIIEH Mepe OXHMH pas
nepeceKaet quaroHans r = g(x).
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JleficTBUTENBHO, TPAaPUK TakoW (YHKIMU HE MOKET HAYMHATHCS B @ M 3a-
KaHYMBATLCSA B b, B NPOTHBHOM CIIy4ae OHH YK€ OyIyT SBIATHCSA €ro HEIo-
JBIKHBIMU TOYKAMM, M TOTJa YK€ HEUEero JoKasbiBarh. [1o3ToMy, momaras,
Hanpumep, dto g(a) > a, g(b) < b, MBI HOJy4WM, YTO HENPEPBIBHAS
byHkims g(x) — 2 yIOBJIETBOpSIET Ha IPAaHMLAX HMHTEPBAjla HEPABCHCTBAM:
gla) —a > 0, g(b) — b < 0. Ho Tormga, mo TeopemMe O MPOMEKYTOIHOM
3HAYEHHHM, BCErJa Hailaercst Touka ¢ € [a,b], Takas 4ro g(c) — ¢ = 0. Ec-
o g — naHelinas GyHkuws ¢ |¢'| < 1, T.e. sBIsIeTCs cxKartHeM, ee rpaduKoM
SBIIIETCA MPSIMasi, KOTOPast MEPECEKAET UArOHANb TOJIBLKO B OJHON Touke! 3a-
METHM, YTO B HAIIEM IPUMEPE METPUUECKOE IIPOCTPAHCTBO ABJIAETCS MOJHBIM —
9TO 3aMKHYTHIM MHTEpBal. PacCMOTpUM TeNepb JPYrde METPUYECKUE
npocTpaHcTBa U [IPUHIMI CKUMAIOIMX OTOOPAKEHUN B HUX.

Ipumeyanus

1. O6bem n-mepuoro mmapa pasen V,(r) = C,r™. B aroii dopmyie
C, = 1?2 /T(n/2+ 1) n T — ramma-dynxkums. Ecau B35t Hanpumep
n = 2k, to nomyuum Vo (r) = (7r?)F(k!)~1. Jlerko BumeTs, utO MpU
k > mr? ysenuuenue k (T.e. pa3sMEpPHOCTH 1) MPUBOIUT K yMEHBIIEHHIO
oObema! Jloist oObeMa B IIAPOBOM £-clioe Oy/eT paBHa

obvem cross  Cpr™ — Chp(r — &)™ e\"
= =1—-(1-- — 1,
obvem wapa C,rm r

T. €. cTpeMuTcs K 1 ipu Bo3pactanuu n. [1o3ToMy npakTHIecK Bech 00b-
eM 1mapa OoJBIION Pa3MEPHOCTH COCPEIOTOUEH BOJIM3H €ro MOBEPXHOCTH.
Tax 9T0 OTHOCHTENBHO JIFO00H TOUYKH BHYTPH IIIapa MOYTH BCE TTaphl TOYEK
BBIOOPKH 00Pa3yloT OCTPOYTOJIbHBIE TPEYTOJILHUKH.

2. banax Cre¢an, o xe¢ Crenan Cremanosud Ipedex (30.03.1892-
31.08.1945) Pomuncst B Kpakose. Uinen Ilonsckoit AH u unen-xoppec-
nougeHtT AH YCCP, npodeccop JIbBoBckoro ynuBepcutera. OnuH U3
co3zaterneil COBpeMEeHHOTo (pyHKIIMOHATIBHOTO aHamu3a. Bo BpeMs OKKy-
TIAIY HaXOJIMJICS B HALIMCTCKOM MHCTHTYTE, TA€ pa3pabaTbIBaiach MPOTH-
BOTH(O3HASI CBIBOPOTKA, & YUCHOTO MCIIOIb30BAIH JIJIsl KOPMIICHUS BIIICH.
banax onuH 13 aBTOPOB Tak Ha3blBaeMoU [l/komckoil KHueu — PEIUKBUI
MaTeMaTU4eCKOro Mupa. Pykonuch, HamucaHHas B NMUBHOM, coJepikaja
193 Ba)kHBIX MaTeMaTHYECKHX MPOOJIEMBbI, TPUIyMaHHbIX baHaxoM, Ma-
3ypom, lllrerinxaycom n Yiamom Ha Bctpeuax B [llkomckoti kagvsipHe
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(r. JIsBOB). MHOTHE pemIeHHUs yTepsSHBI: aBTOPHI 3alMCHIBATHA UX CIIEpBa
XUMHUUYECKUM KapaHJalloM Ha MPaMOPHBIX cToiMKax. [Ipuzamu, B 3aBu-
CHUMOCTH OT CJIO)KHOCTH 3aJ1auM, OBUTH: ISATh MAJIbIX KPYXKEK IHBA, BHHO,
YKHUH U JKUBOHM rych. KHura Oblia mepeBelneHa Ha aHTIMHACKWAN SI3BIK U
n3nana Yaamom B 1957 rony.

Ilymeeooumenv no numepamype. [lpuBeneHHbIC ONpeAECHNUsS MOKHO HAWTH
B J1I000M Kypce (QyHKIMOHAJIBHOTO aHanu3a. [lomynspHoe BBeieHHE B TEOpEMy
banaxa u ee BapuaHThl couep:KUT kuura [6]. Ilpumep mapajgokca ¢ MHOroMep-
HbIM 00BEMOM B3ST U3 3aMeuaTeibHON KHuru XemmuHra [7]. Vcnosnbp3oBaHue
YABTPAMETPUKN B PA3IMYHBIX 3a[adax OMHCaHO B ctaTbe Myprara [5]; apyrue
paboTHI Ha 3Ty TEMY €CTh Ha €ro CTPaHHWYKeE.

IIpocTpancTBo KOMIakTOB U IFS

Hwuurto He CTPOUTCH HA KaMHE, BCC
Ha NECKE, HO JOJIT YeII0BEUCCKUM
CTPOUTH, KaK €CJIN OBl KAMHEM

OBLI MECOK.
X. JI. bopxec
«Dpazmenmul anokpughuueckoeo
Esaneenusy

OrpaHHYEHHBIE U 3aMKHYTBIE MHOJKECTBA Ha3bIBAIOTCS] KOMNAKMHbIMU WIH TIPO-
cTo Komnakmamu. OTrpaHUUYEHHOCTh O3HAYaeT, YTO TAKOE MHOXKECTBO MOYKHO
MIOMECTUTH BHYTPb IlIapa KOHEYHOTO PajJHyca, a 3aMKHYTOE MHOXECTBO COJEp-
JKHT B ceOe Bce CBOM MpejiesbHble (TpaHuyHblie) Touky. Kommakramu, HatpumMep,
SIBJISFOTCS 3aMKHYTBIC HHTEPBAJIbl BHJA [a, b] HAa BEIIECTBEHHOMN OCH, HO HE T10-
JIyOTKPBITBIC U OTKPBIThIC HHTEPBAIBI, TaKue Kak [a,b), (a,b], (a,b).

Paccmorpum mpoctpancTBO [, TOUKaMM KOTOPOTO SIBISTFOTCSI KOMITAKTBI 13
R™. Ecnu ucnosib30BaTh Takue MHOXKecTBa M3 RZ, To Toukamu B H OymyT
CETrMEHTBHI, KBaJIpaThl, KPyrH, TPEYTrOILHUKHY U T. 1. Paccrosinne B H n3mepsiercst
¢ noMoubko mempuru Xaycoopga ).

Paccmorpum jiBa MHOKecTBa A 1 B. O603Haunm yepes d(x, B) paccrosiHue
caMoil ynaneHHoW oT B Touku x € A, rhe yaaJeHHOCTb IOHUMAEeTCsl B CMbICIIE
OOBIYHOTO €BKJIMOBA PACCTOSHMS:

d(x,B) = sup inf d(z,y).
(z, B) zegyeB( y)
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D70 BBhIpQXKEHHE OMKCHIBACT JIBE Orepanuu. [lepBas COCTOUT B TOM, YTO [UIsi
MPOU3BOJIBHOM hurcuposantoli TOUKu & € A Mbl HAXOIMM PACCTOSHUS JIO BCEX
TOYCeK y € B u BhIOMpacM cpeau HUX Kpardaiimiee. CUMBOJIMYCCKU ITO 3alld-
ChIBaeTCS Kak ig}fg d(x,y). 3aTeM TepexoquM B HAWJICHHYIO, CAMYIO OJIH3KYIO

)

TOYKY MHOXECTBA Y € Bu uimeM Hanboiee YAQJIICHHYH OT HEC TOYKY X € A,

T. €. 6epeM BEpXHIOK rpaHb sup d(x, y) pacCTOSHMUIA ISl BCEX TOYEK, B MPEATIO-
T€A
JI0XKEHHUH, YTO TOYKa y (PUKCHpoBaHa. AHaJIOrH4HO, 00603HauMM yepe3 d(y, A)

paccrosiHue camoit ynanenHoit ot A touku y € B (puc. 1). OHo nomyvaercs u3
Boipakerust: d(y, A) = sup inf4 d(x,y). B pesysnbrare Mbl [OIyYHM JBa, BO-
yEB T€

06me TOBOPs, pa3HbIX 4YHUCA. Paccrosinue Xaycuop(ba MOXKHO OIIPEACIIUTL KakK
MAaKCUMaJIbHOC U3 HUX:

dp(A,B) = max{d(x,B), dly, A)| z € A, ye B}
WIM KaK CyMMY 9THX JIBYX YHCEIL:

dg (A, B) = sup inf d(x,y) + sup inf d(x,y).
u(4,B) = sup inf d(x,y) + sup inf d(z,y)

Puc. 1. Onpenesnenune merpuxu Xaycaopda

CymecTByeT W TeOMETPUIECKHI SKBHBAJICHT 3TOTO ompexaeneHus. [Tokpo-
eM KaXIyl TOuKy MHOKecTBa A nuckoMm ¢ paauycom €. Bo3bMem oObeanHe-
HHUE BCEX JTHX JUCKOB. Te, YTO JCKOPUPYIOT BHYTPEHHHE TOYKH A COBMAIYT
C OTUM MHOXECTBOM. JIMCKH C IIEHTpaMu Ha TPAHUYHBIX TOYKax A yBemuyar
HCXOHOC MHOXECTBO Ha BENHYHUHY . 7 TOro, 9TOOBI YSCHHUTH 3TO, TIPE.-
cTaBbTe cebe JMCK, LEHTP KOTOPOTO JBHIXKETCS 10 rpaHuie A v OKparmBaer
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CBOEH MOBEPXHOCTHIO MOJIOCKY IIMPUHOM £, 32 CYET KOTOPOWU M yBEIMYMUBACT-
csl Imomags MHOXkecTBa. DopMasbHO, TO YTO MOIYYMIIOCH, 3aMUCHIBAIOT Kak
MHOXECTBO TOYEK YIaJCHHBIX OT A Ha paccTosHHe, HE MPEBbBIIIAOIICE €, T. €.
A:. ={z|d(z,A) < e}. MHOKeCTBO A, HA3BIBAIOT NAPALLETBHBLM MELOM JUIS
A wim ero ounamayueil.

Bynem yBennuuBaTh pajnyc aucKa J0 TeX Mop, Moka auiarainus A. He mo-
[IOTHT MHOXeCTBO B, T.e. B C A.. Ota cuTyarus BO3HHKHET IPU HEKOTOPOM
paauyce €1. Ternepb BepHEMCsS] K UCXOAHBIM MHOXECTBaM U, OCTaBUB A B I0-
koe, aunarupyeM B rtak, utober A C B.. DTO mpou30WAeT HpH HEKOTOPOM
JIPYTOM pamuyce €. Toraa mempuxou Xaycoopgha Ha3pIBalOT MUHUMAJTBHBIN 13
TTOJTyYCHHBIX PaJINyCOB:

dy(A,B) = min{a :ACB. u BC AE}.

Bce npuBeneHHble onpeeaeHus yIOBIETBOPSIOT cBolicTBaM MeTpuku (1-4).
Mertpuka dy (A, B) uMeeT aBa BaXKHBIX CBOICTBA. IyCTh KaXI0€ U3 MHOKECTB
A m B cocrapneHo U3 00beIMHCHNS KOHEYHOTO UHCNa KoMroHeHToB. Torma
paccTosHUE MEKIY IBYMs TAKUMH KJIaCTEpaMU HE MIPEBBINIAET MAKCUMAIbHOTO
pacCTOSHUs MEXIY UX KOMIIOHEHTAMU:

N N
dH(U Ai, U Bl) < 1rn.ax d/H(Ai,Bi),
i=1 i=1

<i<N
1 B 9TOM COCTOUT IIEPBOE CBOWCTBO.

IIpexxne yeM MOSCHUTH BTOPOE CBOMCTBO, OMPENEITUM JICUCTBHE CKHUMAIO-
mero orobpakennst F' ¢ ko duumentom r Ha kommakrt. 3ammce F'(A), e
A — KOMITaKTHOE MHOXECTBO, MbI OyJieM MOHUMATh B CMbICIE JeicTBUs F' Ha
KaXKIyl TOYKYy KOMIMakTa, T.e. FI(A) = {F(:z:) | Vo € A}. Tax BoT, Bropoe

CBOWCTBO METpPUKU Xaycrnopda 3aKIFo4acTcsi B TOM, YTO dz COXPaHSCT CBOII-
CTBO C)KaTUs B TpocTpancTse H:

di (F(4),F(B)) <rdu(A, B).

Mapa (H,dp ) siBIsieTcs MOJHBIM METPHYECKHM TpoctpancTBoM. CiiesoBa-
TEJIBHO, JII000E CIKUMaroIiee 0ToOpakeHrne OylaeT UMETh B 3TOM MPOCTPAHCTBE
€IMHCTBEHHYIO HEIMOABIKHYIO TOYKY. BCE 3TO BBIISANUT CIHIIKOM TPUBHAIb-
HBIM.
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Jiist TOoro 4ToObl NPUUTH K OOJIee UHTEPECHBIM CUTYALMSIM, BMECTO OJTHOTO
CKaTHs PACCMOTPHUM UX KOHeuHbId Habop. [lycTh, HampuMmep, TaKuM HAOOPOM
oyayr (Wi, Wa, ..., Wy), toe kaxknoe u3 W, uMeer CBOMi COOCTBEHHBINH KO-
s dunment cxarus ;. Takoit HaGop Ha3BIBAIOT rUMEpOoIHUecKoii © Cucmemoil
Umepamuenvix @ynxyuii (Iterated Function System — IFS u IFS).

OmnpenenyM MX KOJUIGKTHBHOE JieiicTBHE Ha KoMIakT A onepamopom Xam-
YuHCOHA

DTa 3anuch 03HaYaeT, uTo Ha A He3aBMCHMO AeiCTByeT Kakplii u3 W;, a 3aTem
Oepercs 00benuHenre ux 06paszoB. [TocieaHue SBISIOTCS IIPOCTO KOMIIAKTHBIMU
MHOKECTBAMHU M, CJIEOBATENILHO, MCIIONb3Ys JBA ONMMCAHHBIX BBIILIE CBOKWCTBA
Mmerpuku Xaycnopda, nerko yoeaurbes, uto W seisercs cxarueMm B H ¢ Ko-
spounmentom r = max{r;}. JlelicrBuresnsHo, st mobbix A1, Ay € H

Wcnonesys Ilpunyun cocumarowux omobpasicenuti, MbI TOTHaC TOIyYaeM,
YTO CYIIECTBYCT €AMHCTBEHHAs HETIOJABIDKHAS Touka B [, T.e. HEmycToe KOM-
TTaKTHOE MHOKECTBO, KOTOPOE HA3BIBACTCS ammpakmopom u IFS, Takoe 9To

k—oo

N
A=W(A)=[JWi(A) n VBeH lim W¥*(B)=A.

IlepBoe BbIpaskeHUE MNPUMEUATETBHO TEM, YTO BBIPAXKAET HEMOJBUKHYIO
TOYKY — KOMIAKTHOE MHOXeCTBO A — Kak 0ObeJAMHEHHE CBOMX COOCTBEHHBIX
YMEHBIIICHHBIX Komuil. MHaue roBopst, A siBisiercst konnascem. Hanpumep, s
N = 2 MBI TIOTYIUM

A= Wl(A) U W2(A) = Wl(Wl (A) U W2(A)) U WQ(Wl (A) U W2(A)) =
=Wn (A) U Wis (A) U Way (A) U Was (A),

63nech «runepSosuueckas> — CHHOHUM «CKUMAIOIIEii».
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rae W;; = W; o W;. IloBropsist 210 pasioxkeHue k pas, IoayuuM

A= U W(71~~~0'k (A),

1<0‘1...0’k<2

rne Wo,..op =W, 0...0 W,

Paccmorpum mpocroit npumep. [lyere W = Wy U Wa, tne W = /3,
Wy = x/3+2/3. Beibepem B kadectBe B equunynblii uarepan B = I = [0, 1].
Iepsas urepauns naer W (1) = {[0,1/3]U[2/3,1]}. Beraucinm Bropyo ure-
paruro W°2(I ). Tlpumenenne cxarus Wi K IByM NOJyYEHHBIM HHTEPBAIaM
maer W1 ([0,1/3]) = [0,1/9] m W1 ([2/3,1]) = [2/9,1/3]. HesaBucnmo mpn-
MeHss K 5THM ke mHTepBanam Wo nomysaem Wo([0,1/3]) = [2/3,7/9] n
Wi([2/3,1]) = [8/9,1]. Takum o6pasom, W°*(I) ={[0,1/9] U [2/9,1/3] U
(2/3,7/9] U [8/9,1]}. Hetpyaso Rorafathesi, 4T0 MPOAOIKAs STy HPOLEAYPY
ad infinitum, MBI TIOJIyYMM KJIacCHYeCKHi (pakran — MHOkecTBO Kantopa. OHO
U SIBJIIETCSI HETIOJBIYKHOW TOYKOHW BBIOPAHHOTO orieparopa!

Bounbluyto poins B Teopun u IFS wurpaer Teopema o Koinadxce, KOTopas
CIIE/lyeT M3 HePaBEHCTBA TPEYTONbHUKA Ui MeTpHKH Xaycaopda. [Tycrs B €
Hwu {W;}, i =1,N — IFS ¢ MakcuMaJbHOH KOHCTaHTO} Jlnmumua ¢ =
max{c; }, koropas umeer arrpakrop A = W (A). Torna

i (B W(B)

dr(A,B) < i

VIHBIMH CJIOBAMM, Y€M MEHBIIE PACCTOSHHE (€10 HA3BIBAIOT KOLIANC-PAC-
cmosnuem) MEXITY TPOU3BOIBHBIM HadaIbHBIM MHOKECTBOM B 1 e€ro o0pazom
W(B), tem 6imke B k artpakropy A.

Ipumeuanus

1. @emukc Xaycnopd (Felix Hausdorff, 8.11.1868-26.01.1942) — nemeu-
KMl MaTeMaTuK, OJUH U3 OCHOBOIOJIOXKHUKOB COBPEMEHHON TOMOJIOTHH.
BrIBen u mccienoBai Takue MOHATHS, KaK XaycIop(hOBBI MPOCTPAHCTBA U
xaycnopdoa pa3MepHOCTh. BHEC 0ONBIION BKIaT B TEOPUIO MHOXKECTB,
(YHKIIMOHANBHBIA aHANINA3, TEOPHIO TOMOJOTHMYECKUX TPYMIT M TEOPHUIO
yyucell. Beictynan kak nucarenb noj ncesgonumoM Iloss Monrpe. Tpo-
(deccop ynueepcuretoB B Jlelinmure, ['peiiepanbae u boune. B 1942
roxy, KOTJla OTIPaBKa €ro M ero CeMbH B KOHIUIAreph CTajxa HEM30eKHO,
MTOKOHYHJI JKU3Hb CaMOYOHHCTBOM BMECTE C JKEHOW M €€ CECTPOH.
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Ilymesooumens no numepamype. Jlydiiee BelneHHUE B METPHUKY Xaycaopda
MOXKHO HalTh B crarhsix /DKkoHa XaTyWHCOHA, NOCTYNHBIX HAa €ro CTpaHW4-
ke [8], B 3ameuarenbHoi kHure Muxauna bapacau [9], a Takke B MOHOTpadu-
sax @anprkonepa [10,11], ckaHUpOBaHHBIE KOTIMH KOTOPHIX MOKHO Pa3bICKaTh B
OMOMMOTEeKax HMEKTPOHHBIX KHUT. [lomyssapHoe N3I0KEeHIE COMCPKUTCS B MOUX
nekusx [3,12].

IIpocTpaHcTBO KOIOB

51 Toxe urparo CMMBOJIaMH, HO s
WTparo, He 3a0bIBasi, YTO PEYb-TO
WJET JHIIb 00 Urpe.

Hoeann Kennep

PaccmoTtpuMm cioBa, 00pa3oBaHHBIE W3 CHMBOJIOB WM OYKB HEKOTOPOTO ajl-
¢dasura A, emkocts Kotoporo paBHa L. Korma andasur mudposoit — A =
{0,1,2,..., L —1}, cioBamMu sBISIOTCS. KOHCYHbBIE MK OECKOHEYHBIC YUCIIOBBIC
nocnenosarensHoctu. Harpumep, ecin A = {0, 1}, To clioBa uMeror BuI § =
01000110. ... Ecmu andasur cocrasinen u3 6yks A = {01,092,...,0,-1}, TO
CIIOBaMH SIBIISTIOTCS] OCCKOHTEKCTHEIC (T. €. HE NMEIOIINE CEMAaHTHIECKOTO CMBIC-
J1a) OYKBEHHBIC MOCIENOBATEIBHOCTH 8 = 05, , 0y, - .., THE 4 € {1,2,..., L}.

Mgl gacto OylnemM paccMaTpuBaTh CIOBa OJWHAKOBOH uHBI K. B aTOM
cilydae, UMCIIO BCEX BO3MOKHBIX CIIOB cocTaBiseT Benmunny L. OGo3naumm
4yepes Y. MPOCTPAHCTBO, TOUKAMH KOTOPOTO SIBJISIFOTCSI OIIMCAHHBIC BBIIIC CIIOBA.
Takue mpocTpaHCTBa YacTO MCMOIB3YIOT Ha MpakTuke. B reHeTnke, HampumMep,
JIHK npencraBnsieT co00H TEKCT, COCTOSIINN U3 HYKJICOTHIOB, KAXKIBIH U3 KO-
TOPBIX COJEPKUT OJHY U3 YEThIpeX OyKB — a30THCThIX OCHOBAaHWH: A (aleHuH),
G (ryanun), T (tumun), C (LNTO3MH).

M3BeCTHO HECKOJIBKO CIIOCOOOB MOy YCHHSI CHMBOJIMYECKOM MOCIICI0BATCIIb-
HOCTH W3 BPEMCHHBIX PsIOB. MOXHO, HAallPUMEP, HCIOIb30BaTh 1OGOPOMHbIE
MmouKu pAaa, T. €. MAKCUMYMBI 1 MUHUMYMBI ero Tpaduka. [loMeTHB MUHUMYMBI
cumBosioM 0, a MAKCHMYMBI CHMBOJIOM 1, MBI TIOTy9rM OHMHAPHYIO TOCIIEI0Ba-
TEBHOCTb.

Jpyroii cioco6 Geper Hayano W3 cuMBoJIMYecKod nuHamuku [13]. Ipomre
BCEro mpeoOpa3oBaTh BPEMEHHOM psift {x;} B OMHAPHBIA «TEKCT», COCTOSIIUI
u3 cioB S = $1,82,...,8k te s; € {0,1}, xors obobuienne wa L > 2
TPHUBHAIBHO. BeIOepeM i 3TOro HEKOTOPOE MOPOTOBOE 3HAYCHHE OPAWHATHI
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rpaduka BpeMEHHOTro psna x; = h W TpaHCchHOpPMHUPYEM BCE OTCUETHI psia
B CHUMBOJBI 1O mpaBwiy: s; = 0, ecmn x; < h, u s; = 1, ecnmu x; > h.
YToOBI MOJIyYUTh OTACIBHBIC CJIOBA, IPOYUTACM ITOJIyUYCHHBIH TEKCT C TIOMOIIIBIO
mabnoHa, cojepikaiero K OKOH, CABUTasi €ro BJOJIb TEKCTA HA OJMH CHMBOJL.
Hampumep, mst tekcra 011010010110... mw K = 3 MbI noayuum ciosa 011,
110, 101l m . .

MOKHO HM3YyYHUTh CTATUCTUKY IOJYYCHHBIX CJIOB, MOCTPOHMB TUCTOTPAMMY
ux pacnpesesienus. Pasaenum equnuanbii otpesok [0, 1) na 2% unteppanos, u
KaxaoMy ci1oBy S u3 25 BosMoxkHBIX c1oB 1mMHEBI K IOCTaBUM B COOTBETCTBHE
TOouKy (agpec cinosa) u3 [0, 1) mo npasuty

Hanpuwmep, cnoso 101 siBnsercs adpecom Touku x = 1/2+0/22+1/2% = 5/8.

Pacnipenenenue agpecoB JaeT HaM MHCTOrpaMMy BCTpedaeMocTH ciioB. [lo-
HATHO, YTO B Cilydae aj(aBHTa, COACPIKAIIETO 3 CHMBOJA, CIEAYET MCIIONIB30-
BaTh TPOWYHOE pa3jokeHWe U T.T. Eciu moiydeHHas rUCTOrpaMMa crmayuo-
Hapna, T.€. He MEHsSET CBOeH (hOPMBI JUISl Pa3IMYHBIX (parMeHTOB TEKCTa, e
MOJKHO HCIIOJIb30BaTh KaK OLCHKY IMNUPUYECKOU Mepbl CITyYalHON THHAMUYC-
CKOM CHCTEMBI, KOTOpask MOJIyYaeTCs CIECIYIOINM 00pa3oMm.

Paccmorpum IFS ¢ arrpakropom [ = [0,1]: Wi(x) = x/2, Wa(z) =
x/2 + 1/2. Bo3sMeM IpOM3BOIBHYIO TOUKY 2o € [0, 1]. HamomumM, 9TO 3TO
aZipec HEKOTOPOTO cioBa. bynem BEIOMpaTh CiydaifHO KaxIoe U3 JBYX O0TOOpa-
skeauit Wi, @ = 1,2 ¢ BEepOSITHOCTSIMH P1 U P2, COOTBETCTBEHHO. 3aMETHM, YTO
ajipec, HAYMHAIOLUIMICS C HYJsl, COOTBETCTBYET TOYKE W3 JICBOI MOJIOBHHBI [:
0sz2...skx € [0,1/2], Torna KaK cIOBO, HAYMHAIOIIEECS C CAUHUIIBI, U3 TIPABOIl
HOJOBHHBL 15y ...k € [1/2,1]. CnemoBarensHo, mpuMeHeHne I1FS HHIyLH-
pyer nosiBierne cypdurca sx = 1 ¢ BEPOATHOCTBIO p1, U cypdukca s = 0
C BEPOSITHOCTBIO Pa.

Jist crientyioniero IBOMYHOTO paspsijia, KOTOPbIH yTOYHSICT aJpec B KAKIOM
u3 22 UHTEPBAIOB, MBI OJYYHM BEPOSTHOCTH {plpl; DP1P2; P2P1; pgpg}. IIpo-
JIOJDKas ATOT MPOLIECC, MBI MPUAEM, KaK MBI yOeIuMcs MO3Ke, K SAMHCTBCHHON
TUCTOTpaMMe, KOTOPYTO Ha3bIBAIOT OUHOMUHATbHOU Mepoti. OHAa MOKET paccMaT-
PHUBATBCS KaK meopemuyeckds OTHOCUTEIHFHO SMITUPUIECKON OIEHKH, TIOTy9eH-
HOU BBILIE, €CIIM KOHEYHO BEPOSTHOCTH BHIOPAHBI IIPABHIILHO.

PaccMoTpuM Terneps HEKOTOpPBIE CIIOCOOBI OIPE/ICIICHHsI PACCTOSHUM B IPO-
CTpPaHCTBE KOJIOB.

Mempuxa Xemmunea (") mMexty coBaMu paBHOI UIMHBI OTIPEIEIAETCS KAK
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YHCIIO0 MO3UIHUH, I KOTOPBIX COOTBETCTBYIOIINE CHUMBOIIBI pa3inyHbl. Hampu-
Mep, paccrossHre XeMMuHra mexxay cinoBamu 1011101 u 1001001 paBHO 1ByM,
a paccTosiHME Mexay cioBaMu 2143896 u 2233796 paBHO TpeM.

Mempuka Jlesenwmeiina ), koTopyio Ha3BIBAIOT eme Oucmanyueil peoax-
Mupoeanus, ONPENENIeTcs] KAK MUHUMAJIbHOE YHCIIO 3JIEMEHTAPHBIX Mpeodpa-
30BaHuH (ymajaeHue, BCTaBKa U 3aMEHa) CHUMBOJIOB, HEOOXOUMBIX JIJIs Tipeodpa-
30BaHUs OJTHOTO CJioBa B Jpyroe. Tak, Hanpumep, s TOro 4roObl TpaHchop-
mupoBath cioBo MAIIIA B CAPAI HeoOxoaumo 3ameruth M Ha C, III Ha P
u BcraButh M. CrenoBatenbHo, pacctosuue JIeBEHIITEHHA B JaHHOM CIydae
PaBHO TpEM.

Mempuxa dys; onpenensieTcs TOIbKO JUlsl TIap pasHbIX (s1 # Sa) OecKoHed-
HBIX CJI0B BhIpaxkenueM dx (s1, s2) = 1/LF. 3nech k — unekc nepporo cumMBo-
Ja, 1O KOTOPOMY pasiuyaloTcs JBa cinoBa.  Hampumep, ciosa
s = 110010100100001... u sy = 110011011011101... BmepBble pa3iau-
yarores s k = 6, Tak uto dx(s1, s2) = 1/25. Moxno nokasars, uto (3, ds)
SBJIAETCSA KOMIIAKTHBIM METPUYECKUM ITPOCTPAHCTBOM.

Hamra metpuka oOnamaer eme OfHUM NPHUATHBIM CBOWCTBOM. Omnpenenum
npeoOpa3oBaHKE CIBUrA S, : > — X Ha CIIOBaX cieayrommM obpaszom. s
kaxnoro m = {0,1,2,3,..., L—1} nonoxum s,,(01,02,...) =m,01,02,....
WHbIMH c10BaMu, CIBUT — 3TO J100ABJICHHE K CIIOBY B KaU€CTBE Ipe(hHUKCa OTHON
u3 OykB andasura.

PaccMoTpuM B KadecTBe mpumepa Ba OMHApHBIX ciioBa s = 01001... u
01100.. ., tak uro dx(s1, s2) = 1/4. ToGaBUM K KaXI0My CIOBY peduUKC, CKa-
xeM (. PaccrosHue MeXy MONy4YeHHBIMH HOBBIMH CJIOBaMHU OYEBU/IHO YMEHb-
wurest dy ($1, s2) = 1/8. Tak uto Haw cxBur B npoctpancTse (X, dy) sBisiercs
cxarueM! K aToMy pe3ynbraTy MBI €Iie BepHEMCSI.

Mempuxa dj,, yauTBIBAIONIAst TAMSTh B CIOBaX, ONPEIEIACTCS 151 KOHEUHBIX
L—c110B BBIpQXXCHHEM

L
dk(Sl, 82) = Z kL_H_l(S(O'i(Sl), Ui(Sg)),
i=1

rne Benmmunba k < 1/2; 6(i,5) = O nmpu @ = j u §(4,5) = 1 npu ¢ # j.
Hanpumep, wust s1 = 1100, so = 1110 k= 1/2
dk(81,82)= 1/4.

C npyroit cropoHsl, pacctosiHue Mexay s; = 1100 u sp = 1101, xoTopsle
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pas3In4yaroTCs MmoCJICAHUM CUMBOJIOM, PaBHO
dk(Sl, 82) = 1/2

PaccrosiHue MexIy AByMs TOXKICCTBCHHBIMH OWHApHBIMU L—CIIOBaMU B 3TOM
MeTpHKe OyIeT, 04eBHIHO, PABHO HYIIIO.

Ipumeuanus

1. Pugapn Becin Xommuar (11.02.1915-07.01.1998) — modeTHbIH 4iieH
IEEE u unen HannonanbHoi AkajeMuy MH)XKEHEPHBIX HayK, Jlaypear rnpe-
muil Tertopunra, Iluopee, Ilennepa u Peitma. Ponuncs B Yukaro. B 1945
rOJly Yy4acTBOBaJ B 3HAMEHUTOM MaHX3TTCHCKOM MPOCKTE. 3aTeM, B Te-
genre 30 JieT KOHCTPYHUpOBaj KOMITbIOTEpHI B Jlaboparopuu bemna, tae
pabotan u Kinox IllerHoH. X3MMHHTa Ha3bIBAIOT T€HUEM OJIHOW HICH.
Ona Obu1a m3noxena B 1950 roxy, B ero eAMHCTBEHHON Hay4yHOH CcTaThbe,
MOCBSIILICHHON KOaM, M CoZeprKalla KOHCTPYKLHUIO OJIOYHOro Koja, KOp-
PEKTUPYIOLIEr0 OIMHOYHbIE OIINOKHM, KOTOPbIE BO3HUKAIOT TIPH TIepeaade
coobmennii. Ita pabora XoMMUHTA OblJIa OTMEUYEeHAa MHOTUMH Harpasa-
mu. Cymectyet menaib IEEE B uects P. Xemmunra.

2. Bnamumup Hocugosuu Jleenmrerin (pom. B 1935 1) — poccuiickuii
YYEHBIH, JTOKTOp (PM3WKO-MaTeMaTHUECKUX Hayk, pabortaer B WMHCTHTY-
Te npukiagHod maremaruku um. M. B. Kengpima. Metpuka, HazBaHHast
ero uMmeHeM, BBeJeHa B 1965 rogy. OHa ¢ ycmexoM NpUMEHsETCs, Ha-
pUMeEp, B CEHCMOIIOTHH JIJIsl UACHTH(DUKAIMH KOJUICKTUBHBIX [BHIKCHHI
TUTOC(HEPHBIX OIOKOB MO CHHXPOHHBIM 3aIHCAM Pa3JIMYHBIX CeHcMude-
CKHUX CTaHIUH.

Ilymesooumens no rumepamype. Metpuka JleBeHTeitHa ObUTa BBE/ICHA B pa-
Oote [14], a ee mpuMeHEHNE B CEHCMOJIOTHH OTIMCAHO B cTaThe [15]. MeTpuky
dy, ucnions3oBan M. bapacan [9]. MeTpuka ¢ aMsATBIO UCTIONB3YETCS B CEpUU
pa6ort Ilerepa Turo [16,17]; Ha ero cCTpaHHYKE MOXKHO HANTH TaKKe IPUMCHE-
HUE CKUMAIOIIUX OTOOPaKCHHI K IpoOIieMaM MaTeMaTH4eCKOM JTMHTBUCTHKH U
anammzy JJHK [18].
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Mepni

BeckoHeyHOCTH OOJIBINIE, YEM
camoe OOJIBIIIOE M3 BCETO, U4TO
€CTb, U €IlI¢ YyTh-4yTh.

Iyenac A.
«Aemocmonom no I'anakmuxey

AbcTpaKkTHBIe MepbI. Mepa B OIpe/ielIeHHOM CMbIciie 00001IIaeT MOHATHE YNC-
Ja: 9T0 (YHKLMS, KOTOpasi CTABUT B COOTBETCTBHE MHOXECTBY €TO «pa3Mep».
IpeacraBum cebe OECKOHEUHYIO MAaccy, PABHOMEPHO PACIpE/Ie/ICHHYI0 B €B-
KIMI0BOM TpoctpaHctBe R™. KonnuecTBo Macchl BHYTPH €AMHUYHOIO KyOa
COOTBETCTBYET €ero (z1ebezosoii) mepe 0 < 1 < 0o. Mepur Padona, K KOTOPbIM
OTHOCHTCSI M JieOeroBa Mepa, NPUIUCHIBAIOT Ka)KIOMY OTPaHMYEHHOMY MHO-
JKECTBY KOHeuHylo Mepy. Hanbonee oOmmMu SIBISIIOTCST Oopenesvl pecyisipHule
Mepbl; K TIOCIIEAHUM OTHOCATCS k—MepHBIe Mepbl Xaycoopga, KOTOphIE HE SB-
JISFOTCSA PAJOHOBBIMA MepaMu TpHu k < n.

Mpe1 HagHeM ¢ Haubolee oy sipHOit Mephl Jlebera. JIJis psiMOYTOIBHOTO
muoxkectBa R C R™: R = [a1,b1] X ... X [an, b, onpenemum mepy JlebGera
Kak ero eBknuaoB oobem: m(R) = [a1 — b1] X ... X [an — by]. Torma, mis
aoboro MHOKecTBa A C R™ Mepa onpeessercs Kak HIDKHsS TpaHula Mep
00beIMHEHH s TPSIMOYTOJILHBIX MHOXECTB, ColiepKaIinx A:

A) = inf R;). 1
n(A) Al m(R;) (1)
Mepa .]-[6661"3 HUMEECT CJ'ICL[yI()HII/IC IIOJIC3HBIC CBOﬁCTBaZ

1) pu(2) =0 aust mycToro MHOKECTBA;

o
2) ecau A sBisieTcst oObEMHEHHEM CYeTHOTO urcna MuokectB A C |J A,
i=1

(o]
to u(A) < > p(A;), rie paBeHCTBO JOCTHraeTCsi eClii MHOXKecTBa A;
i=1
MOTIAPHO HE TIEPECEKArOTCA.
B kagecTBe mpuMepa pacCMOTPHUM MHOXECTBO HYJIEBOH J1eOETOBOM MeEpHI.
TpaauuuoHHBIN TpUeM ocTpoeHus GpakranbHOro MHOXecTBa KanTtopa 3akiio-

4aeTcs B PEKYPPEHTHOM YHAJICHUU CPEAHEN TPeTH U3 eAMHUYHOrO MHTEpBaja
I =10, 1], 3arem aByx dparmenToB 1o 1/9 U3 AByX MOIy4UBIINXCS PPArMEHTOB
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W TaK nanee, ad infinitum:

[0,1];
=[0,1/3]U[2/3,1];
=10,1/9]U[2/9,1/3]U[2/3,7/9]U[8/9,1];

oo
Tpenenbroe muoxectBo K = (| K,, cOCTOUT U3 0BIIEH YacTH BCEX TOYEK
n=0
K, v HazpiBaetcs muoscecmeom Kanmopa. Ha i-om 11are kaxxaoe u3 MHOXKECTB

conepKUTCs BHYTPU 2° HpsiMOyronbHUKOB pasmepoM 3~ °. Tlostomy, coracHo
(1), u(K) <2 x 37% nns Beex i, Tak 4o npu i — 00 pu(K) — 0.

B obuiem ciydae, eciii B POCTPAHCTBE BBIIEICH KIAace MOAMHOXKECTB JF,
3aMKHYTBIH OTHOCHTENBHO OIEPalii KOHEUHBIX TIepPecedeHuil U 00beIMHEHHUH,
to Qynkuus 4 : F — [0,00] HA3BIBACTCS KOHEUHO-AOOUMUGHOU MepPOlL, TPH
YCIOBHSIX

D) (@) =0;

2) ecnu {E;}Y, C F — xoneunoe cemeiictso nonapHO HenepeceKanmecs{

MHOXeCTB, T.€. F; N E; = &, i # j, T0 u( U EZ) = Z w(E;).
i=1 i=1

Ecnu ycnosust (1)—(2) BBIIONHAIOTCS JUIsl cuemno2o ceMeiictBa J, Mepy Hazbl-
BAaIOT CYEMHO-A0OUMUBHOU.

MHoxecTBO A Ha3bIBAKOT fi—usmepumblm ¢ X, €CIIH Mepy JH000ro MHOXKe-
CTBa B MOXXHO HPE/ICTABUTDH B BHUJC

p(B) = p(B N A) + u(Bn A,

me A€ = X \ A — nomonuenne MHOkecTBa A B X. MHBIMH CIIOBaMH, H3Me-
PUMOE MHOYKECTBO pa30MBACTCsI HA YaCTH, TaK YTO €r0 MOXKHO IPEICTABUTH B
BUJIE MIEPECEUCHHs C JIFOOBIM JPYTMM MHOKECTBOM U €ro jomnonHenneM. Kiace
[L-A3MEPHUMBIX MHOXKECTB 00pa3yerT Tak Ha3bIBAEMYIO O-aieebpy, T.€. Kiacc,
3aMKHYTBI{ OTHOCHTEIILHO OTEPAIMid B3SITUS JOTOJHEHUsI, CYETHBIX Mepeceye-
HUN 1 00bEINHEHNA.

Wtak, OCHOBHAsI Mesl BBEACHUS MEPhI B IPOCTPAHCTBE X COCTOHUT B BBIJC-
JICHUH HEKOTOPOTo Kiracca A 3JIEMEHTapPHBIX MMOIMHOKECTB, HAIPUMED, HHTEP-
BaJioB Juisi Mephl JleGera. ITycToe MHOXKECTBO, CAMO MPOCTPAHCTBO X, @ TAKKE
00beIMHEHHE U MEPECCUYCHUE KOHEUHOTO (CUETHOTO) YUCIa MHOXKECTB TIPUHAJI-
JICKUT ITOMY K€ KJIACCy, IPEACTABUTEIIA KOTOPOTO OOBSIBISIIOTCS U3MePUMbIMU
muoocecmeamu. Tlapy (X, A) HasbIBatOT uzmepumviv npocrpancTsoM. Torma
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mepa i : A — [0,00] — 910 (QyHKIMS, KOTOpask CTABUT B COOTBETCTBHE Kaxk-
nomy MHOKecTBY A C X HeoTpuuarenbHoe yucio u3 unrepsaia [0, oo]. Mepa
JIOJDKHA YIOBIIETBOPSITH, 10 MEHBIICH Mepe, YCIOBUIO KOHEYHOH (CYEeTHOIT) aa-
marusrocTH (V. Tpoiiky (X, A, 1) HA3BIBAIOT npocmpancmeom ¢ mepoil.

Junamuueckne mepbl. JI0 CHX [Op MbI PAacCMATPHBAIM MEPhI KaK <«JUIH-
Hbl». O/iHAKO, B OOIIEM Cilydae, Mepa BOBCe HEe 00si3aHa MMETh reOMETpHUYC-
ckue arpuOyThl. boperegy mepy MOXKHO BBECTH, UCIOJB3YS JAUHAMUKY HEKO-
TOPOTO HEMPEPHIBHOIO 0TOOpaXkeHws exuHuuHoro orpeska f : [0,1] — [0,1].
Opbumot otobpaxkeHust f UIMHBI 1 + 1 HA3BIBAIOT MOCICIOBATEIBHOCTH TOUCK
X0, T1, T2,y ..., Tp, TIC KOKIAS MOCICAYIOMAS TOUYKA — PE3yJIbTaT UTEpaAIuu
MpEAbIAYIICH:

T = [ (@0) = F(£°" D (x0)).

Pazo6bem enunnunbiil untepsai [ = [0, 1] nva N cermeHTOB
Iy =[(k—1)/N, k/N), k=1,N.

B pesyabrare urepanmii f°"(x) Haiell GyHKIMH HEKOTOPOE YUCIIO TOYEK W3
opOuThl TMHOHN 1 + 1 momanaet B I, OG03HAYMM ITO YHCIIO KaK

ng = I Nxg, 1, To,..., Tn.

Ero MOXXHO MHTEPIpPETHPOBAaTh Kak BpeMs mpeOblBaHus OpPOHTHI B ), eciu
KaX/0l MTepaly MOCTaBUTh B COOTBETCTBHE EAMHHIYY BpeMeHH. MOXHO Ha-
JIeAThCA, UTO TIpH GOMBITOM 7 1 Xopormnx (?) HAYaNBHBIX 3HAYEHUAX T( THCTA
pr(n, o) = ng/(n+ 1) He 3aBUCST OT N U BBIOOPA To. B 3TOM cityuae MOXKHO
nokasats(®), uTo nowmu Ona 6cex OpOMT CyWIECTBYET UHEAPUAHMHAS 6€POSIMI-
Hocmuas mepa iy, (Ii):

i = lim [ N {xo, x1, T2,..., Tn}|

n— o0 n

(2)

TaKas 9to py (N, To) /& 1k U Y, i, = 1. BelpaxkeHue noumu 0iia 6cex MOHUMAET-
k

Csl B TOM CMBICIIE, YTO UCKIIFOUCHHSI COCTABIISIIOT MHOJKECTBO HYJIEBOH JIEOETOBOM
MEpBI.

3amernm, uto Touka y = f(z) mus Hamwed ¢ynkumm fo: [0,1] — [0,1]
MPHHAIEKUT HEKOTOPOMY 0ObeanHeH 0 nHTepBanos U = I, UL, U ... U I
TOra M TONbKO Torja, eciu x € f~1(U). DTo 03HAYAET, YTO YUCIO TOYEK
MOCTIEA0BATENBHOCTH X1, . . . , Tpnt1, KOTOPBIE TTONIANH B U, COBMAACT C YUCIOM
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TeX TO4YeK OPOUTHI T, T1, ..., T, KoTOpble npuHamiekanu f~(U). Yucna
{4} HE JIOJDKHBI 3aBHCETh OT C/BHIA MOCJIEAOBATEIBHOCTH, TAK YTO BBIPAKCHHE
p(U) = pu(f~1(U)) yrBepikaaet HHBAPHAHTHOCTH MEpBI.

ycts m(x)) — Mepa, onpeieneHHas B To4Ke . Torna uurerpan [ gy ot

npou3BONBHOH dyHKIMK ¢(2) TI0 Mepe 11 TIoHMMaeTcs Kak cymma (4):

[on="3gtax) miaw). 3)

TIOC pAd CXOOUTCA B a0COJIFOTHOM CMBICJIC.

JeiictBue Qpyuxuuii Ha mepy. [lycrs y; — 3Hauenus Qyukuun y = f(zk);
TAKMX TOYEK MOXKeT ObITh Heckonmbko(®) juist kaxoi Touku xy. Torma mepy
TOYEK Y, €CTECTBEHHO OIIPEAEIUTh KaK MEpy HX MPooOpa3oB Iy — IPYroro
IIyTH IPOCTO HET:

mly) = Y mlay). (4)

zp=f"1(y1)

PasymeeTcsi, 5TO BBIpaKEHHE UMEET CMBICH, €Cli uucio Touek f~1(y;) He
OeckoHe4yHO BenuKo. [IpruBeieHHbIC pacCy KICHNs TIOMOTAIOT OHSTh KaK QyHK-
ums jeiicTByeT Ha Mepy. CHMBONMUECKH 5To AeiictBue HaswiBaercs () push
forward map w 3anuceiBaetcs Kak fop = pu(f~1), rae (o) — 3HaK KOMIO3UIUM.
Wnaue roBopsi, nefictBue GyHKUMU f Ha MEpy — 3TO MIPOCTO MEpa TeX TOYEK T,
KOTOpbIE 0TOOPA3MWIKCh ¢ OMOIIbI0 f B Touku y = f(x).

Jist mpuito)KeHuH I0JIE3HO PacCMOTPETh KOJUIGKTUBHOE AEHCTBHE Habopa
¢yskumii Ha Mepy. PaccmoTrpuM, Hanpumep, u IFS, cHaOKEHHYIO BEpPOATHOCTS-
MU:

{Wi;pi}a izl,N, p1+...+pN=1.

Hx xomiexkTUBHOE JIeHicTBUE HA MEPY /i OIIUCBIBACTCSI MAPKOBCKUM ONepamopom

N
M(p) =Y pipoW; (5)
=1

s mro6oit HenpepbiBHO# GyHkumu f : X — R crnpaBeaivBO O4YEHb BaXK-

VITK 001(06)+004.032.26 (06) Heiiponmbie cern 73



ISBN 5-7262-0708-4 JIEKIIMY 110 HEMPOUH®OPMATUKE

HOC U HAaC BBIPAXKCHUC!

/de(M(u))=§:pi/de(u°Wil)=

:Zpi/

i—1 Wi (X)

N
o -1y . o .
f(@)d(po W) gp /X foWi(x) du
(6)

TTosicHAM, Kak OHO TIOMTydaeTcst. 3AMETHM JTs 3Toro, uto 10, * — Mepa Tex
Touek = € X, KOTOpbIe FeHepupyroT 00passl  — W, (). DTo 00CTOATENBCTBO
MOXHO Y4eCTb, HCTOJIB3Ysl AeibTa-PyHKIuMio 1 3amuch 6(x — Wy (x)). Torma n
nonyuaercs 3amena f(x) — f o W;(x) B nocienuem unene (6).

Mepa Ha3bIBaeTCS CaMONOO0OHOI, €CITH €€ MOKHO MPEACTABUTh KaK JIMHEH-
HYIO B3BCIICHHYI0 KOMOUHALMIO €¢ CaMOii:

p=pipoWy 4. 4pypoWy'. (7)

TTosicaum, 4To 3TO 03HauaeT. [IpencraBum cebe OAMH TpaMM MacChl (4 = 1,
paBHOMEpPHO pacnpeneieHHoi Ha unrepsaie I = [0, 1]. Ilycts u IFS

W1=$/2, W2:$/2+1/2

BBIOMPAIOTCS C BEPOATHOCTSIMH P, p2. 1locme meiicteust Wi MBI HOIyduM
Wi (I) = [0,1/2], na kotopom cobepercs Best Macea, T. e. [0, 1/2] = o Wt
HesaBucumoe aeiicTBre BTOPOTO CXKaTHs COOEPET BCIO MacCy Ha BTOPOH IOJIO-
une unreppana: Wy (I) = [1/2,1] — p[1/2,1] = po W, L. Mockonbky macca
JIOJKHA COXPAHSTHCS, Mbl PACIpPEelsieM ¢¢ B COOTBETCTBUM C BHIOPAHHBIMH
BECAMH, T. €. BEPOSTHOCTAMH 10 JABYM HHTEPBAJIAM:

H=Ppipo VV1_1 + pap o Wz_l-

BTtopast uteparus BRIOpaHHOW Tapbl CKATHUI MPHUBENET K «IIEPEB3BEIINBA-
HHIO» Mepbl Ha KaxJIOM M3 derbipex wuHrepBaioB: u[0,1/4] = p1p;
p[1/4,1/2] = p1p2; p[l/2,3/4] = p2p1; p[0,1/4] = p2 po. Mponomkas stot
npomece, Mbl OyieM TONyYarh BCe 00Jiee TOHKYIO CTPYKTYPY CaMOIOm0OHOU
MEpBIL.
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B o6miem cimydae 0603HaUMM JIJIST KpAaTKOCTH NOWfl =Siu ,uoW2_1 =9,.
Torna

p=p1S1(p) + p2Sa(p) =
= p1S1(p1S1(p) + p2S2(pt)) + p2Sa(p1S1 (1) + p2Sa2 (1)) =
= p11.511 (1) + p12S12(1) + p21S21 (1) + P22S22 (1),

WA, TIPOJIOIDKAS ATOT MPOLIECC, TTOIyIUM

n= Z pUl»»»UkSUI»»»Uk(:u’)5

1<o1,.,0 <2

THC Doy ..o =DPoy * -+ Doy A 80,00 =56, 0...0Dg,.

OueBuHO, YTO caMonog00Has Mepa (7) BO3HUKAET KaK HEMO/BHKHAS TOUYKA
MapKoBcKoro oreparopa (5), T.e. M(p) = p. Kak Mbl yiKe 3HaeM, 3TO CIIEICTBHE
COKUMAIOIINX CBOMCTB OMEpaTopa B COOTBETCTBYIOIIEM MPOCTPAHCTBE MEP, KO-
TOPBIM MBI M 3aMEMCS B CIICIYIOLIEM pa3erie.

Ipumeuanus

1. OOBIYHO HA Mepy HAKIAJBIBAIOT JAOMOJHUTEIHLHO YCIOBUS WHBAPHAHTHO-
CTH OTHOCHTEIILHO TPYIIIBI JABIKCHUHN. Tak MPUBBIYHBIC JEOCTOBBI MEPHI
U3 CBKJIMIOBOY F€OMETPHH (IJTUHA, IUIO0IIA (b, 00EM) HHBAPUAHTHBI OTHO-
CHTEIIEHO IPYIIIBI TBEPAOTENbHBIX JABIKEHHIT B R — II0BOPOTOB M CIBH-
roB. B 3TOM cilydae rpyrnmna npocmo mpaH3umueHa: CyIeCTBYeT JIHIIb
ozHO Tpeobpasosanue g € G : y = g(x), KoTopoe mpeodpasyeT = B y.
Takas rpyIina rapaHTUPYET CYIIECTBOBAHUE CAMHCTBCHHOU (C TOYHOCTBIO
JI0 MYJIBTHIUTMKATUBHOTO MHOXKUTEIIS]) HHBAPHAHTHON Mepbl. Eciu rpym-
1a CUIbHO MPAH3UMUEHA, TO CYIIECTBYIOT, HAIpUMED, g1, g2 € G, Takue
uto y = g1(x) = g2(x). B 9TOM ciiyyae HHBApHAHTHOW MEPBI MOXKET HE
CylIeCTBOBaTh BOOOIIE. [IpMEpOM MOXKET CIIy)KUTh «PE3UHOBAs ILIOC-
KOCTh: peoOpa3oBaHue & — Y MOXKHO BBINOJHUTH HA HEll KaK CABUIOM,
TaK ¥ PacTsHKCHUCM.

2. Peub mueTr o TUINMYHBIX HAYaJIbHBIX 3HAYeHMsIX. Tak, Touka xg = 0 mis
f(xn) =z, (14 x,) — «toxas», HOCKOJIBKY OHA HE TEHEPUPYET OPOUTY.
Takux TOUEK MOKET ObITh OECKOHEYHO MHOTO, HO UX MHOXKECTBO JIOJDKHO
AMETh HYJEBYIO JIEOETOBY MepYy.
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76

3. TlpenctaBum cede MyTHHUKA, KOTOPBIH ONYKIAeT MO XpaMy, COCTOSIIEMY

U3 HEKOTOPOTO YHMCIIA 3aJI0B Pa3HOro pasMepa. Beibop 3ana ciydacH, HO
Iomajasi B HETO, BOBMOXKHO HEOJHOKPATHO, IMyTHUK MOCEIIAEeT BCE Me-
cTta moMerieHus. Torga OTHOCHTETbHAS M0 BPEMEHH, KOTOPYIO Iy THUK
MIPOBOIMT B KaXKJOM ITOMEIICHNH, TTOYTH JJISI BCEX BAPHAHTOB Oy KIaHUS
MIPONIOPIMOHATIFHA €r0 pa3Mepy. JTO YTBEpKICHHE CBS3aHO C IPrOAH-
4yeckoil Teopemoit, kotopyto B 1987 rony nokazan /[xon Daron. Ilycth
{w; }¥.| — Habop cxxuMaromux 0ToOpakKeHUH HA KOMIAKTHOM METpUYe-
CKOM TipocTpaHcTBe X, cHabkeHHbIX BepostHocTsmu {p; } Y ;. Torma s
BCEX HEMpepbIBHBIX GyHKIMA f : X — R, MOYTH BCEX HAYaIbHBIX TOYCK
2o € X ¥ IOYTH BCEX OPOWT CIPABEMINBO BEIPAKECHHE:

WILII;O%Zf(In)=/)(f($)du.

i<n

. m(z)) MOXKHO paccMaTprBaTh Kak KOJHYECTBO «MACChl», COIEPKAIICHC

B TOUKe, T.¢. Kak Mepy Pajona. Tpamuuuonsas 3anuce | g du He umeer
0c000ro cMbICIa Ul AMCKPETHOTO Cilydas, Korja He ompezaeneH aud-
(epenmuan Mepsl. MHTErpan MOHMMAETCs MOSTOMY KaK CyMMa IIPOH3-
Benenuit g(xy) pu(xy) 3HaueHUt QYHKIMM HA 3HAYCHHS PACIPEICIICHHS
«MacChl», T. €. THCTOTPaMMBI, KOTOPas 3a1aeT Mepy.

. Wupimu cnioBamu, GyHKumst f — cropvekmugna, T. €. Uil KaKA0TO X Cy-

LIECTBYET 1o MeHbutell mepe onut y. Ilpencrassre cede, 4To Hame oTo0-
pakeHHe — ITO COOTBETCTBHE MEXKIY TOUYKAMHU HAa HUTH DIEKTPUUECKOMN
JIAMIIOYKH B (hOHApEe M TOYKaMH CBETOBOTO IsITHA Ha cTeHe. OYeBUIHO,
YTO JUIA KaKIOW TOYKM IATHA MOXKHO HAWTH OIUH WM Jlake Ooiee mpo-
00pa3 Ha HUTH.

. B obmem ciydae, nns magkoro orobpakenust F' : M — N Mexny Jjro-

ovimu MU GEpPeHIINPYEMBIME MHOTOOOpa3usMu push forward B Touke p
SIBJICTCS JIydlIed JIMHEHHOW anmpokcuManueit F' BOIM3Hu p. ITO MOXKET
ObITh, HanpUMep, JHHelHoe oroOpaxenue (quddepenunan dF) mMexty
KacarenbHbIMU TIpocTpancTBamu F @ Ty M — T,y N. Jlns maper uzme-
pumbix npocrpancts (X, A) u (X, B) ¢yukuus f : X — Y HazsiBaetcs
uzMepuMotl, eClii mpooodpPa3oM JIFOOOT0 U3MEPUMOTO MHOXKECTBA B Y SIB-
nsteTes u3Mepumoe MHOXkecTBO B X, T.e. B € B = f~!(B) € A. Eciu
u — mepa B (X, A), to push forward ¢ nomoupio namMepuMoit GpyHKIUH
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f: X — Y —oro mepa fou B (X,B), onpeneneHHas BeIpaKCHUCM:

fen(B) = p(f~1(B)).

Ilymeeooumenv no numepamype. VI3noxxeHue Teopurd MeEpPbl MOXKHO HAUTH
MPAaKTUYCCKA B KaXIOM y4cOHHKE MO (DyHKIIMOHAJIBHOMY aHAJIU3y, CMOTPH,
Hanpumep, [19,20]. Kpatkoe u oueHb HNOHSATHOE BBEIAECHUE B JTOT IMPEAMET
coJiepKUTCsL B HeOoJbIon KHIKKe Bbpyano [21] u nekuwmsx /DxoHa XardwH-
cona [22]. OmmyHOe BBeIeHUE B MEphl Ha (pakTaliaX COACPKHUTCS B TiiaBe 9
kHuTH baprcan [9], koTopas, K CoXaJleHHI0, MaonocTymHa. Kparko HeoOxo-
JMUMBIN ammapar u3JokeH B MoHorpaduu @ajapkoHepa [11], KOTOPYIO MOXKHO
MOMBITAThCS CKAa4aTh ¢ U3BECTHOTO caiita www.lib.org.by. Jlist mydriero moxu-
MaHHUs JCUCTBUSI COKATUSL HA MEPY CIIENyeT MOCMOTPETh 3aMeyuaTelIbHbIC PaOOThI
OnBapna Bpckas [23,24], noctynHble Ha ero web-cTpanndke. O caMonoio0HbIX
Mepax MOXKHO TPOYeCTh B cTaThe [8] W B Apyrux myOnuKanusx XaTqHHCOHA,
KOTOpBIE MOKHO HaWTH Ha €ro caure.

IIpocTpancTBo Mep: meTrpuka Mon:xa-KantopoBuua

PaccrosiHue Mexay 3amaueit u
LEJIBI0 JOJDKHO MEPSIThCS He
MPSIMU3HON COENUHSIONIEH JTUHUY,
a KPUBU3HOM HEWTpann3auuu
3aMBICIIOBATOCTH.

11. Tapanoe
«Manesper obwenuay

B 3ameuarenbHoil kuure Jlarmaca Xogmranrepa' paccMaTpUBAeTCs CIELYIO-
mast 3a7a4a, Kotopast Ha3siBaeTcst «Cobaka u kocThy». Ha ra3ax cobaku X03suH
OpocaeT KoCTh 4epe3 3a00p B cocexanwmii aBop. Kocth BuaHa B 1Ienu 3abopa,
B KOTOPOM, Ha JOBOJIHO 3HAYUTEIBHOM PACCTOSHHH, €CTh OTKPBITAsl KaJUTKA.
Hekotopsie cobaku moaderarT K 3a00py U HAYMHAIOT JIASITh, IVl HA KOCTh.
Hpyrue, 6onee yMHbIe, OCTYT K KalIuTKe. MM CTAaHOBUTCS SICHO, YTO KaXKyIlle-
eCsl YBEIHMYCHUC (PUUYECKO20 PACCMOsHUA MEKIY HAYallbHBIM M KCJTaHHBIM
MOJIOKEHUEM — ITyTh YepPe3 KaJUTKy — Ha CAMOM JCJIC YMEHBIIACT PACCMOSHUE

7X047Lumadmep JI. Ténenn, duep, bax: dra Geckoneunas rupasHaa. — Camapa: bapax-M,
2001.
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npobaemst! O4eHb MHOTHE 3a/1a49H, B HEKOTOPOM CMBICTIE, SIBJISIFOTCS BapHaHTa-
Mmu 3aa4u «Cobaka i KOCTh», TOTOMY YTO MPOOJIEMBI 00BIYHO (POPMYITHPYIOT HE
B ()U3UUCCKOM, a B KOHIICITyaJIbHOM MPOCTpaHCcTBE. [103TOMY 1151 IPEOI0IICHHS
a0CTPAKTHBIX «3a00POBY» OUYEHB BAYKHO HANTH BHYTPEHHIOIO HHTEPIIPETALINIO 3a-
JIady ¢ TIOAXOJAIICH METPUKON MEXTy mpobieMoi u nenbio. OMHOW U3 TaKuX
METPHK H SBISETCA paccmoanue Monoca—Kanmoposuua.

DTy METPUKY OTKPBIBAIIU 10 MEHBIICH Mepe Tprkabl. [lepBeiM ObL1 (pan-
Ly3CKUIl reoMeTp u 0OIIecTBeHHbIN nesitens [acnap Momxk. OH 3aHHUMAICH,
B YAaCTHOCTH, YCTPOUCTBOM KPEIOCTEH M 3aja4aMy ONTHMAIBHOTO IMepeMelie-
HUS TPyHTa W3 OJHOTO MecTa B Apyrow. Maew pemeHwst 3TOH 3ajgadu ObUIH
OCHOBaHBI Ha Mepe, OIM3KOH K TOH, KOTOPYIO BIOCIECACTBUN HCIIONB30BAI IS
TpaHCIOpTHBIX 3a1a4 Jleomnn Buramsenu Kantoposnu'?), naspisas ee mem-
puxkoti Monoxca. Hakonen, ee nezaBucumo BBen /[xon Xaruuncon (1981 r) B
CBOCH OCHOBHOU pabore «®Dpakraibl U CaMONOA0OUEY, MOCIE Yero B psje 3a-
PYOESXKHBIX pabOT ee CcTaju Ha3bIBaTh Mempuxou Xamuuncoua.

Haunewm ¢ popmansHOTO 0onpenesnenus. PaccmorpuM mpocTpaHcTBo Goperne-
BbIX Mep M = M(B(X)). Eciu 5TOT TepMHUH BBI3bIBACT HEHPUSTHBIC OLIYIIE-
HUSI, TIPEJICTABBTE CeOe MPOCTPAHCTBO, TOUKAMH KOTOPOTO, SIBJISIFOTCS Pa3JInYHbIC
pacrpe/eNicHuss MacC Ha KOMITAKTHBIX HOCUTEIISX, T. €. THCTOTPaMMBI.

Ilycts g : X — R — ¢ynkuuu ¢ Lip g < 1. Merpuka Monaca—Kanmopo-
6uua B M onperneinsier pacCTosiHIE MEXIY JABYMSI MEPaMH (i U U KaK

dar (p, v) —sup{’/gdu—/ng’}, (8)

e |g(z) — g(y)| < [z —y|, Yo,y € X.

COrnacHo OMpEIENEHNIO, Tl TOTO YTOOBI BBIYUCINTD PACCTOSAHHE MEKILY
IBYMsI MepaMu, HEOOXOAMMO pacrojarath MHOKecTBoM u IFS. Tloxcrasiss
KaXyl0 U3 HUX B BeIpakeHue (8), CIeqyeT HAliTH BEPXHIOW TPAHHUILY Pa3HOCTU
IByX uHTErpanoB. OHa u OyIET HCKOMBIM PACCTOSHUEM.

TTo3Ke MBI PACCMOTPUM CMOCOO MPAKTUYECKOTO BBIYMCIIEHUS 9TOM METPHUKH,
a T0Ka YUTAaTeNI0 MPHUICTCS HOoBepuTh, uTo mapa (M, dys) obpasyer momHoe
METPHUUYECKOE MPOCTPAHCTBO. Bonee Toro, st MobbIX j1, v € M MapKOBCKUI
oneparop M (5) onpenensier cxxarue B (M, dps), T. €.

dar(M(v1), M(v2)) < cdp (v, 12). 9)

Ho B sToM ciryqae u3 [lpunyuna cocumaiowux omoopaicenuti CIeIyeT, 94To
anst cemeiictBa u IFS ¢ BepostHocTsimu { Wi}, . pi = 1, cymecTByer
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CAMHCTBCHHAs GopesieBa BEPOATHOCTHAs Mepa [i, TaKas 4TO JUIsl JH00O0ro MO-
mHOkecTBa A € B(X)

N
p(A) = Mp(A) =3 S pi o Wi (A), (10)

H 1S TF000H MEpHI Vg € M IO CJICA0BATCIBHOCTD
02 on
Vo, Muo, M Vo,...,M 1%

CXOZUTCSA K (1 B METpHUKE d 7, Koraa n — oo. Hocurenem mHBapuaHTHOH Mepbl
ABIISETCS aTTpakTop oneparopa Xarumncona A = W(A) = |J,_, Wi(A). U3
BelpaxkeHus (10) cnemyert, yTo Mepa f MHBapUaHTHA OTHOCHUTENIBHO JIEHCTBUS
M, T.e. sBISICTCS €r0 HEIOJBIKHON TOYKOM.

Earth-Mover’s Distance. Yucnennsiii Bapuant merpuku Monxa—Kanro-
poBuya m3BecTeH Kak EMD-paccrosuue (Earth-Mover’s Distance)®. Wues ero
BBIUUCIICHUS 3aKJII0YAETCs B CIEAYIOMIEM. ANPOKCUMUPYEM JIBE MEPHI L1, I 3ep-
KaJbHBIMH THCTOTPaMMaMH, IMEIOIMMU o01ee ocHoBaHue. [1ycTs BepxHas u3
HUX TPEJCTaBISAET COO0H KydKU TPyHTA [i, HACBIITAHHOTO B Ka)KABIH OMH THUCTO-
rpaMMbl. BUHBI BTOPOH, «OMPOKHUHYTOW» THCTOrPaMMBbI, MOAEIUPYIOT EMKOCTh
M, T. €. Mepy v. [lycTb miomaam ructorpaMm COBIAJIAIOT, T. €. MBI I CIIOCOOHBI
BMECTHUTb BECh IPYHT U3 KyueK /.. 3a/laua 3aKJII04aeTCsl B IepEMEIICHUN IPyHTa
13 BEPXHEH THCTOTPAMMBI B SIMBI HIDKHEH ¢ Munumanrvuvimu sampamamu. 11o-
CJICIHAE 3aBHCAT OT BHIOPAHHOTO «IIIaHa» MEPEMELICHHUSI U €r0 «CTOUMOCTI,
KOTOpas ompenensercs pacctosuueM® d;; MeXIy i-M OHHOM, I7ie HaXOJUTCS
TPYHT, ¥ j-M OuHOM siMbl. TakuM oOpa3oMm, BbuucieHrne EMD cBOJIMTCS K clie-
JyIolLIel cTaHIapTHON TPAaHCHOPTHOU 3ajade JMHEHHOro MpOrpaMMUpPOBAHMUS.
Heo0x011M0 MUHUMH3UPOBATh TPAHCIIOPTHBIC PACXOJBL:

i i fij . dij — Inin;

i=1 j=1

TIPH CICTYIONTNX OTPAHUICHUSX !

n m
in‘jzai; Zfij:bj; fij 20, izl,m, jzl,n.
Jj=1 i=1

8Earth mover — 310 9KCKaBaTop, TaK uTo EMD — «3KCKaBaTOPHOE PaCCTOSTHHE».
9dij HaswIBaloT ground distance.
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3mech d;; — CTOMMOCTh EPEBO3KN CAMHUIIBI IPOMYKINH U3 MyHKTA @ B Jj; fi; —
IUTaH MEPEBO30K ¢ — j; b; — MOTPEOHOCTH B MPOAYKTE B MyHKTE j; G; — 3amackl
B IyHKTE 7. 19 Mojenu 3axkpeimoeo tTnna

> b=

j=1 i

n
;.

=1

OCHOBHOM TPYAHOCTBIO PCHICHUSA 3a1a49d SBJISICTCS 0OJIBIIIOEC YHUCIIO TICpEMEH-

HBIX U OFpaHH‘{CHHﬁ. HOBTOMy HCITOJIB3YIOTCA CIICMUAIBHBIC AJITOPUTMBI, aJall-

TUPOBAHHLIE, B YACTHOCTH, JUIS BHIYUCICHUST EMD—-pacCTOSHUS MEXKILY H306pa-

KCHUSAMU.

Ipumeuanus

1. Momx T'acnap (10.05.1746-28.07.1818) — akamemMuK, TBOpel HadepTa-
TENbHOM reOMETPUU U OJIUH U3 OpraHu3aTopoB [loauTeXxHUueCKOn IIKOIbI
B Ilapwxke. 3aHuMazncs MareMaTMYeCKUM aHAJIM30M, XHUMHEH, METEOpO-
JIOTHEH, npakTuyeckoil Mmexanukoil. B nepuon dpaniry3ckoi peBoIonun
OBLT WIEHOM KOMHCCHH TI0 CHCTEME MEpP U BECOB, a TAaK)K€ MOPCKUM MHUHU-
cTpoM. Byayun ogHMM W3 OpPTaHW3aTOPOB HAIMOHAIBLHOW 000pOHBI Pec-
IyOJIMKH, OH ONHUCAll CIIOCOOBI U3BJICUCHUS CEIUTPBI, HEOOXOIMMOM /IS
BBIJICIIKM TIOpOXa, M3 3€MIIM B XJICBaX, IOrpedax M KiaaOumax. YeTpount
MHOECTBO JINTEHHBIX MyIIEYHbIX 3aBOA0B. Bo Bpems [upextopun Momx
— y4dacTtHHK nioxoaa Haroneona B Eruner. Bo Bpemena Mmnepun on ce-
Hatop, rpad Ilemysckuit u kaBaiep opaeHa I[lodeTHoro sermoHa. MoHX
CIeTal PsiJl BAXXHBIX OTKPBITHN B TU(PPEPEHIIMATBHON TeOMETPHH, CO3/1aT
CBOIO TEOPHUIO MHTETPUPOBAHUS yPAaBHEHUI ¢ YaCTHBIMU IIPOU3BOJHBIMU
1 HallleJl CBOE PEIICHME 33/1a4¥ O KOJIeOaHUU CTPYHBI.

2. Jleonnx BuranbeBnu Kanroposud (19.01.1912-07.04.1986) — HobGenes-
CKMIi Jlaypeat, SKOHOMUCT, akaaeMuK, Jaypear Cramunckoil (1949 r) u
Jlenunckoii (1965 r.) mpemuii. Ponuiics B Cankr-IlerepOypre. B 14 niet no-
crymun B Jlenunrpanckuii ynusepcureT. B 1938 romy npodeccop JI. B. KaH-
TOpOBHY OB Ha3HAYECH KOHCYJIBTAHTOM B Jlaboparopuro (hanepHoi ¢ad-
pukn. s pemreHust mpoOiieM, CBSI3aHHBIX C MPOU3BOACTBOM (paHEpHI,
OH pa3paldoTaji METOJ] MAKCUMH3AIUHU JTHHCHHON (QYHKIUH MPU OOJIBIIOM
YHCJIC OTPAHUYUTEIICH, H3BECTHBINA TEIEPh KaK JIMHEHHOE MPOrpaMMHPO-
BaHme. B pabore «Maremarnueckrne METOABI OPTaHU3AINHA M ITUTAHUPO-
BaHus npom3BoAcTBa» (1939 1.) JI B. KaHTOpOBHY TIOKa3all, 4TO TaKOM
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MTOJIXO YHUBEPCAJICH U SKOHOMHIYECKUX Tpobmem. HobeneBckyto mpe-
Muto nofyuus B 1975 r. coBmecTtHO ¢ ThsurmuaroM Yapiazom KynmaHcom
3a «BKJIAJl B TEOPUIO ONTHUMAILHOTO PACIPE/ICICHUSI PECYPCOBY.

Ilymegooumens no numepamype. Merpuka Monxa—KantopoBuua—XarumHcoHa
noapoOHO omucana B MoHorpadusx [9, 11]. EMD—paccTOsHHIO, €ro CBOWCTBAM
Y IPUMEHEHHIO K aHAJIN3y N300paskeHUH MOCBSIIEHbI padoThl [25,26] u miaBa B
nmuccepranuu [27]. B crathe [28] onvcaH yaydIIeHHBIH alTOPUTM BBIYHCICHUS
EMD mexnay ructorpammamu. O TpaHCIOPTHBIX 3a7adax W arOpUTMax JJs HX
pEIIeHNsT MO’KHO TIPOYECTh B BEJIMKOJETHBIX JIeKusax b. Jlemerniko [29]. Metox
BBIUUCIICHUsI paccTossHUs Monxa-KaHTopoBHYa ¢ MOMOIIBI0 HCKYCCTBEHHBIX
HEHPOHHBIX ceTel MmpeiokeH B cTaTbe fApociasa Ilrapka [30].

Ooparnas 3agaya u IFS

... HHOT/Ia 9yBCTBYyeNIb, 4to Mnes,
KOTOpast Kazajach BaymuuBoi,
mpu OIrpKaiIeM paccCMOTpPEeHUH,
KOTIZla BBIXOJHUT HapyXy, M JaeT Ha
ce0st TOCMOTPETh CO CTOPOHEI,
OKa3bIBaeTCsl coBceM Jlpyrum
Jenom.

A. Munn
«Bunnu-ITyx»

M1 omucanu Bbime Tpu unoctacu't) Teopemsi o cocumaiousem omobpaxcenui.
B eBximmoBoM MerpuyeckoM mnpocrpanctse (X, d) coxarueM sBIseTcst 0ToOpa-
sxenue Jlunmuna ¢ Lip < 1, KOTOpoe UMEET €IMHCTBEHHYIO HENOJBIKHYIO
TouKy. B mpocrpanctee xommaktoB (H,dpy) cxarmem B Merpuke Xaycmopdha
dp SBISETCS oreparop XaTdMHCOHA C HETOABMIKHOM TOYKOW — aTTpakTOpOM
IFS. Haxoner, B mpoctpanctBe 6openeBsix mMep (M, dys) ckatiue B METPHKE
Momnxa—KanTopoBuda 3agaer omneparop MapkoBa it IFS ¢ BEpOSTHOCTSIMHU.
HenoaBmkHON TOYKOM SIBISICTCS 3/1€Ch CAMHCTBCHHAS] MHBAPUAHTHASI Mepa, HO-
CUTEJIb KOTOpOW — arTpakrop IFS.

IIpeArnoIoKuM, 4TO MbI 3HAEM HOCHUTEIb, T. €. aTTPaKTop A 1 ero «packpac-
Ky», T. €. Mepy f Ha HeM. MBI 3HaeM, Ha OCHOBE BBIIICH3IOKCHHOW TEOPHH, UTO
aTTPaKTOp U MEPa Ha HEM 00HO3HAYHO ONpeAeistoTcss IFS ¢ BEpOSTHOCTIAMHU.

VITK 001(06)+004.032.26 (06) Heiiponmbie cern 81



ISBN 5-7262-0708-4 JIEKIIMY 110 HEMPOUH®OPMATUKE

Obpamnasn 3a0aua meopuu Cucmem Hmepamusnvix @yukyuil Kak pasz H
COCTOMT B HaxoxeHuu nopxomsimeit IFS {W;}, W; = ¢;x + a4, i = 1,—N, u
COOTBETCTBYIOIIUX BEPOSTHOCTEH {p;} HIH HEpeXOAHBIX BeposTHOCTEH Pj; B
MapKOBCKOM CITydJae.

PaccMmoTpuM criepBa citydaid, Korja BEIOOpP OTOOpaKEHW B JUHAMHUKE CITy-
gaifipix IF'S IPOM3BOINTCS HE3ABHCHMO, C TOMOIIBIO ucnsimanui bepryum ),
U OIIHIIIEM CXEMY PCIICHHs 00paTHOM 3a7a4d TPAIUIMOHHBIM METOJIOM MOMCH-
TOB, IIPEJUIOKEHHBIM B MMOHEpCKoi pabore M. bapucan n np. [31].

HcxoaHbIM siBisieTcs: BbIpaskeHue (6) Ui MHBAPUAHTHON MEPBI, KOTOPOE MBI
TIEPETTUIIIEM B BHJE

N
[ot@)duta) =3 pi [ 90 Wile) duto). (1)
i=1

st ciydaiinoii nepemenHoii @ € [0, 1] onpenenuM HabOp CTATUCTHYECKUAX
MOMECHTOB!

uk:/:zrkdu, k=0,1,2,..., (12)

TJIe UHTETPaT TIOHUMAETCSI B cMbIcie Gopmydbl (4). [l BEpOSTHOCTHOW MeEpHI,
04eBUIHO, [ig = 1. B ypasuenun (11) BoiGepem g(z) = z*. Torna,

k
(gowi)(z) = (ciw + a;)¥ = Z ( I; > cffj ak I gk, (13)
j=o

TTocne atoro ypaBuenue (11) npuaumaeT Bu

_ RS , kN ke ok ,
pe = | g(@)du(x) => pi > ) el e (14)
=1 J

0

Iocnennee BHIpaKeHHE NPUBOIUT K PEKYPCHBHO (opmysie 11t MoMeHTOB 'O

N L N
(1—21%'6?)#1@—2( j >ukj(2picfjaf)- (15)
i—1 0 i—1

Ota hopmyna comepkut u kodpuimeHTsl IFS u BeposTHOocTH. OHAKO, YTO-
OBl UCIIONIL30BaTh YpaBHEHUsI (15) HyKHBI 3HAUCHHS TCOPETHIYCCKIUX MOMCHTOB.

10 J115 MapKoBCKO# CXeMBl COOTBETCTBYIOIIME (hOPMYJIEI MOXKHO HalTH B padote [32].
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ITostomy ¢yHKIMOHAN OOpaTHOM 3a7aun OCHOBAH HA CPABHEHHWH ITHX HEH3-
BECTHBIX MOMEHTOB C AMIUPUIECKIMUA MOMEHTAMH /i},, BBIYMCICHHBIMU O M-
MUpUYECKOi orienke mepe i uist k = 1,2, ..., M. O ToM, Kak MO>KHO MOJIyYHUTh
TaKHe OLIEHKH N3 BPEMEHHOTO psiia METOlaMH CUMBOJIMYECKOI TMHAMHKH, pac-
CKa3bIBaJIOCh B pazaene «IIpocTpaHCTBO KOLOBY.

Jlnst unciennoro pemenns (3) HCMOTB3yIOT CTaHIAPTHBIE ONITHMU3AIMOHHbIE
MAKeThl WK TeHeTudeckuil anroput™ [33]. Kpurepuem onTuManbHOrO peleHus
CIIYXHT JIN0O Pa3HOCTh MOMEHTOB (SMIIMPUYECKUX U MOJEIBHBIX ), IMOO pa3HO-
CTH TUCTOTPAMM SMIIUPUUECKON U MOJEIBHON MEPHI.

Jlnist GobIIMHCTBA NMPAKTHYECKHUX 3a]ad MpolsieMa CyIIECTBEHHO YIPOINa-
erca. Tak, HampuMep, €clIM pedb WAET O MPEACKa3aHWM MOPOTOBBIX 3HAYe-
HUM HEKOTOPOH BEJIMYHMHBI, €CTECTBEHHO HCIIOIb30BaTh OMHApHBIM ayndaBUT
{0,1}. CnenosarenbHo, B ypaBHeHusx (11)—(15) mocTaTod4HO OrpaHUYHUTHCS
N = 2. DMnupudeckas Mepa, MOIydeHHas MPEJCTaBICHUEM CIOB B JIBOUY-
HOM KOJI€, IMEET B KaueCTBE HOCHUTEIS €AMHUYHBIN nHTEpBa. [lo3ToMy MOXXHO
BbIOpars IFS ¢ (urcupoBaHHbIME Kod(uumentamu B Bune: Wi (z) = x/2,
Wi(z) = x/2 + 1/2 u arrpakropom [0, 1]. OOparHas 3a1a4a CBOAUTCS TOTIA
100 K HAXOXK/CHUIO BEPOSITHOCTEH p1, P2, MO0, B MAPKOBCKOM BapHaHTE, Be-
POSITHOCTEH P11 U pa2g MepexoaoB cuMBOJIOB 0 — 0 u 1 — 1, COOTBETCTBEHHO.
ComnpsixeHHas Tapa BEpPOATHOCTEH BBIYUCIISIETCS U3 COOTHOLICHUH p1o = 1 —p1y
up2 =1— poo.

Ipumeyanus

1. Kpome TOro, CymecTByeT eiie C:KaTue B IpocTpancTse kouoB (X, ds), o
KOTOpOM MbI yke ynomuHanu. Ilycts 4 — arrpakrop IFS ¢ BEposTHO-
csivu. Torma CymiecTByeT HempephiBHOE ortoOpaxkenue [ : ¥ — A u3
MIPOCTPAHCTBA KOJOB Y., OTPEIACNICHHOE ISl BCEX MOCIEI0BATEIHHOCTEH
01,02, ... € X Kak [34]

F(o1,02,...) = lim ws, 0 Wy, 0...0ws, (). (16)
k—oco
Cueuru B npoctpancTse (3, dy;), ONPEASICHHBIC TSl KAXKIOTO 1, MPH-
Hajuexaniero andasuty {1,2, ..., M}, kak
Sm(010203...) = mo10203 . ..
SIBJIIIFOTCS CKaTuAMU U i IF'S:
S:{E,Sl, ey SMY Ply -y SM}.
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Ee arrpakTopom siBisieTcst Y. EnMHCTBEHHAs BEPOATHOCTHAS Mepa Ha aT-
TPAKTOPE T ONPENETAETCI KaK BEPOSTHOCTH TOTO, YTO B CIIOBE W1WoWs3 . . -
CHMBOJIbI IPUHUMAIOT 3HAYEHUS W] = O71,...Wk = Ok. Mepa T ¢ Mepoi
[ Ha aTTpakTope CBsizaHbl orobpaxenueM (16): u = F (7).

. Bospmure ypHy conepikarntyto N1 uepHbIX 1 Ny OemnbIx 1mapa. Beibepure

ciydaitHo oauH mmap. [Ipeamnonoxkum, 94To OH okaszascs yepHbIM. Eciu BbI
BEpHETE ero Ha3all B YpPHY, TO BEPOSTHOCTH H3BICUCHHS IIAPOB MIPH CIIe-
JyIOIIMM UCTBITAHUM OCTAaHYTCS HEM3MEHHBIMHU. DTO U €CTb UCHbIMAHUE
bepnynnu. Ilpu MapKOBCKOM IpoLECCe U3BJICUCHHBIN I1ap HE BO3Bpalla-
€TCSl U BEPOSATHOCTh AOCTaTh BTOPUYHO YEPHBIN 1Iap CTAHOBUTCS PaBHOM
(N1 —1)/(N1 =1+ Ny).

. Bompoch! cymiecTBOBaHHA W CXOAMMOCTH PEIICHUS TMOAPOOHO 00CyXKIaa-

foTcs B ctathsax [35]- [37]. B ciydae TUHEHHON ONTUMHU3AIMOHHON 3a/1a-
9u s PYHKIMOHAJIA MOXKHO HCIOJB30BaTh L1 —METPHKY:
M
E i — f1;| — min,
i=1

Lo—MeTpuky, Konax-pacctosnue unu EMD. 3agady MOKHO CBECTH J1axe
K KBaIpaTUYHOM, UCTIONB3Ysl «paccTossHUE B 1mape» [38]:

M

S (e — i) /& — min.

k=1
IIpeackazanue MAarHUTHBIX Oypb

Mo cue Bpemst HE MOXKHO OBLIO
YeJI0BEKY CTOJIBKO MPOHUKHYTH B
YCTaBbI €CTECTBa, YTOOBI €
BEPOSITHOCTHIO MOXKHO OBLIO
CKa3aTh, OT KaKMX MPUYUH MOroAa
[epEeMEHSETCS.

C. A. Pymosckuil
«Paccysrcoenus o npedckazanuu
1n0200»
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Jns wiomrocTpany M3NI0KEHHOM TEXHUKH TI0JIE3HO TPUBECTH NMPAKTHYECKUIN
npumep. [Iporao3 MarHUTHLIX Oypb SBISIETCS JOCTOWHOMW MPOOIeMOil Uit Map-
KOBCKOTO MPOTHO3a: CIMIIKOM MHOTO CIy4aulHbIX (pakropoB Kocmuueckou no-
2000l TOJDKHBI CIIOKHUTCSA BMECTE, YTOOBI HTOTOM CTajla Hallla TOJOBHAs OOIb.

l'eomarHuTHBIC BOMYIIECHHUS OTCICKUBAIOTCSA PA3TUYHBIMU JIOKAIEHBIMU H
IUTaHEeTAPHBIMU T€OMarHUTHBIMHA HHAEKcaMU. lIpmanHamu Hamboee CHIBHBIX
W3 HAX — MarHUTHBIX Oypb — SBISTIOTCS Te03(QEeKTUBHBIC MEKIUIAHETHBIC BO3-
MYILICHHUS COMHEYHOTO MPOUCXOXKICHHUS: COJHCYHBIC BCIIBIIIKH, BBIOPOCHI KO-
POHAJIBHBIX MacC U MCKIUIAHCTHBIC HAIPABJICHHBIC B3PBIBBI, CBSI3aHHBIC C WH-
BEPCUAMH MEXKIUIAHETHOTO MarHUTHOTO MoJysL. [1aBHast a3a reomMmarHuTHON Oy-
pu mpencTaBiseT coboit ymenbinenne H-kommoHeHTH Todst oT 50 mo 400 nT
(Hanomecn08) 1 MOXET MPOAOIKATHCS OT HECKOJIBKUX YacOB J0 CYTOK H Jaxe
6oxnee Toro (1.

Takum 00pa3om, MarHUTHAsE Oypst — ITO CIIOXKHBIH TUHAMUYECKHE MPOIECC.
OpHako, paad MPOCTOTHI, NMPH MMOCTPOCHUH TIPEIUKTOpa Tof «Oypei» MoHH-
MAaIOT JIMIIb SKCTPEMaNbHOE COOBITHE — BBIOPOC MHIEKCA 3a (PUKCUPOBAHHBIN
YPOBEHB, KOTOPBIH TPUHUMAIOT 33 «IITATHBIN) PEKHM.

OpnHuM U3 HauOoliee MOMYJIIPHBIX WHACKCOB IIPU HCCIICIOBAHUU Oypb sB-
JSICTCSL CPEAHECYTOUYHBIN D ¢;—MHIICKC, KOTOPBIH SIBISICTCS MEPOl MHTCHCHBHO-
CTH KOJIBIIEBOTO TOKa (puc.2). OH BBIYHMCISNETCS KaK yCpEIHEHHAs BeTHMYHHA
BO3MYIIICHUH, OTCYUTHIBAEMBIX OT CIIOKOHHOTO YPOBHS MO TaHHBIM YETHIPEX
MarHUTHBIX 00CEpBaTOPHH, PACIIONIOKECHHBIX MPUOIM3UTEIFHO BIONb MAarHHT-
HOro HkBaropa . B MaruuTOCHOKOiHEIE THU BenmuuHa Dy, NEKUT B TIpeienax
+20 nT. OObr4HO, MarHuTHOM Gypeil cumraror 3Hauenue Dy > | — 30| nT;
st cuwibHbiX Oypb Dy > | — 50| nT u ouens cuinbHbix Dy > | — 100] nT.
Hampumep, Bo Bpems cubHOM Oypu 11 deBpans 1958 rona unanexe Dg; nocTur
BenruuHbl —409 nT!

Ha puc. 3 npuBenieHa oLeHKa SMIUPUYECKOI Mepbl, NotydeHHas mo 16801
3HAYCHUSIM BPEMCHHOTO PsiJia CPEIHECYTOYHBIX 3HaYCHUH Dy -nHIeKca ajst Ou-
HapHoro angasura npu nopore —30 nT) u jumee cnoBa K = 12. Bype coot-
BETCTBOBaJI cUMBOJ 1, a ee orcyrcTBuio cuMBoi (. [lomyuennas ructorpamma
OKa3ayiach MPAKTUYECKH CTAIMOHAPHON — OHAa HE MEHSAET cBoeil (opMbr He3a-
BHCHMO OT TOTO, ITO KaKoil MOJIOBHHE psma MBI ee mocTponM. CiemoBaTenbHo,
B TPCAIMOJIOKCHUH dPTOAMIHOCTH, €¢ MOKHO CUUTATh OLCHKOW MHBApUAHTHOU
MEpBI.

U Dgy—uupexe noctynen Ha caiite: http://swdcdb.kugi.kyoto-u.ac.jp/dstdirV
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Puc. 2. Tpadux cpeaHecyTouHblx 3HaueHH# Dgi—nHuekca (1957-
2002 rr.). [To BepTHKanu — HanpsikeHHOCTb nosist B nT

Jlist mpoBepKu caMoroo0us Mepsl B makere FracLab '? Gbuti nomyueHs:
MyNBTH(PAKTABHBIE CIIEKTPBI GONMBIIMX OTKIOHEHHH () 9Toil Mepsl s ABYX
pasnuaHbIX UHTEepBaioB BpeMeHu 1981-1991 rr. u 1992-2002 rr. OHu dakTu-
4yecku coBmanaroT (puc. 4). [Ipu mocTpoeHUH MOICTH UCTIONB30BAJICS (pparMeHT
psna ¢ 1981 & mo 1996 1. (mnuHa psina — 5844 3HaucHwMs).

s OunapHoro andaBuTa AOCTATOYHO BBIOPATh BCErO JIBA CHKUMAFOIIUX
0TOOpaXCHNUS, aTTPAKTOP KOTOPBIX — SIMHUYHBIN OTpe3oK. Tak uTo mpobiema
CBOIMJIACH JIMIITh K HAXOXKICHHIO TIEPEXOIHBIX BeposTHOCTeH. OOparHas 3amgada
st IFS pemanach B cpeae MATLAB 7.0 METOIOM MOMEHTOB () ¢ ucmomns-
30BaHUEM HE MeHee 15 MOoMeHTOB ¢ momolplo Pattern Search Tool.
DTOT MakeT COAEPKUT 5 METOAOB MOUCKa MUHUMYMa ONTUMHU3ALMOHHON 3a/1a-
4y, BKJIIOYAsl FEHETUYECKUN aJIrOpUTM. Bce MeTOIbl 1aiy OLEHKHU MEPEXOIHBIX
BEpPOSITHOCTEH, COBMAJAIONIME C TOYHOCTHIO 10 5 3HAKOB Mocje 3ansaTou. s
MOJICTTHPOBAHHS MEPHI HCTIONB30BaMnch 2 X 10° peKyppeHTHBIX TOUEK ¢ TONIy-
YEHHBIMU BEPOATHOCTSIMH.

123101 maker mocTyneH Ha caiite http://www.irccyn.ec-nantes.fr/hebergement/FracLab/
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Puc. 3. T'mcrorpamma pacmpenesenust 6uHapHbelX cioB K = 12 pis psna
Dgi—unnpnekca (1957-2002 rr.) ¢ noporom —30 nT

B kadecTBe anbTepHATUBBI ISl PEIICHNST 0OPATHOI 3a/1a4y UCTIOIb30BaANIACh
Teopema o Konnasice B cnemyioniet MoauduupoBanHoi ¢popme. OrieHKa M-
MUPUYECKONH MEpPBI [i PacCMATPHBAIACh KaK HETIOJBHKHAS TOYKA MapKOBCKOTO
orneparopa. IlepexoHbie BEpOATHOCTH HAXOMWJINCh MUHUMM3ALMEH (YHKINO-
Hana d(ji, M°"[i) — min, rae paccTosSHUEM MEKIy ABYMs THCTOrPAMMaMU
H ={h;} n K = {k;} cnyxuna L,-Merpuxa:

d(H, K) = |hi — k.

CpaBHEHHE MOJICIU C AIMITUPHYECKON MEPOii MPUBEICHO Ha PUC. 5, T/Ie TOKa3aHbI
rpauKu COOTBETCTBYIOIMX KyMYJISTHBHBIX ructrorpamm: F = Y. |h — hl,
MOCTPOCHHBIX 110 aHAJIOTHH C MOJAETBIO CITyJaifHOTO Oy KTaHHS.

JI1st TeCTUPOBAHUS MOJICTTH OBLT MOJTYYCH NUSHO3 (3) 1095 3HaucHmi HyJel
U eIMHHUII, HAa BpeMeHHOM uHTtepBane 1997-1999 rr.

C mpakTUYECKOW TOYKU 3PCHUS, OIIUOKH B IPEICKA3aHUH Oypu H e OT-
CYTCTBHSI HE PaBHO3HAYHEI. [109TOMY, I OIICHKM KauyecTBa MPOTHO3a HCIOIb-
30BasiCcst KOG dUIHEHT 1 = Ny /ne, npemiokeHHbl B padore [32]. OH paBeH
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Puc. 4. MysbTudpakTa/bHble CIEKTPhbl OO0JbLUIKX OTK/JIOHEHHH 1J1f 3MIH-
puueckoi mMepbl Dgi—nHpekca 1981-1991 rr. (kpusas 1) u 1992-2002 rr.
(kpuBas 2).

OTHOILICHUIO 7] — YHUCIIA NPAGUIbHO TIPEICKA3aHHBIX Cy((OHUKCOB, IPH YCIOBHM
4TO COOTBETCTBYIOIIUE PEANbHBIE 3HAUECHHS CONEPKAIM EIUHHIY, K 00IeMy
KOJIMYECTBY MPOTHO30B CJIOB 72, PEATLHO comepkamux eauuumy. Ciosa, co-
JiepKalye OJHM HyJIH, B CTATHCTHKE HE ydyacTBOBaIH. MeTton MomenToB'® nan
cienyromue oneHkn 3(Gh(HEKTUBHOCTH Tpencka3anus (B CKOOKax, Ui CpaBHE-
HUs, yKasaHbl pe3yasrarsl pabotsl [32]): ma 1 mens — 70.00(67.24)%, na 2
nHst — 34.55(34.89)% u Ha 3 s — 19.63(19.47)%. Ucnons3oBauune Teopemb
o Konnasce naer sppexruBnocts: Ha 1 nenp — 70.00%, na 2 aus — 35.08% un
Ha 3 mus — 19.63%.

IpuBeICHHEBIE OLICHKH MOKA3BIBAIOT, 9TO PE3YIIBTATHI BEPOSTHOCTHOTO TIPE-
CKa3aHus BOCIIPOM3BOMMMEI M HE CIMIIKOM 3aBUCAT OT METONA PEHICHHS 00-
paTHOH 3amaun. B ciydae OJHOIHEBHOTO NPECKA3AHMS PE3YJILTaThl BIIOJIHE
IPUrOJHEI IS IPAKTHYECKUX 3a1ad, U JaKe I OpeACcKa3aHud Ha 2 [HS OHU
JydIlle, YeM CIIydaiHbli IPOTHO3, KOTOPHIH cocTapiser uiib 25%.

13 MakcuMasbHOe YMCJ0 MOMEHTOB Gbino paBHo 30.
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Puc. 5. KymynsiTHBHBIE THCTOrPAMMBI [/ SMIUPHUECKOH Mepsl U U IFS—
Mozesu (KPY:KKH — SMITHpHYecKas Mepa, CIJIONIHAs JTHHUS — MOJeJb)

IMpuMmeyanus

1. Henpeccusi BbI3BaHA MEPECOCIMHEHUEM CHJIOBBIX JMHUN MEKIUIAHETHO-
IO U TEOMarHUTHOTO MOJICH U (UIyKTyalus MU Pa3MepoOB MarHUTOCQEpHI
OJT ACMCTBHUEM IMOTOKOB COJHEYHOTO BETpa. DTH MPOIECCH MPUBOIAT K
YCKOPEHHUIO UMEIONICICS B HEH TUIa3Mbl 10 SHEPTHM MOPsIKa HECKOIbKUX
TBICSTY DJICKTPOHBOJBT, (POPMHUPYS, TAKUM 00pa3oM, KoIbyesol mox Ha
paccrosinum oT 3-5 paauycoB 3emiu. OH TeUeT B 3aMaJIHOM HaIlpaBICHUU
(B CCBEpHOM IMOJTYIIIAPUH) B OKPECTHOCTH 3EMITH U MTOPOXKIACT MATHUTHOE
T10JIe, HAIPaBJIEHHOE TIPOTHBOIIOIOXKHO TE€OMarHUTHOMY, H, CIIEIOBATEIIhb-
HO, ocnabmseT ero [39,40].

2. MynbTH(paKkTaIbHbIe CBOWCTBA dTOTO WHAEKCA C TTIOMOIIBIO BEIYHUCICHUN
pasmepnocmeti Penvu 6buH 00HApY)KeHBI Barnuccom, AHoM u jp. [41].

3. BrepBble METOA MAapKOBCKOTO IIPEACKa3aHUsI, OCHOBAHHBIN Ha IFS, mus
MarHMTHbEIX Oypb npumenunn AH, FO u Bammuce [32]. Onu ucnonbs3osa-
JI1 METOJ MOMEHTOB. MBI BOCIIPOU3BENU UX PE3yIAbTaThl U CPABHHIIM UX
C MPOTHO30M, MOJIyUYEHHBIM C HoMmoulbio Teopemwvt o Konnasce. CoBceM
HEaBHO TEMH K€ aBTOpaMH ObUI IIPEIUIOKEH BaPUAHT OLCHKU SMIIMpUYe-
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CKOM MepbI, ocHOBaHHOU Ha Chaos Game [42]. OH TTO3BOJISIET UCKITIOIUTh
3aBHCUMOCTbh MOJICITU OT JJIUHBI CJIOBA.

4. B ¢yTypoJoruu cyumecTByeT CICAYIONIas HCOOMECIPUHSTAsS TCPMUHOIIO-
rust. TepMUH npoecHo3 UCHONB3YeTCs B KOJMYCCTBEHHOM KOHTEKCTE, CKa-
KeM, Koria TpedyeTcs yka3aTb MOMEHT BPEMEHH U 3HAYEHHE HEKOTOPOi
BeIMYMHBL. ETO CHHOHUMOM SBISIETCS OOBIYHO npedckasaHue, XOTS TIO-
CIIeTHUI MHOT/Ia MCTIOJIB3YIOT B Ooiee oOmieit cutyanuu. Hanpumep, po-
THO3 3eMJICTPSICCHUIT TpeOyeT OJJHOBPEMEHHOI'O OTBETa HA TPU BOIpOCA:
20e, Koeoa, kak cunvbro? Ho Korma meITaloTCsl OTBETUTh HA OJIMH WU J1Ba
BOIIPOCA, TOBOPSAT O MPEACKA3aHUM. DNnueHOo30M Ha3bIBAIOT IPEICKA3aHUEe
YK€ M3BECTHBIX 3HAUCHHH B IIPEIIIOIIOKCHNH, YTO BB X HE 3HaeTe. [la-
neenozom (Postdiction) Ha3bpIBAIOT MPOTHO3 HEU3BECTHOTO MPOILIOTO IS
BPEMEHHOI'O psiia.

Ilymesooumens no numepamype. IlonpoOHee o (PHU3MKEe MATHUTHBIX Oyph U
TEOMarHUTHBIX MHJEKCAX MOXHO TpodecTh B MoHorpadusx [39,40]. Pasusie
MTOJIXOJIBI K MPECKa3aHUI0 MarHUTHBIX Oypb OMUCAHBI B CTaThsx [42]- [45].

3akJaouenue

MHoroe Mbl 3HanH OBl JTydIIe,
ecyi OBl HE CTPEeMIUTNCE y3HATh
CTOJIb TOYHO.

Hozcann Bonvgheane I'éme
«l00vl cmpancmeuti Bunveenvbma
Meiicmepa, unu Ompexarowuecs»

Pestomupyem cxeMmy MapKOBCKOTO Ipeickazanus. [Ipeanonoxum, 4To Mbl BCTpe-
THIIUCH C CHUTYaIlel, KOTAa HEeT OCHOBAHUH IojlaraTh, YTO TWHAMUYECKAs CH-
cTeMa, KOTopast MPOAYIHPYET BPEMEHHOI s, TOIyCKAeT IIaIK0e JeTePMHUHU-
poBaHHOE 00BsicCHEHHE. bojee Toro, eCTb OCHOBAaHUS IMOJIAraTh, 9TO MBI HMEEM
JIeJI0 CO CTOXaCTHUUECKUM CLEHApUeM, KOT/Ia 3HaU€HUsl BPEMEHHOTO psiia SBJIs-
FOTCSL PE3YJIBTaTOM CYICPIIO3HIIUN MHOXKECTBA HE3aBHCUMBIX (haKTOPOB.

IlycTh cTaTuCTHKa OTCUETOB JEMOHCTPHPYET IONTOBPEMEHHBIC 3aBHCHMO-
CTH, WIH, YTO TO KE CaMoe, MOJINHICTCS PACTIPEICIICHHIO C TSHKEIBIMI» XBO-
CTaMH.
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Uto0b! (opManu30BaTh CUTYAIIMIO, MBI BBEIHYXICHBI CHHU3HUTH TPEOOBAHMS
K TOYHOCTU uacHTH(UKamu (Ha30BBIX TOUYCK, T. €. MEPEHTH K «KPYIHO3CPHU-
CTOMY» MPOCTPAHCTBY COCTOSHHIA. JTO MOXHO CJEIaTh Pa3HBIMU CHOCO0aMHU,
W OOWH W3 CAMBIX YHAYHBIX 3aKITIOYACTCS B WCIONB30BAaHWH CHMBOJINYIECKON
JTUHAMUKH.

[Ipennonoxum, 9To peanbHas JHHAMHUKA IT0 MEHBINCH Mepe pexyppeHmHda,
T.€. e¢ Clly4yaiHble TPAeKTOPHH JIOCTATOYHO YacTO BO3BPAIIAIOTCS M IEpeceKa-
0T HEKOTOPYIO TIOCKOCTh — ceueHue [lyankape, TpanBepcaibHoe K (pa30BOMY
MIOTOKY.

Mapxkupyem STYeHKH KPYITHO3EPHUCTOTO pa3OnueHsI ATOH TUIOCKOCTH OyKBa-
MH HJIH CHMBOJIAMH HEKOTOpOro ajidasura X ¢ odbeMoM |X|; B mpocreiiiem
cllydae CHUMBOJIOB MOXKET ObITh Beero nBa: 0 u 1. B HaOmromaeMoM BpeMEHHOM
psizie 9Ta MpoUeaypa COOTBETCTBYET BBIOOPY HECKOJIBKHX MJIM BCETrO OJHOTO
ypoBHs. PekyppeHTHBIC TPACKTOPHU «HAIICUATAIOTY LIS HAC HEKOTOPBII TEKCT.

JTt0601 OCMBICTICHHBIH TEKCT JTOJHKEH COIEP)KaTh clioBa. MBI MONYYHM HX,
BbIOpaB mabia0H (GUKCHPOBAHHOW JITUHBI /K, MIOCPENCTBOM KOTOPOTO MPOYTEM
muoxkecTBo |Y|X cios, mocnenoBarensHO caBuras mabioH BIOMB TEKCTAa HA
OJIMH CHMMBOJI. B OMHapHOM BapHaHTE YHCIO BO3MOXKHBIX CJIOB COCTABHUT BEIH-
upny 2.

Hcnons3ys |3|—-MuHOE Mpe/ICTaBICHHE YHCIa, BBIOPAHHOE B COOTBETCTBHE C
o0bpeMoM angaBuTa, TOCTABIM B COOTBETCTBHE KaXKIOMY CIIOBY TOUKY Ha €IH-
HUYHOM OTpe3Ke. B uTore momy4yurcs ructorpaMma BcTpedaeMocT cioB. [Ipen-
MTOJIOXKHUM, YTO TAKHE THCTOIPAMMBbI, IIOCTPOCHHBIC I BCETO Psiia U JJS €ro
JIBYX TOJIOBUH, NMPAKTUYECKH COBMAJAIOT. IHBIMH CIIOBaMH, TUCTOTPaMMa CTa-
nuoHapHa. HopMupyeM ee u HoyduM YacToTy BCTPEYACMOCTH (BEPOSTHOCTH)
JUTS Ka)KIOTO CJIOBA M3 HAIIETO TEKCTa.

ITouemy OBl HE WCIIOJIB30BaThH €€ TS Tpeackazanus K -ro cumBona (cyg-
¢ukca) B mocnenuem m3BectHoM (K — 1)-Oyksennom cioBe? Kaszanoch 6bl
pobiaeMa BeI0Opa BO3MOXKHOW aJbTCPHATUBBI LIS MTOCIICIAHEH OYyKBBI JICTKO pe-
IaeTcsi C MOMOIIBI0 MOMYyYCHHOHW rucrtorpammbl! OqHAKO, MPEACTaBbTEe cede
peabHYIO JIMHIBHCTHYECKYIO CHUTyannio. MBI ©MEeM B CBOEM PacCIOpsKCHUH
(hparMeHT Kakoro-mubo TeKCTa U3 COOPHHUKA, COMEPIKAIIETO, HAPUMEp, MTPOU3-
BeneHus Asnekcaaapa CepreeBuda Ilymknaa u Bennmupa XmnebuukoBa. Cocra-
BUM YACTOTHBIA CIIOBaph BCTPEYAEMOCTH CIIOB, COCTOSIIHX, CKaXKEM M3 JBYX
OyKB, HCIOJIB3Ysl MYIIKUHCKUI TeKCT. C TOMOIIBIO 3TOH THCTOrPAMMBI MBI BPSIJT
JIM CMOJKEM TIpeNicKa3aTh YAUBHUTENbHBIC (G TOHTH U3 TekcTa Bemnmmpa Xieo-
HHKOBA !

C aHaMOTUYHOHN CUTyaIlMe MBI BCTpeuaeMcs Ui BpeMEHHBIX psiioB. Dpar-

VITK 001(06)+004.032.26 (06) Heiiponnbie cern 91



ISBN 5-7262-0708-4 JIEKIIMY 110 HEMPOUH®OPMATUKE

MEHT P2, KOTOPBI MBI HCHIOIB30BANIN JUIS TOCTPOCHUS THCTOTPAMMEI, MOJKET
coziepKaTh YPE3MEPHO MAJIYIO JIOJII0 HEKOTOPBIX CIJIOB JIMIIL MOTOMY, YTO HX
OBUIO MaJo B TOM JAMHAMHYECKOM CLIEHAPHH, KOTOPBIA MBI MCIOib30Baan. On-
HAaKo B Oy/yIeM Takue CIIOBa BIIOJHE MOTYT HOSBUTHCsA! BOT mosToMy 1 HyKHa
MO/IeITb, KOTOPAst CIIOCOOHA TEHEPUPOBATH CTATUCTUIECCKH COJCPIKATEITHHYIO BBI-
OOpKy CJIOB, COXpaHUB MACIITAOHBIE CBOMCTBA SMIIMPHUYCCKON THCTOTPAMMEI.

YecTHO TOBOpS, S HE MOTY NPUBECTH KOPPEKTHBIC JJOBOABI, MOYEMY MO-
JIeJb, OCHOBaHHAs Ha IF'S ¢ BEPOATHOCTSMH, SIBIISICTCS JIYUIIMM U3 BO3MOXKHBIX
BapuaHTOB. OJTHAKO IBPUCTUYECKUE PE30HBI B €€ MOJb3y cylecTByloT. [Ipen-
TTOJIOKHM, YTO MBI TIPOBEPIIIN CKEHJIMHTOBBIC CBOWCTBA THCTOTPAMMEI, OLICHHB
JIKAHIPOBCKUN WM KaKOH-THOO NPyrodt My’IbTU(QPAKTAIGHBIN CHEKTp, W Ha-
ILIJTH, K CBOEMY YJIOBOJIbCTBHIO, YTO SMIIMPUYECKAs THCTOIPAMMa CTaTHCTHYECKU
camornoo6Ha. Takum 006pa3oM, MBI MOXKEM CUNTATh, YTO PACIIOjIaracM OLEHKON
CTaLMOHAPHOM MEpBI, & UMesl B BUJLy APrOAMYHOCTb, U MHBAPHAHTHON MEpPHI C
HOCHTEJIEM Ha aTTPaKTOpe — SINHUIHOM HMHTEpBaJe.

C mpyroii CTOPOHBI, MBI 3HAEM, YTO TAKOH aTTPAKTOP MOXKHO MOIYUHTH C I0-
MOIIIBIO TTAPBI CKUMAIOIINX OTOOpPaKEHHH, KOTOPBIC SBISIOTCS JIUHelUHbIM aHa-
JIOTOM JUCCUIIAaTUBHOM CHUCTEMBI; KCTaTH, HeAaBHO bpymxen u ap. [46] ykazamu
Ha MHTpPUTYIOLNIME CBS3U Mexay IFS u HenmHelHbMH JddepeHunaibsHpIMu
ypaBHEHHAMH. MBI 3HaeM TakXKe, 9TO €IMHCTBEHHYIO MHBAPHAHTHYIO Mepy Ha
eIMHIYHOM HHTEpPBAJe MOXKHO TIONyYUTh, UCTIONB3Ys CIIydailHyI0 TUHAMUKY H
IFS ¢ BEPOATHOCTSAMHU.

Bort noxkaityii 1 Bce, moTomMy 4To oOpaTHast 3a/1a4a — 3TO yXKe JIeJI0 TEXHUKH.
Wrak, BeIOMpaem uucio orodpaxenuid N, Bxomsmux B IFS, paBHBIM 00beMy
andasura: N = |X|. [Ipu pukcupoBanHbix kodpduimenTax IFS B MeToI€ MO-
MEHTOB CBOOOTHBIM MTapaMeTpOM SBIsieTCS HoMep [V MaKCHMabHOTO MOMEHTA.
Veenuuenue M yMmeHbInaeT omuoOKy GyHKIroHaa. OHAKO CIUIITKOM OOJIBIIIHE
M MOTYT NPUBOAUTH K HEYCTOHYMBOCTH YHCICHHOTO AJITOPUTMA.

PesynbraTom perieHus SBISETCS MaTpHLa IEPEXOHBIX BeposiTHOCTEH. [e-
HEPUPYEM MOJEIIBHYIO0 MEpY € MOMOIIBIO PEKYPPEHTHON MOCIE0BAaTEIbHOCTH
IFS c MOMy4YeHHBIMU 3HAYCHHUSMH TIEPEXOIHBIX BEPOATHOCTEH, TIOKa He Habe-
peM 00BbeM, TPEBBIIAIONIUN 00BEM IMITUPUICCKONH MEPHI.

MopgensHass Mepa, Ha KOTOPOW OCHOBAHO IMpEACKa3aHHE, ODKHA XOPOIIOo
NIPE/ICTaBIIATh BCE BO3MOXKHBIE ciIoBa. B ciryyae OunapHoro andasura, ycnem-
HOE Mpe/ICKa3aHue IMOJy4aeTcs TOINA, KOrja rMCTorpaMmMa UMeeT (GopMy «KO-
pBITay, MPUBOSIIETO K CPABHUMBIM BEpOATHOCTSM miepexoqoB 0 — O u 1 — 1.
JIst mporHo3a Ha OJWH CUMBOJ anbTepHaTnBa () wim 1 BRIOMpaeTcsi HA OCHOBE
MOJICJIbHOW MEPBI.
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CxeMa BBITTIAIUT OYCHb KPACHBOM M MaTeMaTHYECKU Oe3yNpedHOii: MPOTHO3

JleliaeTcs Ha TBEPJOW OCHOBE — WHBAapPHAHTHOW BEpOSTHOCTHOM Mmepe. Benpb
byoywee renerndecku cBsi3aHo ¢ Beposmuocmuio. Kak roBopun mpodeccop
Benenuxt Koycka '*: «To, umo cyuaemcs, eciu na camom dene cayuaemes, —
mo u cayuaemcs. Beposmnocmo nosensemca nuwie mam, 20e Heumo euje He
yeneno cayyumouca. Tak ymeepacoaem HAyKay».
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Huxonaii I'puropreBuy MAKAPEHKO, noxtop TeXxHWYeCKHX HayK, IJIaB-
HBIH Hay4HBIA cOTpynHUK JlabopaTopuu koMIbioTepHOTO MoaeaupoBanust (Mn-
CTUTYT MaTeMaTuku, Anma-Ara, Kazaxcran); 1OKTOp (PU3HKO-MaTeMaTHYECKHX
HayK M BeIyIIMil Hay4YHbIH COTPYIHMK [T1aBHOW acTpOHOMHYECKOH oOcepBaTo-
puu PAH (ITynkoBo, Cankr-IletepOypr, Poccust). O61acT HayqHBIX HHTEPECOB:
(pakTanbHas TEOMETPHsI, BBIYUCIUTEIbHAS TOMOJIOTHSA, AJITOPUTMHUYECKOE MO-
JIeIMpOBaHue, IETEPMHUHUPOBAHHBIA Xa0C, HEWpOHHBIE ceTH, ¢u3uka CoiHua.
Nmeer 6onee 90 HayyHBIX MyOIMKaLUH.



B.KEIIMAH
VYuusepcurer OxiieHza,
Hosas 3enangus
E-mail: v.keeman@auckland.ac.nz
http://www.support-vector.ws

HOBBI SVM-AJITOPUTM JIJ151 CBEPXBOJIBIIINX HABOPOB
JAHHBIX

AHHOTaUMS

B mexnmu paccMarpuBaeTcsi HOBEHIIMI anropuT™M 0O0ydeHUs ISl MAIIUH OIOp-
HBIX BEKTOPOB (SVM), U3BECTHBIX TAKKe MO HAUMEHOBAHUEM «MAILHHBI SJEep-
HeIX (ynknoui» (kernel machines), mpu padore co cBepxOompmMu HabopaMu
JaHHBIX (HaIpHMep, COACPKAIIMMH HECKOJIbKO MHIJIIMOHOB OOYYaIOIINX Iap).
Bhauase cpaBHUBAIOTCS HEHPOHHBIC CETH M MAIIMHBI OMIOPHBIX BEKTOPOB C TOY-
KM 3peHHs peIIeHHs] ¢ WX IOMOMIBIO 3a1ad KiaccH(uKaruy (pacro3HaBaHUS
00pa3oB) M perpeccuu (AmmpoKCHMAIMH (QYHKIHI), TOCIe Yero BBOIHUTCS all-
TOPUTM OOYYEHHS AJIsI MAIlliH OMOPHBIX BeKTOpoB (SVM-anropurm). I[lokaszano,
4TO BBIOOp 3HA4YeHHiT BecoB B SVM-anropurMe NpUBOAUT K 3a/ade KBaApaTHd-
HOTO IIPOrPaMMHUPOBAHUS C OTPAaHUYCHUSIMU. B OTIIHYHe OT KITacCHUeCKHX 3amad
KBaJPAaTHYHOTO MPOTrPaMMHUPOBAHHUS, MAaTpHULbl [ecce, ¢ KOTOPBIMH MPUXOAUTCSA
HMeTh N0 pH peanu3anuu SVM-anropuTMoB, 0OBIYHO OYSHB IUIOTHO 3aIoj-
HEHbI HEHYJICBBIMH 3J1eMeHTaMH. Kpome, TOro pa3MepHOCTb Ul TaKMX MaTpPHIL
MEHSETCS C U3MEHEHHEM YHcIia 00Y4aloIuX Hap JaHHBIX. JTO NPUBOAUT K MOSB-
JeHno MaTpuIl ['ecce cBepXOONBIINX pa3MepHOCTEH, UTO 3aTpyAHsET pelieHHe
3a1a4u 00yyeHus. JJJIst peleHus Takoro pojia CBepXO0IbIINX 3a/1a4 IpesaraeTcs
HOBBI MTEPAIMOHHBIN aNropuT™, HoNy4ynBIINi HaumMeHoBanue ISDA (Iterative
Single Data Algorithm), oCHOBBIBarOIIHIACS Ha MOCIEOBATEIFHOM HCIIONH30Ba-
HUM OOydaroIuX Hap JaHHBIX M3 HMMeromierocsi oOydwaromiero Habopa. [laercs
JIOKa3aTeJIbCTBO CXOJAMMOCTH 3TOTO alrOpUTMa, KOTOpoe OazupyeTcsi Ha CXOAH-
MOCTH MTEpaTHBHOTO MeTona ['aycca—3eiimens st perIeHns: CHCTeM JIMHEHHBIX
ypaBHeHUH. [IpHBOIATCS pe3ysIbTaThl IPOBEPKH pabOTOCIIOCOOHOCTH TIpeyIarae-
MOTO aJITOPUTMa Ha TECTOBBIX Habopax JaHHBIX. AnropuT™ ISDA moxkasan ceds
Hanbosee OBICTPBHIM CPEIV CYIIECTBYIONIMX B HACTOSIIEE BPEMS IIPH TOUYHOM
pelLIeHnH 3a/1a4 KIacCU()UKALUU U PErPeCCUy AL CBEPXOOIbIIUX HAOOpOB 00y-
YAIOIIUX AaHHBIX.
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NEW SUPPORT VECTOR MACHINES ALGORITHM
FOR HUGE DATA SETS

Abstract

The seminar presents the newest learning algorithm for support vector machines
(SVMs), a.k.a., kernel machines, when faced with huge data sets (say, millions
of training data pairs). It starts with comparisons between the so-called neural
networks (NNs) and SVMs for solving classification (pattern recognition) and re-
gression (function approximation) tasks and then it introduces the SVMs learning
algorithm. It shows how comes that learning the SVMs’ weights means solving
the quadratic programming (QP) problem with constraints. Unlike in classic QP
problems, Hessian matrices involved in SVMs are usually extremely dense. In
addition, their sizes scale with the number of training data pairs. This leads
to huge Hessian matrices, and to intractable solutions. The new iterative single
data algorithm (ISDA) is proposed for solving such huge problems. The proof of
its convergence, based on the convergence of Gauss-Seidel iterative method for
solving linear systems of equations, is given. Some comparisons on benchmark
data sets are presented. ISDA implementation seems to be the quickest software
for exact solving classification and regression tasks from huge training data sets
problems at the moment.

Introduction

Today, we are surrounded by an ocean of all kind of experimental data (i. e., ex-
amples, samples, measurements, records, patterns, pictures, tunes, observations
etc) produced by various sensors, cameras, microphones, pieces of software
and/or other human made devices. The amount of data produced is enormous
and ever increasing. The first obvious consequence of such a fact is — humans
can’t handle such massive quantity of data which are usually appearing in the
numeric shape as the huge (rectangular or square) matrices. Typically, the num-
ber of their rows tells about the number of data pairs collected, and the number
of columns represents the dimensionality of data. Thus, faced with the Giga-
and Terabyte sized data files one has to develop new approaches, algorithms
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and procedures. Few techniques for coping with huge data size problems are
presented here. This explains the appearance of a wording “huge data sets” in
the title of the seminar.

The direct consequence is that (instead of attempting to dive into the sea of
hundreds of thousands or millions of high-dimensional data pairs) we have to
develop other “machines” i.e., “devices” for analyzing, recognition in, and/or
learning from, such huge data sets. The so-called “learning machine” is pre-
dominantly a piece of software that implements both the learning algorithm and
the function (network, model) which parameters has to be determined by the
learning part of the software. Next, it is worth of clarifying the fact that many
authors tend to label similar (or even same) models, approaches and algorithms
by different names. One is just destine to cope with concepts of data mining,
knowledge discovery, neural networks, Bayesian networks, machine learning,
pattern recognition, classification, regression, statistical learning, decision trees,
decision making etc. All of them usually have a lot in common, and often they
use same sets of techniques for adjusting, tuning, training or learning the pa-
rameters defining the models. The common object for all of them is a training
data set. All the various approaches mentioned start with a set of data pairs
(xi,yi) where x; represents the input variables (causes, observations, records)
and y; denote the measured outputs (responses, labels).

This is a seminar on (machine) learning from empirical data by applying
support vector machines (SVMs). We first show some similarities and dif-
ferences between the SVMs and NNs and then we introduce the QP based
learning for SVMs. The SVMs fall into the big group of supervised learning
algorithms. This means that for each input vector (measurements) x; there is
always a known output value (label) y;. Here, we do not present neither the
semi-supervised learning algorithms (when only smaller part of inputs have cor-
responding labeled outputs), nor unsupervised methods (such as PCA or ICA,
when there are no labeled desired outputs at all). The basic aim of this chap-
ter is to give, as far as possible, a condensed (but systematic) presentation of a
novel learning paradigm embodied in SVMs. Our focus will be on the construc-
tive part of the SVMs’ learning algorithms for both the classification (pattern
recognition) and regression (function approximation) problems. Consequently,
we will not go into all the subtleties and details of the statistical learning the-
ory (SLT) and structural risk minimization (SRM) which are the theoretical
foundations for learning algorithms presented below. The approach here seems
more appropriate for the application oriented readers. The theoretically minded
and interested reader may find an extensive presentation of both the SLT and

VIIK 001(06)+004.032.26 (06) Heiiponmbie cern 99



ISBN 5-7262-0708-4 JIEKIIMY 110 HEMPOUH®OPMATUKE

SRM in (Vapnik and Chervonenkis, 1989; Vapnik, 1995, 1998; Cherkassky and
Mulier, 1998; Cristianini and Shawe-Taylor, 2001; Kecman, 2001; Schélkopf
and Smola 2002). Instead of diving into such statistically colored theory, a
quadratic programming based learning (leading to parsimonious SVMs) will be
presented in a gentle way — starting with linear separable problems, through the
classification tasks having overlapped classes but still a linear separation bound-
ary, beyond the linearity assumptions to the nonlinear separation boundary, and
finally to the linear and nonlinear regression problems. Here, the adjective “par-
simonious” denotes a SVM with a small number of support vectors (“hidden
layer neurons”). The scarcity of the model results from a sophisticated, QP
based, learning that matches the model capacity to data complexity ensuring a
good generalization, i. e., a good performance of SVM on the future, previously,
during the training unseen, data.

Same as the neural networks (or similarly to them), SVMs possess the well-
known ability of being universal approximators of any multivariate function to
any desired degree of accuracy. Consequently, they are of particular interest for
modeling the unknown, or partially known, highly nonlinear, complex systems,
plants or processes. Also, at the very beginning, and just to be sure what the
whole chapter is about, we should state clearly when there is no need for an
application of SVMs’ model-building techniques.

In short, whenever there exists an analytical closed-form model or, there
is a knowledge making it possible to devise one, there is no need to resort to
the learning from empirical data by SVMs (or by any other type of a learning
machine).

Basics of learning from data by NNs and SVMs

SVMs have been developed in the reverse order to the development of neural
networks. SVMs evolved from the sound theory to the implementation and
experiments, while the NNs followed more heuristic path, from applications
and extensive experimentation to the theory. It is interesting to note that the
very strong theoretical background of SVMs did not make them widely ap-
preciated at the beginning. The publication of the first papers by Vapnik and
Chervonenkis (Vapnik and Chervonenkis, 1964, 1968) went largely unnoticed
till 1992. This was due to a widespread belief in the statistical and/or machine
learning community that, despite being theoretically appealing, SVMs are nei-
ther suitable nor relevant for practical applications. They were taken seriously
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only when excellent results on practical learning benchmarks were achieved (in
numeral recognition, computer vision and text categorization). Today, SVMs
show better results than (or comparable outcomes to) NNs and other statistical
models, on the most popular benchmark problems.

The learning problem setting for SVMs is as follows: there is some un-
known nonlinear dependency (mapping, function) y = f(x) between some
high-dimensional input vector x and the scalar output y (or the vector out-
put y as in the case of multiclass SVMs). There is no information about
the underlying joint probability functions here. Thus, one must perform a
distribution-free learning. The only information available is a training data
set D = {(x;,y;) € X xY},i=1,...,1, where [ stands for the number of
the training data pairs and is therefore equal to the size of the training data set
D. Often, y; is denoted as d; (i.e., t;), where d(t) stands for a desired (target)
value. Hence, SVMs belong to the supervised learning techniques.

Note that this problem is similar to the classic statistical inference. How-
ever, there are several very important differences between the approaches and
assumptions in training SVMs and the ones in classic statistics and/or NNs mod-
eling. Classic statistical inference is based on the following three fundamental
assumptions:

1. Data can be modeled by a set of linear in parameter functions; this is a
foundation of a parametric paradigm in learning from experimental data.

2. In the most of real-life problems, a stochastic component of data is the
normal probability distribution law, that is, the underlying joint probabil-
ity distribution is a Gaussian distribution.

3. Because of the second assumption, the induction paradigm for parame-
ter estimation is the maximum likelihood method, which is reduced to
the minimization of the sum-of-errors-squares cost function in most engi-
neering applications.

All three assumptions on which the classic statistical paradigm relied turned
out to be inappropriate for many contemporary real-life problems (Vapnik,
1998) because of the following facts:

1. Modern problems are high-dimensional, and if the underlying mapping
is not very smooth the linear paradigm needs an exponentially increasing
number of terms with an increasing dimensionality of the input space X
(an increasing number of independent variables). This is known as “the
curse of dimensionality”.
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2. The underlying real-life data generation laws may typically be very far
from the normal distribution and a model-builder must consider this dif-
ference in order to construct an effective learning algorithm.

3. From the first two points it follows that the maximum likelihood estima-
tor (and consequently the sum-of-error-squares cost function) should be
replaced by a new induction paradigm that is uniformly better, in order to
model non-Gaussian distributions.

In addition to the three basic objectives above, the novel SVMs’ problem
setting and inductive principle have been developed for standard contemporary
data sets which are typically high-dimensional and sparse (meaning, the data
sets contain small number of the training data pairs).

SVMs are the so-called “nonparametric” models. “Nonparametric” does not
mean that the SVMs’ models do not have parameters at all. On the contrary,
their “learning” (selection, identification, estimation, training or tuning) is the
crucial issue here. However, unlike in classic statistical inference, the parame-
ters are not predefined and their number depends on the training data used. In
other words, parameters that define the capacity of the model are data-driven
in such a way as to match the model capacity to data complexity. This is a
basic paradigm of the structural risk minimization (SRM) introduced by Vapnik
and Chervonenkis and their coworkers that led to the new learning algorithm.
Namely, there are two basic constructive approaches possible in designing a
model that will have a good generalization property:

1. Choose an appropriate structure of the model (order of polynomials, num-
ber of HL neurons, number of rules in the fuzzy logic model) and, keep-
ing the estimation error (a.k.a. confidence interval, a.k.a. variance of the
model) fixed in this way, minimize the training error (i.e., empirical risk),
or

2. Keep the value of the training error (a.k.a. an approximation error, a.k.a.
an empirical risk) fixed (equal to zero or equal to some acceptable level),
and minimize the confidence interval.

Classic NNs implement the first approach (or some of its sophisticated vari-
ants) and SVMs implement the second strategy. In both cases the resulting
model should resolve the trade-off between under-fitting and over-fitting the
training data. The final model structure (its order) should ideally match the
learning machines capacity with training data complexity. This important dif-
ference in two learning approaches comes from the minimization of different
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cost (error, loss) functionals. Table 1 tabulates the basic risk functionals applied
in developing the three contemporary statistical models.

Table 1. Basic Models and Their Error (Risk) Functionals

Multilayer perceptron Regularization Network .
. . . Support Vector Machine
(NN) (Radial Basis Functions Network) PP
. 2 . 2 X
R=Yd- W) | R=Yd-fO,w) +A|Rf P | R=2 Lg +QWh)
=l T~ -l T~ =1 Closeness  Capacity of
Closeness to data Closeness to data Smoothness todata amachine

Closeness to data ~= training error, a.k.a. empirical risk

In Table 1, d; stands for desired values, w is the weight vector subject to
training, A is a regularization parameter, P is a smoothness operator, L. is a
SVMs’ loss function, h is a VC dimension and 2 is a function bounding the
capacity of the learning machine. In classification problems L. is typically
0-1 loss function, and in regression problems L. is the so-called Vapnik’s e-
insensitivity loss (error) function (see more about it in the section “Regression
by Support Vector Machines™ )

0, if |y—f(x,w)|<e,
Le = |y - f(X,W)|E = (1)
ly — f(x,w)| — ¢, otherwise,

where ¢ is a radius of a “tube” within which the regression function must
lie after the successful learning. (Note that for ¢ = 0, the interpolation of
training data will be performed). It is interesting to note that (Girosi, 1997) has
shown that under some constraints the SV machine can also be derived from
the framework of regularization theory rather than SLT and SRM. Thus, unlike
the classic adaptation algorithms present in NNs (that work in the Lo norm)
SV machines represent novel learning techniques which perform SRM. In this
way, the SV machine creates a model with minimized VC dimension and when
the VC dimension of the model is low, the expected probability of error is low
as well. This means; it’s very likely that they will have good performance on
previously unseen data, i.e. a good generalization. This property is of particular
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interest because the model that generalizes well is a good model and not the
model that performs well on training data pairs. Very good performance on
training data usually leads to an extremely undesirable overfitting.

As it will be shown below, in the “simplest” pattern recognition tasks, sup-
port vector machines use a linear separating hyperplane to create a classifier
with a maximal margin. In order to do that, the learning problem for the SV
machine will be cast as a constrained nonlinear optimization problem. In this
setting the cost function will be quadratic and the constraints linear (i.e., one
will have to solve a classic quadratic programming problem).

In cases when given classes cannot be linearly separated in the original input
space, the SV machine first (non-linearly) transforms the original input space
into a higher dimensional feature space. This transformation can be achieved by
using various nonlinear mappings; polynomial, sigmoid as in multilayer percep-
trons, RBF mappings having as the basis functions radially symmetric functions
such as Gaussians, or multiquadrics or different spline functions. After this non-
linear transformation step, the task of a SV machine in finding the linear optimal
separating hyperplane in this feature space is “relatively trivial”. Namely, the
optimization problem to solve in a feature space will be of the same kind as
the calculation of a maximal margin separating hyperplane in an original input
space for linearly separable classes. How, after the specific nonlinear trans-
formation, nonlinearly separable problems in input space can become linearly
separable problems in a feature space will be shown later.

In a probabilistic setting, there are three basic components in all supervised
learning from data tasks: a generator of random inputs x, a system whose
training responses y (i.e., d) are used for training the learning machine, and a
learning machine which, by using inputs x; and system’s responses ¥;, should
learn (estimate, model) the unknown dependency between these two sets of
variables (namely, x; and y;) defined by the weight vector w(Fig. 1).

The figure shows the most common learning setting that some readers may
have already seen in various other fields — notably in statistics, NNs, control
system identification and/or in signal processing. During the (successful) train-
ing phase a learning machine should be able to find the relationship between an
input space X and an output space Y, by using data D in regression tasks (or to
find a function that separates data within the input space, in classification ones).
The result of a learning process is an “approximating function” f,,(x, w), which
in statistical literature is also known as, a hypothesis f,(x, w). This function
approximates the underlying (or true) dependency between the input and output
in the case of regression, and the decision boundary, i.e., separation function,
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Figure 1. A model of a learning machine (fop) w = w(x,y) that during
the training phase (by observing inputs x; to, and outputs y; from, the
system) estimates (learns, adjusts, trains, tunes) its parameters (weights)
w, and in this way learns mapping y = f(x,w) performed by the system.
The use of fo(x,w) ~ y denotes that we will rarely try to interpolate
training data pairs. We would rather seek an approximating function that
can generalize well. After the training, at the generalization or test phase,
the output from a machine o = fa(x, w) is expected to be “a good” estimate
of a system’s true response y.

in a classification. The chosen hypothesis f,(x, w) belongs to a hypothesis
space of functions H(f, € H), and it is a function that minimizes some risk
Sunctional R(w).

It may be practical to remind the reader that under the general name “ap-
proximating function” we understand any mathematical structure that maps in-
puts x into outputs y. Hence, an “approximating function” may be: a multilayer
perceptron NN, RBF network, SV machine, fuzzy model, Fourier truncated se-
ries or polynomial approximating function. Here we discuss SVMs. A set of
parameters w is the very subject of learning and generally these parameters are
called weights. These parameters may have different geometrical and/or phys-
ical meanings. Depending upon the hypothesis space of functions H we are
working with the parameters w are usually:
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e the hidden and the output layer weights in multilayer perceptrons;

e the rules and the parameters (for the positions and shapes) of fuzzy sub-
sets;

e the coefficients of a polynomial or Fourier series;

e the centers and (co)variances of Gaussian basis functions as well as the
output layer weights of this RBF network;

e the support vector weights in SVMs.

There is another important class of functions in learning from examples
tasks. A learning machine tries to capture an unknown target function f,(x)
that is believed to belong to some target space T, or to a class 7, that is
also called a concept class. Note that we rarely know the target space T' and
that our learning machine generally does not belong to the same class of func-
tions as an unknown target function f,(x). Typical examples of target spaces
are continuous functions with s continuous derivatives in n variables; Sobolev
spaces (comprising square integrable functions in n variables with s square in-
tegrable derivatives), band-limited functions, functions with integrable Fourier
transforms, Boolean functions, etc. In the following, we will assume that the
target space 1" is a space of differentiable functions. The basic problem we
are facing stems from the fact that we know very little about the possible un-
derlying function between the input and the output variables. All we have at
our disposal is a training data set of labeled examples drawn by independently
sampling a(X x Y') space according to some unknown probability distribution.

Now, we stop with general issues and concepts and we present the learning
algorithms for SVMs, or we show how, from a training data, they can learn the
unknown dependency.

Support Vector Machines in Classification and Regression

Below, we focus on the algorithm for implementing the SRM induction principle
on the given set of functions. It implements the strategy mentioned previously
— it keeps the training error fixed and minimizes the confidence interval. We
first consider a “simple” example of linear decision rules (i.e., the separating
functions will be hyperplanes) for binary classification (dichotomization) of lin-
early separable data. In such a problem, we are able to perfectly classify data
pairs, meaning that an empirical risk can be set to zero. It is the easiest classi-
fication problem and yet an excellent introduction of all relevant and important
ideas underlying the SLT, SRM and SVM.
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Our presentation will gradually increase in complexity. It will begin with a
Linear Maximal Margin Classifier for Linearly Separable Data where there is
no sample overlapping. Afterwards, we will allow some degree of overlapping
of training data pairs. However, we will still try to separate classes by using
linear hyperplanes. This will lead to the Linear Soft Margin Classifier for Over-
lapping Classes. In problems when linear decision hyperplanes are no longer
feasible, the mapping of an input space into the so-called feature space (that
“corresponds” to the HL in NN models) will take place resulting in the Non-
linear Classifier. Finally, in the subsection on Regression by SV Machines we
introduce same approaches and techniques for solving regression (i.e., function
approximation) problems.

Linear Maximal Margin Classifier for Linearly Separable Data

Consider the problem of binary classification or dichotomization. Training data
are given as

(Xla yl)v (X25 y2)7 ERE (Xla yl)v X e §Rn7 Yy e {+13 _1} (2)

For reasons of visualization only, we will consider the case of a two-
dimensional input space, i.e., x € R2. Data are linearly separable and there
are many different hyperplanes that can perform separation (Fig.2)!. How to
find “the best” one? The difficult part is that all we have at our disposal are
sparse training data. There are many functions that can solve given pattern
recognition (or functional approximation) tasks. In such a problem setting, the
SLT (developed in the 1960s by Vapnik and Chervonenkis) shows that it is
crucial to restrict the class of functions implemented by a learning machine to
one with a complexity that is suitable for the amount of available training data.

In the case of a classification of linearly separable data, this idea is trans-
formed into the following approach — among all the hyperplanes that minimize
the training error (i.e., empirical risk) find the one with the largest margin. This
is an intuitively acceptable approach. Just by looking at Fig. 2 we will find that
the dashed separation line shown in the right graph seems to promise prob-
ably good classification while facing previously unseen data (meaning, in the
generalization, i.e. test, phase). Or, at least, it seems to probably be better in

TActually, for x € 2, the separation is performed by “planes” wiz1 + waza +b = 0. In
other words, the decision boundary, i.e., the separation line in input space is defined by the
equation wiz1 + waze +b = 0.
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generalization than the dashed decision boundary having smaller margin shown
in the left graph. This can also be expressed as that a classifier with smaller
margin will have higher expected risk.

By using given training examples, during the learning stage, our machine
finds parameters w = [wy, wa, ..., w,]T and b of a discriminant or decision
function d(x, w, b) given as

d(x,w,b) =wlx+b= Z w;T; + b, (3)

=1

where x, w € R", and the scalar b is called a bias?. After the successful train-
ing stage, by using the weights obtained, the learning machine, given previously
unseen pattern x,,, produces output o according to an indicator function given
as

ip = o = sign(d(x,, w,b)), (4)

where o is the standard notation for the output from the learning machine. In
other words, the decision rule is:

if d(x,,w,b) > 0, the pattern x,, belongs to a class 1 (i.e., 0 = y1 = +1),

and

if d(x,,w,b) < 0 the pattern x,, belongs to a class 2 (i.e., 0 = yo = —1).
The indicator function i given by (4) is a step-wise (i.e., a stairs-wise) function
(see Figs 3 and 4). At the same time, the decision (or discriminant) function
d(xp,,w,b) is a hyperplane. Note also that both a decision hyperplane d and
the indicator function iy live in an n + 1-dimensional space or they lie “over”
a training pattern’s n-dimensional input space. There is one more mathemati-
cal object in classification problems called a separation boundary that lives in
the same n-dimensional space of input vectors x. Separation boundary sepa-
rates vectors x into two classes. Here, in cases of linearly separable data, the
boundary is also a (separating) hyperplane but of a lower order than d(x,, w, b).

The decision (separation) boundary is an intersection of a decision function
d(x,w,b) and a space of input features. It is given by

d(x,w,b) = 0. (5)

All these functions and relationships can be followed, for two-dimensional in-
puts x, in Fig. 6. In this particular case, the decision boundary i.e., separating

’Note that the dashed separation lines in Fig.2 represent the line that follows from
d(x,w,b) = 0.
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Figure 2. Two-out-of-many separating lines: a good one with a large
margin (right) and a less acceptable separating line with a small margin,

(left).

(hyper)plane is actually a separating line in a x1 — x2 plane and, a decision
function d(x,w,b) is a plane over the 2-dimensional space of features, i.e.,
over a x1 — xo plane.

In the case of 1-dimensional training patterns « (i.e., for 1-dimensional in-
puts x to the learning machine), decision function d(x, w, b) is a straight line in
an x — y plane. An intersection of this line with an x-axis defines a point that
is a separation boundary between two classes. This can be followed in Fig. 4.
Before attempting to find an optimal separating hyperplane having the largest
margin, we introduce the concept of the canonical hyperplane. We depict this
concept with the help of the 1-dimensional example shown in Fig. 4. Not quite
incidentally, the decision plane d(x,w,b) shown in Fig.6 is also a canonical
plane. Namely, the values of d and of ¢r are the same and both are equal to
|1| for the support vectors depicted by stars. At the same time, for all other
training patterns |d| > |ip|. In order to present a notion of this new concept
of the canonical plane, first note that there are many hyperplanes that can cor-
rectly separate data. In Fig.4 three different decision functions d(x, w,b) are
shown. There are infinitely many more. In fact, given d(x, w, b), all functions
d(x, kw, kb), where k is a positive scalar, are correct decision functions too.
Because parameters (w, b) describe the same separation hyperplane as parame-
ters (kw, kb) there is a need to introduce the notion of a canonical hyperplane.
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A hyperplane is in the canonical form with respect to training data x € X
if
min |w’x; +b| = 1. (6)
r,€X
The solid line d(x, w,b) = —2x + 5 in Fig. 4 fulfills (6) because its minimal
absolute value for the given six training patterns belonging to two classes is 1.
It achieves this value for two patterns, chosen as support vectors, namely for
x3 = 2, and x4 = 3. For all other patterns, |d| > 1.

Desired value y Indicator function The. separa.tion boundary is
A ie(x, w, b) = sign(d) Input x24 7" an intersection of d(x, w, b)

4 { with the input plane (xs, x2).
Thusitis: wx+b=0

v T~
The decision function (optimal canonical ~~~__
separating hyperplane) d(x, w, b) is an
argument of the indicator function.

Figure 3. The definition of a decision (discriminant) function or hyper-
plane d(x,w,b), a decision (separating) boundary d(x,w,b) = 0 and an
indicator function ir = sign(d(xp, w, b)) which value represents a learning,
or SV, machine’s output o.

Note an interesting detail regarding the notion of a canonical hyperplane that
is easily checked. There are many different hyperplanes (planes and straight
lines for 2-D and 1-D problems in Figs 3 and 4 respectively) that have the
same separation boundary (solid line and a dot in Figs 3 (right) and 4 respec-
tively). At the same time there are far fewer hyperplanes that can be defined as
canonical ones fulfilling (6). In Fig. 4, i.e., for a 1-dimensional input vector x,
the canonical hyperplane is unique. This is not the case for training patterns of
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higher dimension. Depending upon the configuration of class’ elements, various
canonical hyperplanes are possible.

Therefore, there is a need to define an optimal canonical hyperplane (OCSH)
as a canonical hyperplane having a maximal margin. This search for a sepa-
rating, maximal margin, canonical hyperplane is the ultimate learning goal in
statistical learning theory underlying SV machines. Carefully note the adjec-
tives used in the previous sentence. The hyperplane obtained from a limited
training data must have a maximal margin because it will probably better clas-
sify new data. It must be in canonical form because this will ease the quest
for significant patterns, here called support vectors. The canonical form of the
hyperplane will also simplify the calculations. Finally, the resulting hyperplane
must ultimately separate training patterns.

We avoid the derivation of an expression for the calculation of a distance
(margin M) between the closest members from two classes for its simplicity
here. The margin M can be derived by both the geometric and algebraic argu-

ment and is given as
2
S (7
[l

This important result will have a great consequence for the constructive (i.e.,
learning) algorithm in a design of a maximal margin classifier. It will lead to
solving a quadratic programming (QP) problem which will be shown shortly.
Hence, the “good old” gradient learning in NNs will be replaced by solution of
the QP problem here. This is the next important difference between the NNs
and SVMs and follows from the implementation of SRM in designing SVMs,
instead of a minimization of the sum of error squares, which is a standard cost
function for NNs.

Equation (7) is a very interesting result showing that minimization of a norm
of a hyperplane normal weight vector ||w|| = VwTw = /w} + w3 + -+ + w2
leads to a maximization of a margin M. Because a minimization of \/f is
equivalent to the minimization of f, the minimization of a norm ||w|| equals a
minimization of w/w = >"""  w? = w} + w3 + - + w2, and this leads to a

maximization of a margin M. Hence, the learning problem is

minimize §WTW, (8a)

subject to constraints introduced and given in (8b) below 3.

3 A multiplication of wTw by 0.5 is for numerical convenience only, and it doesn’t change
the solution.
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-~ \ The indicator function ie = sign(d(x, w, b)) is
a step-wise function. It is a SV machine output o.
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S boundary as the canonical

hyperplane here.

Figure 4. SV classification for 1-dimensional inputs by the linear de-
cision function. Graphical presentation of a canonical hyperplane. For
l-dimensional inputs, it is actually a canonical straight line (depicted as a
thick straight solid line) that passes through points (+2,+1) and (+3, —1)
defined as the support vectors (stars). The two dashed lines are the two
other decision hyperplanes (i.e., straight lines). The training input patterns
{z1 = 0.5, 2 = 1, x3 = 2} € Class1 have a desired or target value (la-
bel) y1 = +1. The inputs {4 = 3, x5 = 4, 6 = 4.5, z7 = 5} € Class?2
have the label yo = —1.

Note that in the case of linearly separable classes empirical error equals zero
(Remp = 0 in (2a)) and minimization of w’'w corresponds to a minimization
of'a confidence term 2. The OCSH, i.e., a separating hyperplane with the largest
margin defined by M = 2/||w||, specifies support vectors, i.e., training data
points closest to it, which satisfy y;[wlx; +b] =1, j = 1, Ngy. For all the
other (non-SVs data points) the OCSH satisfies inequalities y;[w’x; +b] > 1.
In other words, for all the data, OCSH should satisfy the following constraints

yilwix; +b]>1, i=1,1 (8D)
where [ denotes a number of training data points, and Ngy stands for a number
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Figure 5. The optimal canonical separating hyperplane (OCSH) with the
largest margin intersects halfway between the two classes. The points
closest to it (satisfying y;|w”x; +b| = 1, j = 1, Nsv) are support vectors
and the OCSH satisfies y;|wx; +b] > 1, j = 1,1 (where [ denotes the
number of training data and Ngsy stands for the number of SV). Three
support vectors (x1 and x2 from class 1, and x3 from class 2) are the
textured training data.

of SVs. The last equation can be easily checked visually in Figs 3 and 4 for
2-dimensional and 1-dimensional input vectors x respectively. Thus, in order to
find the OCSH having a maximal margin, a learning machine should minimize
||w||? subject to the inequality constraints (8b). This is a classic quadratic
optimization problem with inequality constraints. Such an optimization problem
is solved by the saddle point of the Lagrange functional (Lagrangian)*

l
L(w,b,a) = %WTW — Zai{yi[wai +b] -1} 9)
i=1

where the «; are Lagrange multipliers. The search for an optimal saddle point

4In forming the Lagrangian, for constraints of the form f; > 0, the inequality constraints
equations are multiplied by nonnegative Lagrange multipliers (i.e., a;; > 0) and subtracted
from the objective function.
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(Wo, bo, @@,) is necessary because Lagrangian L must be minimized with re-
spect to w and b, and has to be maximized with respect to nonnegative «; (i.c.,
a; = 0 should be found). This problem can be solved either in a primal space
(which is the space of parameters w and b) or in a dual space (which is the
space of Lagrange multipliers «;). The second approach gives insightful results
and we will consider the solution in a dual space below. In order to do that, we
use Karush-Kuhn-Tucker (KKT) conditions for the optimum of a constrained
function. In our case, both the objective function (9) and constraints (8b) are
convex and KKT conditions are necessary and sufficient conditions for a maxi-
mum of (9). These conditions are: at the saddle point (w,, b,, v, ), derivatives
of Lagrangian L with respect to primal variables should vanish which leads to,

oL

!
D, =0, ie., W, = ; QY Xy, (10)
L :
5. = 0, ie., ;aiyi =0 (11)

and the KKT complementarity conditions below (stating that at the solution
point the products between dual variables and constraints equals zero) must
also be satisfied,

ai{yiwix; +b] =1} =0, i=1,1 (12)

Substituting (10) and (11) into a primal variables Lagrangian L(w,b, cx) (9),
we change to the dual variables Lagrangian L4(«)

l

l
1
Lg(a) = Zai ~5 Z yiyjaiajxiij. (13)

i=1 i,j=1

In order to find the optimal hyperplane, a dual Lagrangian L,(c) has to be
maximized with respect to nonnegative a; (i.e., a; must be in the nonnegative
quadrant) and with respect to the equality constraint as follows

o; =0, =11, (14a)

l
i=1
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Note that the dual Lagrangian Lg(cx) is expressed in terms of training data and
depends only on the scalar products of input patterns (x. x;). The dependency
of Ly(ax) on a scalar product of inputs will be very handy later when analyzing
nonlinear decision boundaries and for general nonlinear regression. Note also
that the number of unknown variables equals the number of training data [. After
learning, the number of free parameters is equal to the number of SVs but it does
not depend on the dimensionality of input space. Such a standard quadratic
optimization problem can be expressed in a matrix notation and formulated as
follows:

Maximize
Li(a) = —0.5a"Ha + 1 a, (15a)
subject to
yla =0, (15b)
(673 2 Oa 1= 171 (150)
where a = [, aa, . . ., ;] , H denotes the Hessian matrix (Hij = yiy;(xix5) =

yiy;xI'x;) of this problem®, and f is an (I, 1) unit vector f =1 = [11 ... 1],
Solutions «,,; of the dual optimization problem above determine the parameters
w, and b, of the optimal hyperplane according to (10) and (12) as follows

l
W, = Zam—yixi, (16a)
i=1
1 Nsv 1 . 1 Nsv .
bo:— __XSWO = (S—XSWO, Szl,N . 16b
Nov sz:;(ys ) Nov ;(y ) sv. (16b)

In deriving (16b) we used the fact that y can be either +1 or -1, and 1/y =
y. Ngy denotes the number of support vectors. There are two important
observations about the calculation of w,. First, an optimal weight vector w,, is
obtained in (16a) as a linear combination of the training data points and second,
W, (same as the bias term by) is calculated by using only the selected data points
called support vectors (SVs). The fact that the summations in (16a) goes over
all training data patterns (i.e., from 1 to [) is irrelevant because the Lagrange
multipliers for all non-support vectors equal zero (a,; = 0, @ = Ngy + 1,1).

Note that maximization of (15a) equals a minimization of Ly(c) = 0.5aTHa — fT x,
subject to the same constraints.
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Finally, having calculated w,, and b, we obtain a decision hyperplane d(x) and
an indicator function iz = o = sign(d(x)) as given below

l l

d(x) =Y weiti +bo =Y _yiix"X; +b,, ip=o0=sign(d(x)). (I7)
i=1 =1

Training data patterns having non-zero Lagrange multipliers are called support
vectors. For linearly separable training data, all support vectors lie on the
margin and they are generally just a small portion of all training data (typically,
Ngy < 1). Figs 3, 4 and 5 show the geometry of standard results for non-
overlapping classes.

Before presenting applications of OCSH for both overlapping classes and
classes having nonlinear decision boundaries, we will comment only on whether
and how SV based linear classifiers actually implement the SRM principle. The
more detailed presentation of this important property can be found in (Kecman,
2001; Scholkopf and Smola 2002)). First, it can be shown that an increase
in margin reduces the number of points that can be shattered i.e., the increase
in margin reduces the VC dimension, and this leads to the decrease of the
SVM capacity. In short, by minimizing ||w]|| (i.e., maximizing the margin) the
SV machine training actually minimizes the VC dimension and consequently
a generalization error (expected risk) at the same time. This is achieved by
imposing a structure on the set of canonical hyperplanes and then, during the
training, by choosing the one with a minimal VC dimension. A structure on the
set of canonical hyperplanes is introduced by considering various hyperplanes
having different ||w]||. In other words, we analyze sets S such that ||w|| < A.
Then, if A1 < Ay < A3 <... < A, we introduced a nested set S41 C Sy C
Sa3 C ... C Sap. Thus, if we impose the constraint ||[w|| < A, then the
canonical hyperplane cannot be closer than 1/A to any of the training points x;.
Vapnik in (Vapnik, 1995) states that the VC dimension % of a set of canonical
hyperplanes in R such that ||w]|| < A is

H < min[R%*A%,n] +1, (18)

where all the training data points (vectors) are enclosed by a sphere of the
smallest radius R. Therefore, a small ||w|| results in a small h, and minimiza-
tion of ||w]| is an implementation of the SRM principle. In other words, a
minimization of the canonical hyperplane weight norm ||w|| minimizes the VC
dimension according to (18). See also Fig.4 that shows how the estimation
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error, meaning the expected risk (because the empirical risk, due to the linear
separability, equals zero) decreases with a decrease of a VC dimension. Finally,
there is an interesting, simple and powerful result (Vapnik, 1995) connecting the
generalization ability of learning machines and the number of support vectors.
Once the support vectors have been found, we can calculate the bound on the
expected probability of committing an error on a test example as follows

E[number of support vectors|
l 3

E;[P(error)] < (19)
where F; denotes expectation over all training data sets of size [. Note how
easy it is to estimate this bound that is independent of the dimensionality of
the input space. Therefore, an SV machine having a small number of support
vectors will have good generalization ability even in a very high-dimensional
space.

Example below shows the SVM’s learning of the weights for a simple sep-
arable data problem in both the primal and the dual domain. The small number
and low dimensionality of data pairs is used in order to show the optimization
steps analytically and graphically. The same reasoning will be in the case of
high dimensional and large training data sets but for them, one has to rely on
computers and the insight in solution steps is necessarily lost.

/V
+1 A
© 1 A
Feature x; / /
w

Target y,
ie.,d

Figure 6. Left: Solving SVM classifier for 3 data shown. SVs are star
data. Right: Solution space w — b.

Example: Design of an SVM classifier for 3 data shown in Fig. 6 above.
First we solve the problem in the primal domain: From the constraints (8b) it
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follows
2w —12>0b, (a)
w—12>Db, (b)
b>1. (¢)

The three straight lines corresponding to the equalities above are shown in Fig. 6
right. The textured area is a feasible domain for the weight w and bias b. Note
that the area is not defined by the inequality (a), thus pointing to the fact that
the point —1 is not a support vector. Points —1 and 0 define the textured area
and they will be the supporting data for our decision function. The task is to
minimize (8a), and this will be achieved by taking the value w = 2. Then, from
(b), it follows that b = 1. Note that (a) must not be used for the calculation
of the bias term b. Because both the cost function (8a) and the constraints (8b)
are convex, the primal and the dual solution must produce same w and b. Dual
solution follows from maximizing (13) subject to (14) as follows

1 4 2 0| |o
Ld:a1+a2+a3—§[a1 (6%) 013] 2 1 0 Qg o,
0 0 0] |as

such that
—Q —0424-0&3 :O,

aq 207 042207 04320,

The dual Lagrangian is obtained in terms of ; and « after expressing a3 from
the equality constraint and it is given as Lg = 2a; + 2ai0 — 0.5(40@ + 4o +
a3). Lq will have maximum for a; = 0, and it follows that we have to find the
maximum of Lg; = 2a9 — O.5a§ which will be at vy = 2. Note that the Hessian
matrix is extremely bad conditioned and if the QP problem is to be solved by
computer H should be regularized first. From the equality constraint it follows
that ag = 2 too. Now, we can calculate the weight vector w and the bias b from
(16a) and (16b) as follows,

3
w=> aiyixi = 0(—1)(—2) + 2(~1)(—1) + 2(1)0 = 2.
i=1

The bias can be calculated by using SVs only, meaning from either point —1 or
point 0. Both result in same value as shown below

b=—1-2(-1)=1, orb=1-2(0) = 1.
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Linear Soft Margin Classifier for Overlapping Classes

The learning procedure presented above is valid for linearly separable data,
meaning for training data sets without overlapping. Such problems are rare in
practice. At the same time, there are many instances when linear separating hy-
perplanes can be good solutions even when data are overlapped (e.g., normally
distributed classes having the same covariance matrices have a linear separation
boundary). However, quadratic programming solutions as given above cannot
be used in the case of overlapping because the constraints y;[w’x; + b] > 1,
1 = 1,1 given by (8b) cannot be satisfied. In the case of an overlapping (see
Fig 7), the overlapped data points cannot be correctly classified and for any
misclassified training data point x;, the corresponding «; will tend to infinity.
This particular data point (by increasing the corresponding a; value) attempts to
exert a stronger influence on the decision boundary in order to be classified cor-
rectly. When the «; value reaches the maximal bound, it can no longer increase
its effect, and the corresponding point will stay misclassified. In such a situa-
tion, the algorithm introduced above chooses (almost) all training data points as
support vectors. To find a classifier with a maximal margin, the algorithm pre-
sented in the section “Linear Maximal Margin Classifier for Linearly Separable
Data” above, must be changed allowing some data to be unclassified. Better
to say, we must leave some data on the “wrong” side of a decision boundary.
In practice, we allow a soff margin and all data inside this margin (whether on
the correct side of the separating line or on the wrong one) are neglected. The
width of a soft margin can be controlled by a corresponding penalty parameter
C (introduced below) that determines the trade-off between the training error
and VC dimension of the model.

The question now is how to measure the degree of misclassification and how
to incorporate such a measure into the hard margin learning algorithm given by
equations (8). The simplest method would be to form the following learning
problem

1
minimize §WTW + C(number of misclassified data), (20)

where C' is a penalty parameter, trading off the margin size (defined by ||w]|,
i.e., by w/'w) for the number of misclassified data points. Large C leads
to small number of misclassifications, bigger w’'w and consequently to the
smaller margin and vice versa. Obviously taking C = oo requires that the
number of misclassified data is zero and, in the case of an overlapping this is
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A

X2 1 =1-d(x1), & > 1,
@issiﬁed positive class point

Class 1,y =+1

\{l O
E 2=1+d(X2),§2>1,
|:| misclassified
X, hegative class point
N_
Clags 2,y =-1 d(x) = +1
] O NN
d(x) =-1 X1

\4

Figure 7. The solt decision boundary for a dichotomization problem with
data overlapping. Separation line (solid), margins (dashed) and support
vectors (textured training data points). 4 SVs in positive class (circles)
and 3 SVs in negative class (squares). 2 misclassifications for positive
class and 1 misclassification for negative class.

not possible. Hence, the problem may be feasible only for some value C' < oo.
However, the serious problem with (20) is that the error’s counting can’t be
accommodated within the handy (meaning reliable, well understood and well
developed) quadratic programming approach. Also, the counting only can’t
distinguish between huge (or disastrous) errors and close misses! The possible
solution is to measure the distances &; of the points crossing the margin from the
corresponding margin and trade their sum for the margin size as given below

1
minimize §WTW + C(sum of distances of the wrong side points).  (21)
In fact this is exactly how the problem of the data overlapping was solved in
(Cortes, 1995; Cortes and Vapnik, 1995) — by generalizing the optimal “hard”

margin algorithm. They introduced the nonnegative slack variables &;(i = 1,1)
in the statement of the optimization problem for the overlapped data points.

120 VITK 001(06)+004.032.26 (06) Heiipontbie cern



B.KELIMAH

Now, instead of fulfilling (8a) and (8b), the separating hyperplane must satisfy

l

minimize %WTW +C ; &, (22a)
subject to
yilwlxi+b]>1-&, i=1,1 & >0, (22b)
i.e., subject to
wix;+b>+1-¢&, fory,=+1, & >0, (22¢)
wix;+b>—-1+¢&, fory,=—1,& >0. (22d)

Hence, for such a generalized optimal separating hyperplane, the functional to
be minimized comprises an extra term accounting the cost of overlapping errors.
In fact the cost function (22a) can be even more general as given below

R R ~

minimize SwW W + C;éz , (22¢)
subject to same constraints. This is a convex programming problem that is
usually solved only for £ = 1 or k = 2, and such soft margin SVMs are dubbed
L1 and L2 SVMs respectively. By choosing exponent k& = 1, neither slack
variables &; nor their Lagrange multipliers 3; appear in a dual Lagrangian L.
Same as for a linearly separable problem presented previously, for L/ SVMs
(k = 1) here, the solution to a quadratic programming problem (22), is given
by the saddle point of the primal Lagrangian L,(w, b, £, o, 3) shown below

l
LP(Wa b7€7 av/B) = %WTW + CZ&Z_
= (23)

l l
=Y oi{pwxi + 0] =1+ &} = > Biws, for LI SVM
i=1 i=1

where «; and 3; are the Lagrange multipliers. Again, we should find an optimal
saddle point (w,, by, &,, a0, 3,) because the Lagrangian L,, has to be minimized
with respect to w, b and &, and maximized with respect to nonnegative «; and
Bi. As before, this problem can be solved in either a primal space or dual space
(which is the space of Lagrange multipliers «; and ;). Again, we consider a
solution in a dual space as given below by using
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e standard conditions for an optimum of a constrained function

oL . :

Dw. 0, ie,  w,= ; QG YiXi, (24)
oL . :
. = 0, ie., ; iy =0 (25)
;éfo =0, ie., a; + 6; = C, (26)
e and the KKT complementarity conditions below,

ai{yiwix; +b] —1+&} =0, =11, (27a)
ﬁz{i = (C — Oéi)fi = O, 1= 1,[. (27b)

At the optimal solution, due to the KKT conditions (27), the last two terms in the
primal Lagrangian L,, given by (23) vanish and the dual variables Lagrangian
Ly(ax), for LI SVM, is not a function of ;. In fact, it is same as the hard
margin classifier’s L, given before and repeated here for the soft margin one,

l

l
1
Lg(a) = Zai ) Z yiyjaiajx?xj. (28)

i=1 ij=1

In order to find the optimal hyperplane, a dual Lagrangian L,(c) has to be
maximized with respect to nonnegative and (unlike before) smaller than or equal
to C, ;. In other words with

C>a; >0, i=1,1, (29a)

and under the constraint (25), i.e., under

l
> aiy =0. (29b)
i=1

Thus, the final quadratic optimization problem is practically same as for the
separable case the only difference being in the modified bounds of the Lagrange
multipliers «;. The penalty parameter C, which is now the upper bound on «;,
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is determined by the user. The selection of a “good” or “proper” C' is always
done experimentally by using some cross-validation technique. Note that in the
previous linearly separable case, without data overlapping, this upper bound
C = oo. We can also readily change to the matrix notation of the problem
above as in equations (15). Most important of all is that the learning problem
is expressed only in terms of unknown Lagrange multipliers «;, and known
inputs and outputs. Furthermore, optimization does not solely depend upon
inputs x; which can be of a very high (inclusive of an infinite) dimension, but
it depends upon a scalar product of input vectors x;. It is this property we will
use in the next section where we design SV machines that can create nonlinear
separation boundaries. Finally, expressions for both a decision function d(x)
and an indicator function ip = sign(d(x)) for a soft margin classifier are same
as for linearly separable classes and are also given by (17).

From (27) follows that there are only three possible solutions for «; (see
Fig.7)

1. a; =0, & =0 — data point x; is correctly classified.

2. C" > «a; > 0 — then, the two complementarity conditions must result
result in y;[wlx; +b] —1+& =0, and §; = 0. Thus, y;[w'x; +b] =1
and x; is a support vector. The support vectors with C' > «; > 0 are
called unbounded or free support vectors. They lie on the two margins.

3. a; = C — then, y;[wTx;+b]—14+& = 0,and & > 0, and x; is a support
vector. The support vectors with a; = C are called bounded support
vectors. They lie on the “wrong” side of the margin. For 1 > ¢&; > 0, x;
is still correctly classified, and if §; > 1, x; is misclassified.

For L2 SVM the second term in the cost function (22e) is quadratic, i.e.,
c 22:1 €2, and this leads to changes in a dual optimization problem which

1S now,
l

l
1 i
Ly(a) = Z =3 Z Vil (xiij + Fj)’ (30)
i=1 ij=1
subject to
oa; =0, 1=1,1, (31a)

l
> aiy =0. (31b)

where, 0;; = 1 for ¢ = j, and it is zero otherwise. Note the change in Hessian
matrix elements given by second terms in (30), as well as that there is no upper
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bound on «;. The detailed analysis and comparisons of the .1 and L2 SVMs
is presented in (Abe, 2004). We use the most popular L1 SVMs here, because
they usually produce more sparse solutions, i.c., they create a decision function
by using less SVs than the L2 SVMs.

The Nonlinear Classifier

The linear classifiers presented in two previous sections are very limited. Mostly,
classes are not only overlapped but the genuine separation functions are nonlin-
ear hypersurfaces. A nice and strong characteristic of the approach presented
above is that it can be easily (and in a relatively straightforward manner) ex-
tended to create nonlinear decision boundaries. The motivation for such an
extension is that an SV machine that can create a nonlinear decision hypersur-
face will be able to classify nonlinearly separable data. This will be achieved
by considering a linear classifier in the so-called feature space that will be in-
troduced shortly. A very simple example of a need for designing nonlinear
models is given in Fig. 8 where the true separation boundary is quadratic. It is
obvious that no errorless linear separating hyperplane can be found now. The
best linear separation function shown as a dashed straight line would make six
misclassifications (textured data points; 4 in the negative class and 2 in the
positive one). Yet, if we use the nonlinear separation boundary we are able
to separate two classes without any error. Generally, for n-dimensional input
patterns, instead of a nonlinear curve, an SV machine will create a nonlinear
separating hypersurface.

The basic idea in designing nonlinear SV machines is to map input vectors
x € R™ into vectors ®(x) of a higher dimensional feature space F' (where ®
represents mapping: " — Rf), and to solve a linear classification problem in
this feature space

x €R" = B(x) = [01(x) da(x) ... dp(x)]T € R/, (32)

A mapping ®(x) is chosen in advance, i.e., it is a fixed function. Note that
an input space (x-space) is spanned by components x; of an input vector x and
a feature space F' (®-space) is spanned by components ¢;(x) of a vector ®(x).
By performing such a mapping, we hope that in a $-space, our learning algo-
rithm will be able to linearly separate images of x by applying the linear SVM
formulation presented above. (In fact, it can be shown that for a whole class
of mappings the linear separation in a feature space is always possible. Such
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X2 Nonlinear separation boundary

Points misclassified by
linear separation bound-

I:l / ary are textured
Class 2,y =-1 I:l a V
N

Figure 8. A nonlinear SVM without data overlapping. A true separation
is a quadratic curve. The nonlinear separation line (solid), the linear
one (dashed) and data points misclassified by the linear separation line
(the textured training data points) are shown. There are 4 misclassified
negative data and 2 misclassified positive ones. SVs are not shown.

mappings will correspond to the positive definite kernels that will be shown
shortly). We also expect this approach to again lead to solving a quadratic op-
timization problem with similar constraints in a ®-space. The solution for an
indicator function

!
ir(x) = sign(w! ®(x) +b) = sign(z yi0; @7 (x;)®(x) + b),
i=1

which is a linear classifier in a feature space, will create a nonlinear separating
hypersurface in the original input space given by (33) below. (Compare this so-
lution with (17) and note the appearances of scalar products in both the original
X -space and in the feature space F).

The equation for an ip(x) just given above can be rewritten in a “neural
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networks” form as follows

1
ip(x) = sign(z yia; ®T (x;)D(x) + b) =
i=1 (33)

= sign(i yicik(x;,x) + b) = sign(i vik(x;,x) + b)
i=1 i=1

where v; corresponds to the output layer weights of the “SVM’s network”
and k(x;,x) denotes the value of the kernel function that will be introduced
shortly . Note the difference between the weight vector w which norm should
be minimized and which is the vector of the same dimension as the feature
space vector ®(x) and the weightings v; = a;y; that are scalar values compos-
ing the weight vector v which dimension equals the number of training data
points I. The (I — Ngys) of v; components are equal to zero, and only Nsys
entries of v are nonzero elements.

A simple example below (Fig9) should exemplify the idea of a nonlinear
mapping to (usually) higher dimensional space and how it happens that the data
become linearly separable in the F'-space.

Consider solving the simplest 1-D classification problem given the input
and the output (desired) values as follows: x = [-1 0 1] andd = y =
[-1 1 — 1]7. Here we choose the following mapping to the feature space:
B(x) = [pr(x) p2(x) pa(x)]T = [a* V2o 1]7)

The mapping produces the following three points in the feature space (shown
as the rows of the matrix F (I standing for features))

T

1 -2
F=10 0
1 V2

— =

These three points are linearly separable by the plane ¢5(x) = 2¢1(x) in a
feature space as shown in Fig. 10. It is easy to show that the mapping obtained
by ®(x) = [z? 2z 1]7 is a scalar product implementation of a quadratic
kernel function (x!x; + 1)? = k(x;,x;). In other words, ®7'(x;)®(x;) =
k(x;,x;). This equality will be introduced shortly.

There are two basic problems when mapping an input x-space into higher
order F'-space:

bv; equals y;cv in the classilication case presented above and it is equal to (a; — a}) in
the regression problems.
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X1 = -1| X
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1
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’F(xll_ ___________ '_1 ______ L e — — o

Figure 9. A nonlinear 1-dimensional classification problem. One possi-
ble solution is given by the decision function d(z) (solid curve) i.e., by
the corresponding indicator function defined as ir = sign(d(x)) (dashed
stepwise function).

1) the choice of mapping ®(x) that should result in a “rich” class of decision
hypersurfaces,

2) the calculation of the scalar product ®7 (x)®(x) that can be computation-
ally very discouraging if the number of features f (i.e., dimensionality f
of a feature space) is very large.

The second problem is connected with a phenomenon called the “curse of
dimensionality”. For example, to construct a decision surface corresponding
to a polynomial of degree fwo in an n-D input space, a dimensionality of a
feature space f = n(n + 3)/2. In other words, a feature space is spanned by f
coordinates of the form

21 =X1,...,2n, = Ty, (n coordinates),
Zni1 = (21)%,. .., 220 = (2,)* (next n coordinates),
Zop41 = 182, ..., 2f = TpTp—1 (n(n — 1)/2 coordinates),

and the separating hyperplane created in this space, is a second-degree poly-
nomial in the input space (Vapnik, 1998). Thus, constructing a polynomial of
degree two only, in a 256-dimensional input space, leads to a dimensionality of
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3-D feature space

Const 1

Figure 10. The three data points of a problem in Fig.9 are lin-
early separable in the feature space (obtained by the mapping ®(x) =
[p1(x) @2(x) @3(x)]" = [2* 2z 1]7). The separation boundary is
given as the plane ¢3(x) = 2¢1(x) shown in the figure.

a feature space f = 33, 152. Performing a scalar product operation with vectors
of such, or higher, dimensions, is not a cheap computational task. The prob-
lems become serious (and fortunately only seemingly unsolvable) if we want
to construct a polynomial of degree 4 or 5 in the same 256-dimensional space
leading to the construction of a decision hyperplane in a billion-dimensional
feature space.

This explosion in dimensionality can be avoided by noticing that in the
quadratic optimization problem given by (13) and (28), as well as in the final
expression for a classifier, training data only appear in the form of scalar
products x! x;. These products will be replaced by scalar products

T (x)®(x) = [¢1(x), P2(%), - -, $n (X)) [01(%), $2(%), . . D ()]

in a feature space F', and the latter can be and will be expressed by using the
kernel function K (x;,x;) = ®T (x;)®(x;).
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Note that a kernel function K (x;,%;) is a function in input space. Thus, the
basic advantage in using kernel function K (x;,x;) is in avoiding performing
a mapping ®(x) at all. Instead, the required scalar products in a feature space
7 (x;)®(x;), are calculated directly by computing kernels K (x;, x;) for given
training data vectors in an input space. In this way, we bypass a possibly ex-
tremely high dimensionality of a feature space F'. Thus, by using the chosen
kernel K (x;,x;), we can construct an SVM that operates in an infinite dimen-
sional space (such a kernel function is a Gaussian kernel function given in table
2 below). In addition, as will be shown below, by applying kernels we do not
even have to know what the actual mapping ®(x) is. A kernel is a function K
such that

K(Xi,Xj) = (I)T(Xi)(l)(Xj). (34)

There are many possible kernels, and the most popular ones are given in Table
2. All of them should fulfill the so-called Mercer’s conditions. The Mercer’s
kernels belong to a set of reproducing kernels. For further details see (Mer-
cer, 1909; Aizerman et al, 1964; Smola and Schélkopt, 1997; Vapnik, 1998;
Kecman, 2001).

The simplest is a linear kernel defined as K (x;,x;) = x! x; . Below we
show a few more kernels.

Table 2. Popular Admissible Kernels

Kernel functions Type of classifier
K(x, x;) = (X'x)) Linear, dot product, kernel, CPD
K(x, x;) = [(x'x;) + l]d Complete polynomial of degree d, PD
e s xx)) -
K(x,x,)=e¢ P i Gaussian RBF, PD
K(x, x;) = tanh[(x'x,) + b]* Multilayer perceptron, CPD
1
K(x,x;) = B e e— Inverse multiquadric function, PD
Ix=x; [ +5

*only for certain values of b, (C)PD = (conditionally) positive definite
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POLYNOMIAL KERNELS

Let x € R? ie., x = [1 22]7, and if we choose ®(x) = [z? V2x120 23T
(i.e., there is an R? — N3 mapping), then the dot product

(I’T(Xi)q’(xj) = [xfl V224 517122][50?1 \/5503'1%'2 f?z]T:

2.2 ) 227
= [951'1%'1 2 i1 X251 %52 5512%‘2] =

= (x; x;)% = K(xi,%;)

or
K(xi,x;5) = (%] ;)% = @7 (x:)®(x;).

Note that in order to calculate the scalar product in a feature space ®7 (x;)®(x;),
we do not need to perform the mapping ®(x) = [2? V2z122 22]7 at all.
Instead, we calculate this product directly in the input space by computing
(xF'x;)?. This is very well known under the popular name of the kernel trick.
Interestingly, note also that other mappings such as an

R? — N3 mapping given by ®(x) = [2? — 23 2x122 27 + 23], or an

R? — N* mapping given by ®(x) = [2? z172 T172 T3],
also accomplish the same task as (x7x;)?.

Now, assume the following mapping
d(x)=[1 V2x1 2z V2xize 22 23,

i.e., there is an N2 — RN mapping plus bias term as the constant 6" dimension’s
value. Then the dot product in a feature space F' is given as

@T(xi)q)(xj) =1 + 2171'1Ij1 + 2551'2553'2 + 2171'1561'217]'15%'2 + I?ldf?l + $§2$?2 =
=1+ 2(x7 %)) + (x{ %)% =
= (x; x; + 1) = K (x;,%;)
or
(xi,x;) = (3] x5+ 1)? = 7 (x;) @ (x;).-

Thus, the last mapping leads to the second order complete polynomial.

Many candidate functions can be applied to a convolution of an inner prod-
uct (i.e., for kernel functions) K (x,x;) in an SV machine. Each of these func-
tions constructs a different nonlinear decision hypersurface in an input space. In
the first three rows, the table 2 shows the three most popular kernels in SVMs’
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in use today, and the inverse multiquadrics one as an interesting and powerful
kernel to be proven yet.

The positive definite (PD) kernels are the kernels which Gramm matrix G
(a.k.a. Grammian, or a design matrix) calculated by using all the [ training data
points is positive definite (meaning all its eigenvalues are strictly positive, i.e.,
A >0,1i=1,0)

k(x1,x1) k(x1,%x2) - k(x1,x7)
k(x2,%1) k(x2,%x2) -+ k(x2,%)

G =K(xx)= : : : : (35)
k(xl.7 X1) k(Xl', x2) o0 k(xi,xi)

The kernel matrix G is a symmetric one. Even more, any symmetric positive
definite matrix can be regarded as a kernel matrix, that is — as an inner product
matrix in some space.

Finally, we arrive at the point of presenting the learning in nonlinear clas-
sifiers (in which we are ultimately interested here). The learning algorithm
for a nonlinear SV machine (classifier) follows from the design of an optimal
separating hyperplane in a feature space. This is the same procedure as the
construction of a “hard” (13) and “soft” (28) margin classifiers in an x-space
previously. In a ®(x)-space, the dual Lagrangian, given previously by (13) and
(28), is now

l l

1

Ld(a) = E oy — 5 E Q;05Y Y5 @;T@], (36)
i=1 i,j=1

and, according to (34), by using chosen kernels, we should maximize the fol-
lowing dual Lagrangian

l
1
Ld(a) = Zl oy — 5 ,Zl Q;05Y Y5 K(X, Xi), (37)
i= ij=
subject to
l
a; >0, i=11 and Y ay; =0. (37a)
i=1

In a more general case, because of a noise or due to generic class’ features,
there will be an overlapping of training data points. Nothing but constraints for
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«; change. Thus, the nonlinear “soft” margin classifier will be the solution of
the quadratic optimization problem given by (37) subject to constraints

l
C>a; >0, i=11 and Y ay; =0. (37b)
=1

Again, the only difference to the separable nonlinear classifier is the upper
bound C' on the Lagrange multipliers «y;. In this way, we limit the influence
of training data points that will remain on the “wrong” side of a separating
nonlinear hypersurface. After the dual variables are calculated, the decision
hypersurface d(x) is determined by

l l
d(x) = Z yio K(x,%;) + b= Z v K(x,%x;) + b, (38)
i=1 i=1
and the indicator function is

l
ip(x) = signfd(x)] = sign [Z VK (%, %;) + b] .

=1

Note that the summation is not actually performed over all training data
but rather over the support vectors, because only for them do the Lagrange
multipliers differ from zero. The existence and calculation of a bias b is now
not a direct procedure as it is for a linear hyperplane. Depending upon the
applied kernel, the bias b can be implicitly part of the kernel function. If, for
example, Gaussian RBF is chosen as a kernel, it can use a bias term as the
(f + 1)t feature in F-space with a constant output = +1, but not necessarily.
In short, all PD kernels do not necessarily need an explicit bias term b, but b can
be used. In section “On the Equality of Kernel AdaTron and Sequential Minimal
Optimization and Alike Algorithms for Kernel Machines” we will develop new
iterative learning algorithm for models having a bias term b’. Same as for the
linear SVM, (37) can be written in a matrix notation as
maximize

Li(a) = —0.50"Ha + T a, (39a)

subject to
yla=0,

"More on this can be found in (Kecman, Huang, and Vogt, 2005) as well as in the (Vogt
and Kecman, 2005).
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and

C>a; >0, i=1,1 (39¢)
where a = [a1, a9, ..., |7, denotes the Hessian matrix

Hij = yiy; K (xi,%;)
of this problem and f is an ([, 1) unit vector f =1 =[1 1 ... 1]7. Note that

if K (x;,x;) is the positive definite matrix, then so is the matrix y;y; K (x;,%;)
too.

The following 1-D example (just for the sake of graphical presentation)
will show the creation of a linear decision function in a feature space and a
corresponding nonlinear (quadratic) decision function in an input space.

Suppose we have 4 1-D data points given as x1 = 1, o = 2, x3 = 5,
x4 = 6, with data at 1, 2, and 6 as class 1 and the data point at 5 as class 2, i.e.,
y1 =—1,y2 = —1,y3 =1, ya = —1. We use the polynomial kernel of degree
2, K(z,y) = (zy + 1)%. C is set to 50, which is of lesser importance because
the constraints will be not imposed in this example for maximal value for the
dual variables alpha will be smaller than C' = 50.

Case 1: Working with a bias term b as given in (38).
We first find «v; (¢ = 1,. .., 4) by solving dual problem (39) having a Hessian

matrix
4 9 -36 49

9 25 —121 169
-36 —121 676 —961
49 169 —-961 1369

Alphas are oy = 0, ag = 2.499999, a3 = 7.333333, vy = 4.833333 and the
bias b will be found by using (16b), or by fulfilling the requirements that the
values of a decision function at the support vectors should be the given y;. The
model (decision function) is given by

4 4
= Z yic; K (x, 2;) Z vi(zx; +1)% + 0,
i=1 i=1

H =

or by
d(z) = 2.499999(—1)(22-+1)%+7.333333(1) (52+1)?+4.833333(—1) (62+1)>+b,
d(x) = —0.6666672? + 5.333333x + b.
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Bias b is determined from the requirement that at the SV points 2, 5 and 6, the
outputs must be —1, 1 and —1 respectively. Hence, b = —9, resulting in the
decision function

d(z) = —0.6666672> + 5.333333z + b.

A

v d NL SV classification. 1D input. Polynomial, quadratic, kernel used

Figure 11. The nonlinear decision function (solid) and the indicator func-
tion (dashed) lor 1-D overlapping data. By using a complete second order
polynomial the model with and without a bias term b are same.

The nonlinear (quadratic) decision function and the indicator one are shown
in Fig. 11. Note that in calculations above 6 decimal places have been used for
alpha values. The calculation is numerically very sensitive, and working with
fewer decimals can give very approximate or wrong results.

The complete polynomial kernel as used in the case 1, is positive definite
and there is no need to use an explicit bias term b as presented above. Thus,
one can use the same second order polynomial model without the bias term
b. Note that in this particular case there is no equality constraint equation that
originates from an equalization of the primal Lagrangian derivative in respect
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to the bias term b to zero. Hence, we do not use (39b) while using a positive
definite kernel without bias as it will be shown below in the case 2.

Case 2: Working without a bias term b.

Because we use the same second order polynomial kernel, the Hessian ma-
trix H is same as in the case 1. The solution without the equality constraint for
alphas is: a3 = 0, ag = 24.999999, a3 = 43.333333, ay = 27.333333. The
model (decision function) is given by

4
d(z) = Z%%K(I, x;) = Z vi(xx; + 1)2,

=1
or by
d(z) = 2.499999(—1)(22+1)?+7.333333(1) (5x+1)2+4.833333(—1)(62+1)?,

d(z) = —0.6666672> + 5.333333z + b.

Thus the nonlinear (quadratic) decision function and consequently the indicator
function in the two particular cases are equal.

Example: Nonlinear classifier for an Exclusive-Or (XOR) problem

In the next example shown by Figs 12 and 13 we present all the impor-
tant mathematical objects of a nonlinear SV classifier by using a classic XOR
(exclusive-or) problem. The graphs show all the mathematical functions (ob-
jects) involved in a nonlinear classification. Namely, the nonlinear decision
function d(x), the NL indicator function i #(x), training data (x;), support vec-
tors (xgv); and separation boundaries.

The same objects will be created in the cases when the input vector x is
of a dimensionality n > 2, but the visualization in these cases is not possible.
In such cases one talks about the decision hyperfunction (hypersurface) d(x),
indicator hyperfunction (hypersurface) i z(x), training data (x;), support vectors
(xsv); and separation hyperboundaries (hypersurfaces).

Note the different character of a d(x), ip(x) and separation boundaries in
the two graphs given below. However, in both graphs all the data are cor-
rectly classified. Fig. 12 shows the resulting functions for the Gaussian kernel
functions, while Fig. 13 presents the solution for a complete second order poly-
nomial kernel. Below, we present the analytical derivation of the (saddle like)
decision function in the later (polynomial kernel) case.
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X2
Decision and indicator function of a NL SVM -T+Q
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Figure 12. XOR problem. Kernel functions are the 2-D Gaussians and
they are not shown here. The nonlinear decision function, the nonlinear
indicator function and the separation boundaries are shown. All four data
are chosen as support vectors.

The analytic solution to the Fig. 13 for the second order polynomial kernel
(ie., for (x!'x; +1)? = 7 (x;)®(x;), where

d(x) = [1vV2z1 V2x9 V2xmy 22 23],
no explicit bias and C' = o0) goes as follows. Inputs and desired outputs are,
T
01 1 0 T
x—[o 10 1} , y—d—[l 1 -1 —1} .
The dual Lagrangian (37) has the Hessian matrix

1 1 -1 -1
1 9 —4 —4
-1 —4 4 1
-1 -4 1 4

H=
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Figure 13. XOR problem. Kernel function is a 2-D polinomial. The non-
linear decision function, the nonlinear indicator function and the separation

boundaries are shown. All four data are support vectors.

The optimal solution can be obtained by taking the derivative of L, with
respect to dual variables «; (i = 1,4) and by solving the resulting linear system
of equations taking into account the constraints. The solution to

a1
aq
—ay
—ay

+ (65
+ 9(12
— 4@2
— 40[2

_ Qs
— 4(13
—|— 40[3
+ a3

_|_
_|_

o7
4044
%
40&4

[

subject to o; > 0, (4 = 1,4), is oy = 4.3333, ao = 2.0000, ag = 2.6667 and
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a4 = 2.6667. The decision function in a 3-D space is

4
d(x) = Zyiaiq)T(xi)q)(x) =
i=1

=(43333[1 0 0 0 0 O]+2[1 v2 v2 v2 1 1]-
—2.6667[1 2 0 0 1 0]—26667[1 0 v2 0 0 1])®(x)=
=[1 —0.9429 —0.9429 2.8284 —0.6667 —0.6667] x

><[1 \/5:01 \/5:02 \/§x1x2 x% x%}T,

and finally
d(x) = 1 — 1.3335z1 — 1.333525 + 42122 — 0.666725 — 0.66673.

It is easy to check that the values of d(x) for all the training inputs in x equal
the desired values in d. The d(x) is the saddle-like function shown in Fig. 13.

Here we have shown the derivation of an expression for d(x) by using
explicitly a mapping ®. Again, we do not have to know what mapping @ is at
all. By using kernels in input space, we calculate a scalar product required in
a (possibly high dimensional) feature space and we avoid mapping ®(x). This
is known as kernel “trick”. It can also be useful to remember that the way in
which the kernel “trick” was applied in designing an SVM can be utilized in all
other algorithms that depend on the scalar product (e.g., in principal component
analysis or in the nearest neighbor procedure).

Regression by Support Vector Machines

In the regression, we estimate the functional dependence of the dependent (out-
put) variable ¥y € R on an n-dimensional input variable x. Thus, unlike in
pattern recognition problems (where the desired outputs y; are discrete values
e.g., Boolean) we deal with real valued functions and we model an R" to !
mapping here. Same as in the case of classification, this will be achieved by
training the SVM model on a training data set first. Interestingly and impor-
tantly, a learning stage will end in the same shape of a dual Lagrangian as in
classification, only difference being in a dimensionalities of the Hessian matrix
and corresponding vectors which are of a double size now e.g., H is a (21, 21)
matrix.
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Initially developed for solving classification problems, SV techniques can be
successfully applied in regression, i.c., for a functional approximation problems
(Drucker et al, (1997), Vapnik et al, (1997)). The general regression learning
problem is set as follows — the learning machine is given [ training data from
which it attempts to learn the input-output relationship (dependency, mapping
or function) f(x). A training data set

D ={x(i),y(d) e R" xR, i=1,...,1}

consists of [ pairs (x1,y1), (X2,¥2),---, (X, 1), where the inputs x are n-
dimensional vectors x € R™ and system responses y € R, are continuous
values.
We introduce all the relevant and necessary concepts of SVMs’ regression in
a gentle way starting again with a linear regression hyperplane f(x,w) given
as
f(x,w) =w'x+b. (40)

In the case of SVM'’s regression, we measure the error of approximation instead
of the margin used in classification. The most important difference in respect to
classic regression is that we use a novel loss (error) functions here. This is the
Vapnik’s linear loss function with e-insensitivity zone defined as

0, if Jy—f(x,w)[<e,
E(X,y,f) = |y - f(wi)|5 =
ly — f(x,w)| — e, otherwise,
(41a)
or as,
e(x,y, f) =max(0, [y — f(x,w)| —¢). (41b)

Thus, the loss is equal to 0 if the difference between the predicted f(x;, w)
and the measured value y; is less than €. Vapnik’s e-insensitivity loss function
(41) defines an ¢ tube (Fig.15). If the predicted value is within the tube the
loss (error or cost) is zero. For all other predicted points outside the tube, the
loss equals the magnitude of the difference between the predicted value and the
radius ¢ of the tube.

The two classic error functions are: a square error, i.e., Ly norm (y — f)2,
as well as an absolute error, i.e., L1 norm, least modulus |y — f| introduced
by Yugoslav scientist Rudjer Boskovic in 1755 (Eisenhart, 1962). The latter
error function is related to Huber’s error function. An application of Huber’s
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Figure 14. Loss (error) functions

error function results in a robust regression. It is the most reliable technique if
nothing specific is known about the model of a noise. We do no present Huber’s
loss function here in analytic form. Instead, we show it by a dashed curve in
Fig. 14a. In addition, Fig. 14 shows typical shapes of all mentioned error (loss)
functions above.

Note that for ¢ = 0, Vapnik’s loss function equals a least modulus function.
Typical graph of a (nonlinear) regression problem as well as all relevant mathe-
matical variables and objects required in, or resulted from, a learning unknown
coefficients w; are shown in Fig. 15.

We will formulate an SVM regression’s algorithm for the linear case first
and then, for the sake of a NL model design, we will apply mapping to a
feature space, utilize the kernel “trick” and construct a nonlinear regression
hypersurface. This is actually the same order of presentation as in classification
tasks. Here, for the regression, we ‘measure’ the empirical error term R,
by Vapnik’s e-insensitivity loss function given by (41) and shown in Fig. 14¢
(while the minimization of the confidence term {2 will be realized through a
minimization of w”'w again). The empirical risk is given as

; (42)

€

!
1
Repp (W —72 i —wlix; —b

Fig. 16 shows two linear approximating functions as dashed lines inside an
e-tube having the same empirical risk 12, as the regression function f(x, w)
on the training data.
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Figure 15. The parameters used in (1-D) support vector regression. Filled
squares data B are support vectors, and the empty ones [J are not. Hence,
SVs can appear only on the tube boundary or outside the tube.

As in classification, we try to minimize both the empirical risk Rg,,, and
||w||? simultaneously. Thus, we construct a linear regression hyperplane

fx,w)=wix+b
by minimizing l
R= 1wl + 03w~ Few)l,. (43)
i=1
Note that the last expression resembles the ridge regression scheme. However,

we use Vapnik’s e-insensitivity loss function instead of a squared error now.
From (41) and Fig. 15 it follows that for all training data outside an e-tube,

ly — f(x,w)| —e=¢  for data “above” an e-tube, or
lyi — f(x,w)| —e =¢* for data “below” an e-tube .

Thus, minimizing the risk R above equals the minimization of the following

VITK 001(06)+004.032.26 (06) Heiiponmbie cern 141



ISBN 5-7262-0708-4 JIEKIIMY 110 HEMPOUH®OPMATUKE

Y pfx w) .

ctube _ __ oo
\\\ 7
Two approximating fupctions hav- T~<
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Figure 16. Two linear approximations inside an e tube (dashed lines)
have the same empirical risk Rg,,, on the training data as the regression
function (solid line).

risk l l
Ruee =[5 IwP+0(Xa+3 8], (44)
i=1 =1

under constraints

vi—wix; —b<e+&, i=1,1, (45a)
WTxi—i—b—yiéE—i—ff, i=1,1, (45b)

where §; and £ are slack variables shown in Fig. 15 for measurements “above”
and “below” an e-tube respectively. Both slack variables are positive values.
Lagrange multipliers a; and o (that will be introduced during the minimization
below) related to the first two sets of inequalities above, will be nonzero values
for training points “above” and “below” an e-tube respectively. Because no
training data can be on both sides of the tube, either o; or o will be nonzero.
For data points inside the tube, both multipliers will be equal to zero. Thus
oo = 0.
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Note also that the constant C' that influences a trade-off between an approx-
imation error and the weight vector norm ||w|| is a design parameter that is
chosen by the user. An increase in C penalizes larger errors i.e., it forces &; and
&7 to be small. This leads to an approximation error decrease which is achieved
only by increasing the weight vector norm ||w||. However, an increase in ||w/]
increases the confidence term €2 and does not guarantee a small generalization
performance of a model. Another design parameter which is chosen by the
user is the required precision embodied in an ¢ value that defines the size of
an e-tube. The choice of € value is easier than the choice of C' and it is given
as either maximally allowed or some given or desired percentage of the output
values y; (say, ¢ = 0.1 of the mean value of y).

Similar to procedures applied in the SV classifiers’ design, we solve the con-
strained optimization problem above by forming a primal variables Lagrangian
as follows,

Lp(wabv&ia&:vaivazvﬁivﬁf) -
1 1 l
= gWIwHCY (G+&) - D (B + 5i&) -
i=1 i=1
l 46
—Zai[wai—i—b—yi—i-a—i-fi}— (16)
i=1
l
—Za;‘[wai—i-b—yi—i—s—i—{i].
i=1

A primal variables Lagrangian L, (w,b,&;, &, a,, af, i, 8F) has to be mini-
mized with respect to primal variables w, b, & and & and maximized with
respect to nonnegative Lagrange multipliers «;, o, 3; and 8. Hence, the
function has the saddle point at the optimal solution (w,, bo, &io, &) to the
original problem. At the optimal solution the partial derivatives of L, in re-
spect to primal variables vanishes. Namely,

aLp(Woa bougioug;;koa (679 a:a 5176:) = w, — i(al _ a*)xi -0 (47)

ow =
oL (Woabougiou&kouaiaafvﬁhﬁf) l *
} b = (i —ai) =0, (48)

i=1
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aLp(VVo; bo;gimg;‘ov g, arvﬁzvﬁf)

8Lp(wo;bo;giovgrovaiva;cvﬂivﬁg) _ * *
o =C—ai =g =0, (0)

Substituting the KKT above into the primal L,, given in (46), we arrive at the
problem of the maximization of a dual variables Lagrangian L4(a, o) below,

l

* 1 * *
La(o,a") = — 5 (i —aj)(aj — O‘j)XiTXJ'_
ij=1
l l
_EZ(O‘1+O‘r)+ Z (a; —af)yi =
i=1 Q=1 (51)
1 l
= 3 3 (o~ af)(ay — a -
ij=1
l l
=Y (e—yai =Y (e +y);
i=1 i=1

Zaf:Zai or Z(ai—a;‘):O, (52a)

i=1 i=1 i=1
0<o; <C, i=1,1, (52b)
0<af <C, i=1,1, (52¢)

Note that the dual variables Lagrangian L(c, a*) is expressed in terms of
Lagrange multipliers a; and « only. However, the size of the problem, with
respect to the size of an SV classifier design task, is doubled now. There are
20 unknown dual variables (I «; — s and I «] — s) for a linear regression
and the Hessian matrix H of the quadratic optimization problem in the case of
regression is a (2!, 2l) matrix. The standard quadratic optimization problem
above can be expressed in a matrix notation and formulated as follows:

minimize L4(a) = 0.5a’ Ha + T a, (53)
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subject to (52) where

a=[ar,ay,...,a,0,03,...,a]]7,
G -G
-G E)

G is an (,) matrix with entries G;; = [x!'x;] for a linear regression®, and
f= [a—yl,a—yg,...,6—yl,a+y1,€+y2,...,e—l—yl]T.

Again, (53) is written in a form of some standard optimization routine that
typically minimizes given objective function subject to same constraints (52).

The learning stage results in | Lagrange multiplier pairs (o, o). After the
learning, the number of nonzero parameters «; or « is equal to the number
of SVs. However, this number does not depend on the dimensionality of input
space and this is particularly important when working in very high dimensional
spaces. Because at least one element of each pair (o, af), @ = 1,1, is zero,
the product of o; and « is always zero, i.e., a;af = 0.

At the optimal solution the following KK7 complementarity conditions must
be fulfilled

o(wixi+b—yi+e+&) =0, (54)
af(-wis; —b+y; +e+&) =0, (55)
Bi&i = (C — ;)& =0, (56)

Bi&i = (C—ai)& =0, (57)

(56) states that for 0 < oy < C, &; = 0 holds. Similarly, from (57) follows
that for 0 < of < C, & =0and, for0 <oy < C, of < C, from (54) and
(55) follows,

wix,+b—y;+e=0, (58)

—wlx;—b+y, +e=0. (59)

Thus, for all the data points fulfilling y — f(x) = +e&, dual variables «; must be
between 0 and C, or 0 < «; < C, and for the ones satisfying y — f(x) = —e,
o take on values 0 < of < C. These data points are called the fiee (or

8Note that Gj, as given above, is a badly conditioned matrix and we rather use G;; =
[xTx; + 1] instead.

VITK 001(06)+004.032.26 (06) Heiiponmbie cern 145



ISBN 5-7262-0708-4 JIEKIIMY 110 HEMPOUH®OPMATUKE

unbounded) support vectors. They allow computing the value of the bias term
b as given below

T

b=y, —w' x;—e=0, for 0<a; <C, (60a)

b=y, —w'x; +e=0, for 0<aj<C. (600)

The calculation of a bias term b is numerically very sensitive, and it is better to
compute the bias b by averaging over all the free support vector data points.

The final observation follows from (56) and (57) and it tells that for all the
data points outside the e-tube, i.e., when both & > 0 and & > 0, both a; and
o) equal C, ie., a; = C for the points above the tube and o] = C for the
points below it. These data are the so-called bounded support vectors. Also, for
all the training data points within the tube, or when |y — f(x)| < €, both «; and
o equal zero and they are neither the support vectors nor do they construct the
decision function f(x).

After calculation of Lagrange multipliers «;; and o, using (47) we can find
an optimal (desired) weight vector of the regression hyperplane as

W, = Z(ai — af)xi. (61)

The best regression hyperplane obtained is given by

!
f(x,w) :wOTx—i—b:Z(ai—af)xiTx—i—b. (62)

=1

More interesting, more common and the most challenging problem is to aim
at solving the nonlinear regression tasks. A generalization to nonlinear regres-
sion is performed in the same way the nonlinear classifier is developed from
the linear one, i.e., by carrying the mapping to the feature space, or by using
kernel functions instead of performing the complete mapping which is usually
of extremely high dimension (possibly even of an infinite dimension as it is the
case with a Gaussian kernel function). Thus, the nonlinear regression function
in an input space will be devised by considering a linear regression hyperplane
in the feature space.

We use the same basic idea in designing SV machines for creating a nonlin-
ear regression function. First, a mapping of input vectors x € R" into vectors
®(x) of a higher dimensional feature space F (where ® represents mapping:
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R — R7) takes place and then, we solve a linear regression problem in this
feature space. A mapping ®(x) is again the chosen in advance, or fixed, func-
tion. Note that an input space (x-space) is spanned by components z; of an
input vector x and a feature space F' (P-space) is spanned by components
¢;(x) of a vector ®(x). By performing such a mapping, we hope that in a
d-space, our learning algorithm will be able to perform a linear regression hy-
perplane by applying the linear regression SVM formulation presented above.
We also expect this approach to again lead to solving a quadratic optimization
problem with inequality constraints in the feature space. The (linear in a feature
space I) solution for the regression hyperplane f = w’ ®(x) + b, will create a
nonlinear regressing hypersurface in the original input space. The most popular
kernel functions are polynomials and RBF with Gaussian kernels. Both kernels
are given in Table 2.

In the case of the nonlinear regression, the learning problem is again for-
mulated as the maximization of a dual Lagrangian (53) with the Hessian matrix
H structured in the same way as in a linear case, i.e. H =[G —-G;—-G G]
but with the changed Grammian matrix G that is now given as

G=1|: @, ! (63)

where the entries G;; = 7 (x;)®(x;) = K(xi,%;), i,7 = 1,1.
After calculating Lagrange multiplier vectors @ and a*, we can find an
optimal weighting vector of the kernels expansion as

Vo=a—a”. (64)

Note however the difference in respect to the linear regression where the
expansion of a regression function is expressed by using the optimal weight
vector w,. Here, in a NL SVMs’ regression, the optimal weight vector w,
could be of infinite dimension (which is the case if the Gaussian kernel is
used). Consequently, we neither calculate w, nor we have to express it in a
closed form at all. Instead, we create the best nonlinear regression function by
using the weighting vector v, and the kernel (Grammian) matrix G as follows,

f(x,w)=Gv,+b. (65)

In fact, the last result follows from the very setting of the learning (optimizing)
stage in a feature space where, in all the equations above from (45) to (62),
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we replace x; by the corresponding feature vector ®(x;). This leads to the
following changes:
e instead G;; = x!'x; we get G;; = ®T(x;)®(x;) and, by using the kernel
function K (x;,x;) = ®7(x;)®(x;), it follows that G;; = K (x;,x;);
e similarly, (61) and (62) change as follows:

W, = Z(ai —a})®(x), (66)
and,

fx,w) =wld(x)+b= Z(ai —af) @ (x;)®@(x) + b=

. (67)
= (0] — ) K(xix +b.
i=1

If the bias term b is explicitly used as in (65) then, for a NL SVMs’ regression,
it can be calculated from the upper SVs as,

N free upper SV's "
b=yi=d> T (e ) 27 ()P () — < =

N free upper SVs N 68
:yi_zjzl (Oéi—OL,L-)K(Xi,Xj)_E, ( a)
for 0 < a; < C,

or from the lower ones as,

N free lower SVs N
b=yi- (0 — ) @7 () B(3x) ¢ =

N free lower SVs
:yi_zj:f (@i = af) K (xi,x;) +e, (68b)
for 0 <) <C,

Note that o = 0 in (68a) and so is a; = 0 in (68b). Again, it is much better to
calculate the bias term b by an averaging over all the free support vector data
points.

There are a few learning parameters in constructing SV machines for regres-
sion. The three most relevant are the insensitivity zone ¢, the penalty parameter
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C (that determines the trade-off between the training error and VC dimension
of the model), and the shape parameters of the kernel function (variances of a
Gaussian kernel, order of the polynomial, or the shape parameters of the inverse
multiquadrics kernel function). All three parameters’ sets should be selected by
the user. To this end, the most popular selection method is a cross-validation.
Unlike in a classification, for not too noisy data (primarily without huge out-
liers), the penalty parameter C' could be set to infinity and the modeling can be
controlled by changing the insensitivity zone € and shape parameters only.

The example below shows how an increase in an insensitivity zone € has
smoothing effects on modeling highly noise polluted data. Increase in € means
a reduction in requirements on the accuracy of an approximation. It decreases
the number of SVs leading to higher data compression too. This can be readily
followed in the lines and Fig. 17 below.

Example: Nonlinear regression by SVMs

The task here is to construct an SV machine for modeling measured data
pairs. The underlying function (known to us but, not to the SVM) is a sinus
function multiplied by the square one (i.e., f(x) = 22 sinx) and it is corrupted
by 25% of normally distributed noise with a zero mean. Analyze the influence
of an insensitivity zone € on modeling quality and on a compression of data,
meaning on the number of SVs.

Fig. 17 shows that for a very noisy data a decrease of an insensitivity zone
€ (i.e., shrinking of the tube shown by dashed line) approximates the noisy
data points more closely. The related more and more wiggly shape of the
regression function can be achieved only by including more and more support
vectors. However, being good on the noisy training data points easily leads to an
overfitting. The cross-validation should help in finding correct € value, resulting
in a regression function that filters the noise out but not the true dependency and
which, consequently, approximate the underlying function as close as possible.

The approximation functions shown in Fig. 17 are created by 9 and 18
weighted Gaussian basis functions for ¢ = 1 and € = 0.75 respectively. These
supporting functions are not shown in the figure. However, the way how the
learning algorithm selects SVs is an interesting property of support vector ma-
chines and in Fig. 18 we also present the supporting Gaussian functions.

Note that the selected Gaussians lie in the dynamic area of the function in
Fig. 18. Here, these areas are close to both the left hand and the right hand
boundary. In the middle, the original function is pretty flat and there is no need
to cover this part by supporting Gaussians. The learning algorithm realizes this
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5 One-dimensional support vector regression 6 One-QimensionaI support vector regression
by Gaussian kemel functions by Gaussian kernel functions ;7
y In
I

Figure 17. The influence of an insensitivity zone & on the model per-
formance. A nonlinear SVM creates a regression function f with Gaus-
sian kernels and models a highly polluted (25% noise) function z*sin(z)
(dotted). 31 training data points (plus signs) are used. Left: ¢ = 1; 9
SVs are chosen (encircled plus signs). Right: € = 0.75; the 18 chosen SVs
produced a better approximation to noisy data and, consequently, there is
the tendency of overfitting.

fact and simply, it does not select any training data point in this area as a support
vector. Note also that the Gaussians are not weighted in Fig 18, and they all
have the peak value of 1. The standard deviation of Gaussians is chosen in
order to see Gaussian supporting functions better. Here, in Fig. 18, ¢ = 0.6.
Such a choice is due the fact that for the larger o values the basis functions are
rather broad and flat above the domain shown. Thus, the supporting Gaussian
functions are covering the whole domain as the broad umbrellas. For very big
variances one wouldn’t be able to distinguish them visually.
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One-dimensional support vector regression by Gaussian functions
The selected supporting Gaussian functions are also shown

Figure 18. Regression function f created as the sum of 8 weighted
Gaussian kernels. A standard deviation of Gaussian bells o = 0.6. Original
function (dashed line) is z*sinz and it is corrupted by 0.25% noise. 31
training data points are shown as plus signs. Data points selected as
the SVs are encircled. The 8 selected supporting Gaussian functions are
centered at these data points.

Implementation Issues
In both the classification and the regression the learning problem boils down
to solving the QP problem subject to the so-called ‘box-constraints and to the
equality constraint in the case that a model with a bias term b is used. The SV
training works almost perfectly for not too large data basis. However, when the
number of data points is large (say [ > 2,000) the QP problem becomes ex-
tremely difficult to solve with standard QP solvers and methods. For example,
a classification training set of 50,000 examples amounts to a Hessian matrix H
with 2.5 x 10? (2.5 billion) elements. Using an 8-byte floating-point representa-
tion we need 20,000 Megabytes = 20 Gigabytes of memory (Osuna et al, 1997).
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This cannot be easily fit into memory of present standard computers, and this is
the single basic disadvantage of the SVM method. There are three approaches
that resolve the QP for large data sets. Vapnik in (Vapnik, 1995) proposed the
chunking method that is the decomposition approach. Another decomposition
approach is suggested in (Osuna et al, 1997). The sequential minimal optimiza-
tion (Platt, 1997) algorithm is of different character and it seems to be an “error
back propagation” for SVM learning. A systematic exposition of these various
techniques is not given here, as all three would require a lot of space. How-
ever, the interested reader can find a description and discussion about the novel
algorithms in (Kecman, Huang, and Vogt, 2005; Vogt and Kecman, 2005). The
Vogt and Kecman’s chapter discusses the application of an active set algorithm
in solving small to medium sized QP problems. For such data sets and when
the high precision is required the active set approach in solving QP problems
seems to be superior to other approaches (notably the interior point methods
and SMO algorithm). The Kecman, Huang, and Vogt’s chapter introduces the
efficient iterative single data algorithm (ISDA) for solving huge data sets (say
more than 100,000 or 500,000 or over 1 million training data pairs). It seems
that ISDA is the fastest algorithm at the moment for such large data sets (see
the comparisons with SMO in (Kecman, Huang and Vogt, 2005)) still ensuring
the convergence to the global minimum. This means that the ISDA provides
the exact, and not the approximate, solution to the original dual problem. In the
next section we will introduce the ISDA algorithm. As for now, let us conclude
the presentation of the classic SVMs part by summarizing the basic constructive
steps that lead to the SV machine.

A training and design of a support vector machine is an iterative algorithm

and it involves the following steps:

a) define your problem as the classification or as the regression one;

b) preprocess your input data: select the most relevant features, scale the
data between [—1,1], or to the ones having zero mean and variances
equal to one, check for possible outliers (strange data points);

c¢) select the kernel function that determines the hypothesis space of the deci-
sion and regression function in the classification and regression problems
respectively;

d) select the “shape”, i.e., “smoothing” parameter of the kernel function
(for example, polynomial degree for polynomials and variances of the
Gaussian RBF kernels respectively);

e) choose the penalty factor C' and, in the regression, select the desired
accuracy by defining the insensitivity zone ¢ too;
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f) solve the QP problem in [ and 2! variables in the case of classification
and regression problems respectively;

g) validate the model obtained on some previously (i.e., during the training)
unseen test data, and if not pleased iterate between steps d (or, eventually
c) and g.

The optimizing part ( £) is computationally extremely demanding. First, the
Hessian matrix H scales with the size of a data set — it is an (, /) and an (21, 21)
matrix in classification and regression respectively. Second, unlike in classic
original QP problems H is very dense matrix and it is usually badly conditioned
requiring regularization before any numeric operation. Regularization means an
addition of a small number to the diagonal elements of H. Luckily, there are
many reliable and fast QP solvers. A simple internet search will reveal many
of them. Particularly, in addition to the classic ones such as MINOS or LOQO
for example, there are many more free QP solvers designed specially for the
SVMs. The most popular ones are — the LIBSVM, SVMlight, SVM Torch,
mySVM and SVM Fu. All of them can be downloaded from their corresponding
sites. Good educational software in MATLAB named LEARNSC, with very
good graphic presentations of all relevant objects in a SVM modeling, can be
downloaded from the author’s book site ? too.

Finally we mention that there are many alternative formulations and ap-
proaches to the QP based SVMs described above. Notably, they are the linear
programming SVMs (Mangasarian, 1965; Friess and Harrison, 1998; Smola, et
al, 1998; Hadzic and Kecman, 1999; Graepel et al, 1999; Kecman and Hadzic,
2000; Kecman, 2001; Kecman, Arthanari, Hadzic, 2001), v-SVMs (Schélkopf
and Smola, 2002) and least squares support vector machines (Suykens et al,
2002). Their description is far beyond this chapter and the curious readers are
referred to references given above.

Below we introduce a novel Iterative Single Data Algorithm (ISDA) for
resolving the problems coming from huge Hessian matrices in training SVMs.
First, we show the equality of various approaches in learning from data and
afterwards we present two variants of ISDA, namely one with the bias term b
and the other without it.

The lines below are the shortened versions of two papers presented at the
ESANN 2003 and 2004 which can be downloaded (together with few more
contributions of the author) from the author’s site '°.

JURL: www.support-vector.ws
I0YRL: http://www.support-vector.ws/html/publications.html
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On the Equality of Kernel AdaTron and Sequential Minimal
Optimization and Alike Algorithms for Kernel Machines

This section presents the equality of a kernel AdaTron (KA) method (originat-
ing from a gradient ascent learning approach) and sequential minimal optimiza-
tion (SMO) learning algorithm (based on an analytic quadratic programming
step) in designing the support vector machines (SVMs) having positive defi-
nite kernels. The conditions of the equality of two methods are established.
The equality is valid for both the nonlinear classification and the nonlinear re-
gression tasks, and it sheds a new light to these seemingly different learning
approaches. The section also introduces other learning techniques related to the
two mentioned approaches, such as the nonnegative conjugate gradient, clas-
sic Gauss-Seidel (GS) coordinate ascent procedure and its derivative known as
the successive over-relaxation (SOR) algorithm as a viable and usually faster
training algorithms for performing nonlinear classification and regression tasks.
The convergence theorem for these related iterative algorithms is proven. Due
to restricted space, the presentation is scarce, giving only the final expressions.
More detailed derivations can be found in some papers and book chapter from
the site given at the end of the previous section above. In addition, the ISDA
software for solving huge SVMs’ learning problems can be downloaded from
appropriate site !'. The site is accompanying the Huang, Kecman and Kopriva’s
book which is in print at Springer Verlag.

Introduction

One of the mainstream research fields in learning from empirical data by sup-
port vector machines, and solving both the classification and the regression
problems, is an implementation of the incremental learning schemes when the
training data set is huge. Among several candidates that avoid the use of stan-
dard quadratic programming (QP) solvers, the two learning approaches which
have recently got the attention are the KA (Anlauf, Biehl, 1989; Friess, Cris-
tianini, Campbell, 1998; Veropoulos, 2001) and the SMO (Platt, 1998, 1999;
Vogt, 2002). Due to its analytical foundation the SMO approach is particularly
popular and at the moment the widest used, analyzed and still heavily develop-
ing algorithm. At the same time, the KA although providing similar results in
solving classification problems (in terms of both the accuracy and the training

URL: www.learning-from-data.com
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computation time required) did not attract that many devotees. There are two
basic reasons for that. First, until recently (Veropoulos, 2001) the KA seemed to
be restricted to the classification problems only and second, it “lacked” the fleur
of the strong theory (despite its beautiful “simplicity” and strong convergence
proofs). The KA is based on a gradient ascent technique and this fact might
have also distracted some researchers being aware of problems with gradient
ascent approaches faced with possibly ill-conditioned kernel matrix.

Here we show when and why the recently developed algorithms for SMO
using positive definite kernels or models without a bias term (Vogt, 2002), and
the KA for both classification (Friess, Cristianini, Campbell, 1998) and regres-
sion (Veropoulos, 2001) are identical. Both the KA and the SMO algorithm
attempt to solve the QP problem in the case of classification by maximizing the
dual Lagrangian under the constraints as given in equations (37).

In the case of the nonlinear regression the learning problem is the maxi-
mization of a dual Lagrangian as given in equations (51) and (52). Note that
(51) is given for a linear regression hypersurface. For the nonlinear regres-
sion the scalar product xiij must be replaced by the kernel function value
K(x;,%5).

The KA and SMO learning algorithms without-bias-term

It is known that positive definite kernels (such as the most popular and the most
widely used RBF Gaussian kernels as well as the complete polynomial ones)
do not require bias term (Evgeniou, Pontil, Poggio, 2000). Below, the KA and
the SMO algorithms will be presented for such a fixed (i.e., no-) bias design
problem and compared for the classification and regression cases. The equality
of two learning schemes and resulting models will be established. Originally, in
(Platt, 1998, 1999), the SMO classification algorithm was developed for solving
the problem (1) including the constraints related to the bias b. In these early
publications the case when bias b is fixed variable was also mentioned but the
detailed analysis of a fixed bias update was not accomplished.

Incremental Learning in Classification

(a) Kernel AdaTron in classification. The classic AdaTron algorithm
as given in (Anlauf and Biehl, 1989) is developed for linear classifier. The
KA is a variant of the classic AdaTron algorithm in the feature space of SVMs
(Friess et al., 1998). The KA algorithm solves the maximization of the dual
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Lagrangian (37) by implementing the gradient ascent algorithm. The update
Aq; of the dual variables «; is given as

oL :
Aa; = 77—60;1 = 77(1 —yi ) O‘jyjK(Xian)) =n(1—-yifi), (69a)
3 J:1

where f; is the value of the decision function f at the point x;, i.e.,
l
fi =Y sy K (xi,x)),
j=1

and y; denotes the value of the desired target (or the class’ label) which is either
+1 or —1. The update of the dual variables «; is given as

a; < min(max(0, a; + Aw;),C), (i=1,...,10). (69b)

In other words, the dual variables «; are clipped to zero if (o; + Aw;) < 0. In
the case of the soft nonlinear classifier (C' < 00), «; are clipped between zero
and C, (0 < o; < (). The algorithm converges from any initial setting for
the Lagrange multipliers a;.

(b) SMO without-bias-term in classification. Recently (Vogt, 2002)
derived the update rule for multipliers «; that includes a detailed analysis of
the Karush-Kuhn-Tucker (KKT) conditions for checking the optimality of the
solution 2. The following update rule for o; for a no-bias SMO algorithm was

proposed
yiEi yifi — 1 L—yifi

@ K(xi,xi) K(xi,xi) K(xi,xi) ( )
where F; = f; — y; denotes the difference between the value of the decision
function f at the point x; and the desired target (label) y;. Note the equality of
(69a) and (70) when the learning rate in (69a) is chosen to be 1; = 1/ K (x;,x;).
The important part of the SMO algorithm is to check the KKT conditions with
precision 7 (e.g., 7 = 107?) in each step. An update is performed only if

a; <C N y,E; <—71, or

(70a)
a; >0 A yiEi>T.

12As referred above, a fixed bias update was only mentioned in Platt’s papers.
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After an update, the same clipping operation as in (69b) is performed
a; — min(max(0, o; + Aw;),C), (i=1,...,10). (70Db)

It is the nonlinear clipping operation in (69b) and in (70b) that strictly
equals the KA and the SMO without-bias-term algorithm in solving nonlinear
classification problems. This fact sheds new light on both algorithms. This
equality is not that obvious in the case of a “classic” SMO algorithm with
bias term due to the heuristics involved in the selection of active points which
should ensure the largest increase of the dual Lagrangian L, during the iterative
optimization steps.

Incremental Learning in Regression. Similarly to the case of classifica-
tion, there is a strict equality between the KA and the SMO algorithm when
positive definite kernels are used for nonlinear regression.

(a) Kernel AdaTron in regression. The first extension of the Kernel
AdaTron algorithm for regression is presented in (Veropoulos, 2001) as the
following gradient ascent update rules for a; and o

l

- ‘6Ld_ . o . o X =
Aai =gt = (i = 2 o0 =) K x) )=
=ni(yi —e = fi) = —ni(Ei + ),
. laLd o ) l . * X)) =
Aaj =migo = (v - H;(a] K x)) = (T1b)

=ni(yi —e+ f;) =mi(Ei —¢),

where y; is the measured value for the input x;, € is the prescribed insensitivity
zone, and E; = f;—y; stands for the difference (an error) between the regression
function f at the point x; and the desired target value y; at this point. The
calculation of the gradient above does not take into account the geometric reality
that no training data can be on both sides of the tube. In other words, it does
not use the fact that either o; or o or both will be nonzero, i.e., that ;o] = 0
must be fulfilled in each iteration step. Below we derive the gradients of the
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dual Lagrangian L, accounting for geometry. This new formulation of the KA
algorithm strictly equals the SMO method and it is given as

Ly .
dar —K (i, %) @i — . Z .(Oéj — ) K (xj,x;) +yi — e+
* Jj=1,j#i
+ K(x,%) o0 — K(x4,%;) of =
= K(xi, %) af — (ai - af)K(Xi,Xi)— (72a)

- Z (o — CV;)K(Xjaxi) +yi—e=
j=1,5#i
= —K(xxi)af +yi—e— fi=—(K(xi,x) af + E; +¢).

For the o] multipliers, the value of the gradient is
0Lq
ok

3

=—K(x;,%x;)a; + E; —e. (72b)

The update value for «; is now

oL
AOéi = nZaT.[d = =N (K(Xi,Xi) Oé;F + Ez' + 5)7 (733')
OLg4 X
a; — o + Aoy = o + 771'8— = Q4 — ni(K(xivxi) Q; + E; + E)' (73b)
&%

For the learning rate 1; = 1/K(x;,x;) the gradient ascent learning KA is

defined as,
Ei+¢

a; — o —af — K, %1) (74a)
Similarly, the update rule for o is
af —af —a;+ % (74b)
Same as in the classification, «; and o are clipped between zero and C,
a; < min(max(0,;),C), i=1,...,1, (75a)
of «— min(max(0,a;),C), i=1,...,1 (75b)
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(b) SMO without-bias-term in regression. The first algorithm for the
SMO without-bias-term in regression (together with a detailed analysis of the
KKT conditions for checking the optimality of the solution) is derived in (Vogt,
2002). The following learning rules for the Lagrange multipliers «; and o
updates were proposed

E;
@ — ;= o _K(T—i,—xgi)’ (76a)
E;,—¢
¥ ey —m—— . 76b
o] —o; —o;+ K (x5, %0) (76b)

The equality of equations (74a, b) and (76a, b) is obvious when the learning
rate, as presented above in (74a, b), is chosen to be 1; = 1/K(x;,%;). Thus,
in both the classification and the regression, the optimal learning rate is not
necessarily equal for all training data pairs. For a Gaussian kernel, n = 1 is
same for all data points, and for a complete n'" order polynomial each data
point has different learning rate n; = 1/(x’ x; +1)". Similar to classification, a
joint update of o; and o is performed only if the KKT conditions are violated
by at least 7, i.e. if

oa; <C Ne+E; <—7, or
a; >0 N e+ FE;, >71, or
af <C Ne—E;<-71, or
af >0 N e—FE; >T.

(77)

After the changes, the same clipping operations as defined in (11) are performed
a; — min(max(0, «;),C), i=1,...,1, (78a)

o — min(max(0,«a;),C), i=1,...,1 (78Db)

The KA learning as formulated in this section and the SMO algorithm without-
bias-term for solving regression tasks are strictly equal in terms of both the
number of iterations required and the final values of the Lagrange multipliers.
The equality is strict despite the fact that the implementation is slightly different.
In every iteration step, namely, the KA algorithm updates both weights a; and
o without any checking whether the KKT conditions are fulfilled or not, while
the SMO performs an update according to equations (77).
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The Coordinate Ascent Based Learning for Nonlinear Classification and
Regression Tasks — The Gauss-Seidel Algorithm

When positive definite kernels are used, the learning problem for both tasks is
same. In a vector-matrix notation, in a dual space, the learning is defined as:

maximize

Lg(a) = —0.50"Ka + fTa, (79)

such that
Oéai§0, (izla"'vn)a (80)

where, in the classification n = [ and the matrix K is an (I,1) symmetric pos-
itive definite matrix, while in regression n = 2/ and K is a (2l, 21) symmetric
semi-positive definite one. Note that the constraints (80) define a convex sub-
space over which the convex dual Lagrangian should be maximized. It is very
well known that the vector o may be looked at as the solution of a system of
linear equations

Ka=f (81)

subject to the same constraints as given by (80).

Thus, it may seem natural to solve (81), subject to (80), by applying some of
the well known and established techniques for solving a general linear system
of equations. The size of training data set and the constraints (80) eliminate
direct techniques. Hence, one has to resort to the iterative approaches in solv-
ing the problems above. There are three possible iterative avenues that can be
followed. They are; the use of the Non-Negative Least Squares (NNLS) tech-
nique (Lawson and Hanson, 1974), application of the Non-Negative Conjugate
Gradient (NNCG) method (Hestenes, 1980) and the implementation of Gauss-
Seidel (GS) i.e., the related Successive Over-Relaxation technique (SOR). The
first two methods, in their “classic” appearance, solve for the non-negative con-
straints only. Thus, they are not suitable in solving “soft” tasks, when penalty
parameter C' < oo is used, i.e., when there is an upper bound on maximal value
of «;. In the case of nonlinear regression, one can apply NNLS and NNCG
by taking C' = oo and compensating (i.e. smoothing or “softening” the solu-
tion) by increasing the sensitivity zone €. The two methods (namely NNLS
and NNCG) are not suitable for solving soft margin (C' < o0) classification
problems in their present form, because there is no other parameter that can be
used in “softening” the margin. Recently, the NNCG algorithm for solving (81)
with box-constraints (80) is developed and presented in (Huang, Kecman and
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Kopriva, 2006). However, due to the usually bad conditioned Hessian matrix
K, NNCG will not be used in the lines below.

Here we show how to extend the application of GS and SOR to both the
nonlinear classification and to the nonlinear regression tasks. The Gauss-Seidel
method solves (81) by using the i** equation to update the i*" unknown doing
it iteratively, i.e., starting in the k" step with the first equation to compute the

a’f“, then the second equation is used to calculate the 0/2““ by using new
o™ and of (i > 2) and so on. The iterative learning takes the following

form,

i—1 n
ot = (fi =Y Kot =y Kija§)/Kii =
Jj=1

j=i+1
i—1 n
L k
—ot = (DKot + YKl s) = @
=1 j=i
—of 4 1 0L4 ’
Kii 0i [g44

where we use the fact that the term within a second bracket (called the residual
r; in mathematics’ references) is the i" element of the gradient of a dual
Lagrangian Ly given in (79) at the (k + 1) iteration step. The equation (82)
above shows that GS method is a coordinate gradient ascent procedure as the
KA and the SMO are. The KA and SMO for positive definite kernels equal the
GS! Note that the optimal learning rate used in both the KA algorithm and in
the SMO without-bias-term approach is exactly equal to the coefficient 1/K;;
in a GS method. Based on this equality, the convergence theorem for the KA,
SMO and GS (i.e., SOR) in solving (81) subject to constraints (80) can be stated
and proved as follows:

Theorem: For SVMs with positive definite kernels (while using them with-
out the bias term b) the iterative learning algorithms KA i.e., SMO i.e., GS
i.e., SOR, in solving nonlinear classification and regression tasks (81) subject
to constraints (80), converge starting from any initial choice of a.

Proof: The proof is based on the very well known theorem of convergence
of the GS method for symmetric positive definite matrices in solving (81) with-
out constraints (Ostrowski, 1966). First note that for positive definite kernels,
the matrix K created by terms y;y; K (x;,%;) in the second sum in (1), and in-
volved in solving classification problem, is also positive definite. In regression
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tasks K is a symmetric positive semi-definite (meaning still convex) matrix,
which after a mild regularization given as (K «— K + AI, A ~ le — 12) be-
comes positive definite one. (Note that the proof in the case of regression does
not need regularization at all, but there is no space here to go into these details).
Hence, the learning without constraints (80) converges, starting from any initial
point g, and each point in an n-dimensional search space for multipliers «;
is a viable starting point ensuring a convergence of the algorithm to the maxi-
mum of a dual Lagrangian L,4. This, naturally, includes all the (starting) points
within, or on a boundary of, any convex subspace of a search space ensuring
the convergence of the algorithm to the maximum of a dual Lagrangian L4 over
the given subspace. The constraints imposed by (80) preventing variables «; to
be negative or bigger than C', and implemented by the clipping operators above,
define such a convex subspace. Thus, each “clipped” multiplier value «; de-
fines a new starting point of the algorithm guaranteeing the convergence to the
maximum of L, over the subspace defined by (80). For a convex constraining
subspace such a constrained maximum is unique. Q.E.D.

Due to the lack of the space we do not go into the discussion on the con-
vergence rate here and we leave it to some other occasion. It should be only
mentioned that both KA and SMO (i.e. GS and SOR) for positive definite ker-
nels have been successfully applied for many problems (see references given
here, as well as many other, benchmarking the mentioned methods on various
data sets). Finally, let us just mention that the standard extension of the GS
method is the method of successive over-relaxation that can reduce the number
of iterations required by proper choice of relaxation parameter w significantly.
The SOR method uses the following updating rule

i—1 n
1
bt = ok — Wi (Z Kl-joz;ﬁ'l + Z Kijah — fi) =
LCar—) =i (83)
1 0L
_ k d
=q; —l—wK“_ B, kH,

and similarly to the KA, SMO, and GS its convergence is guaranteed for 0 <
w < 2.
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SVMs with a Bias Term b

Now, we discuss and present the use and calculation of the explicit bias term b
in the support vector machines within the Iterative Single training Data learning
Algorithm. The approach with a bias b can also be used for both nonlinear
classification and nonlinear regression tasks. It is well known that for positive
definite kernels there is no need for bias b (Kecman, 2001). We used this fact
while developing ISDA in previous section. However, one can use the bias term
b and this means implementing a different kernel. There is a report and a paper
where this issue has been discussed. In (Poggio et al., 2001)

1
f(x) = ijK(vaj) +0

and it was shown that f(x) is a function resulting from a minimization of the
functional shown below

l

1111 = 3" Vi Fx)) + A |£][5-. (84)

Jj=1

where K* = K — a (for an appropriate constant a) and K is an original kernel
function (more details can be found in the mentioned report). This means that
by adding a constant term to a positive definite kernel function K, one obtains
the solution to the functional I]f] where K* is a conditionally positive definite
kernel. Interestingly, similar type of model was also presented in (Mangasarian
and Musicant, 1999). However, their formulation is done for the classification
problems only. They reformulated the optimization by adding the b%/2 term
to the cost function ||w||?/2. This is equivalent to an addition of 1 to the
original kernel matrix K. As a result, they changed the original classification
dual problem to the optimization of the following one

1 1

1

La(a) = Z =3 Z ooy (K (xi,%5) + 1). (85)
i=1 ig=1

Iterative Single Data Algorithm for SVMs with Bias

In section “On the Equality of Kernel AdaTron and Sequential Minimal Opti-
mization and Alike Algorithms for Kernel Machines” and for the SVMs models
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when positive definite kernels are used without a bias term b, the learning al-
gorithms for classification and regression (in a dual domain) were solved with
box constraints only, originating from minimization of a primal Lagrangian in
respect to the weights w;. However, there remains an open question — how to
apply the proposed ISDA for the SVMs that do use explicit bias term b. Such
general nonlinear SVMs in classification and regression tasks are given below,

l l
f(Xl) = Z yjozjq)(xi)Tfl)(Xj) + b= Z U)jK(Xi, Xj) + b, (86&)
Jj=1

Jj=1

l l
Fx) = (0 = a) @) () +b =D w;K(xi, )+, (86b)

j=1 j=1
where ®(x;) is the m-dimensional vector that maps n-dimensional input vec-
tor x into the feature space!®. For each SVMs’ model in (86), there is also
one equality constraint originating from a minimization of the primal objective

function in respect to the bias b as given below,

l
Z ;Y = O, (87&)
i=1

in a classification, and
l l
dar=>a (87h)
i=1 i=1

in a regression.

The motivation for developing the ISDA for the SVMs with an explicit bias
term b originates from the fact that the use of an explicit bias term b seems fo
lead to the SVMs with less support vectors. This fact can often be very useful
for both the data (information) compression and the speed of learning. Below,
we present an iterative learning algorithm for the classification SVMs (86a) with
an explicit bias b, subjected to the equality constraint (87a)!4. The problem to

3Note that for a classification model in (86a), we usually take the sign of f(x) but this
is of lesser importance now.

4The same procedure is developed for the regression SVMs but due to the space con-
straints we do not go into these details here. However we give some relevant hints for the
regression SVMs with bias b.

164 VIIK 001(06)+004.032.26 (06) Heiiponmbie cern



B.KELIMAH

solve is, .
min §WTW (88a)
such that
yilwo(xi) +0] =1, i=1,...,1, (88b)

which can be transformed into its dual form by minimizing the primal La-
grangian

!
Ly(w,b,a) = %WTW — Zai{yi Wi ®(x;) +b] — 1} (89)
i=1

in respect to w and b by using 0L,/0w, = 0 and JL,/0b = 0, ie. by
exploiting

1 1
w = Z a;y;P(x;) and Z a;y; = 0. (90)
i=1 i=1

The standard change to a dual problem is to substitute w from (90) into the
primal Lagrangian and this leads to a dual Lagrangian problem below,

l

l l
1
Ld(a) = ZO[Z' — 5 Z yiyjaiajK(xi,xj) — ;O&lyzb (91)

i=1 ij=1

subject to the box constraints (92) and, in a standard SVMs formulation, also to
the equality constraint (93) as given below

a; >0, i=1,...,1 (92)
and
l
Zaiyi =0. (93)
i=1

There are three major avenues (procedures, algorithms) possible in solving the
dual problem (91), (92) and (93).

The first one is the standard SVMs algorithm which imposes the equality
constraint (93) during the optimization and in this way ensures that the solution
never leaves a feasible region. In this case the last term in (91) vanishes. (Note
that in a standard SMO iterative scheme for training SVMs the minimal number
of training data points enforcing (93) and ensuring staying in a feasible region
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is two). After the dual problem is solved, the bias term is calculated by using
unbounded Lagrange multipliers «; (Kecman, 2001; Schélkopf, Smola, 2002)
as follows

B 1 #UnboundSVecs - T -
b= #UnboundSVecs (Zi:l (i —w (I)(XZ)))' (94)

Below, we show two more possible ways how the ISDA works for the SVMs
containing an explicit bias term too. In the second method, the cost function
(88a) is augmented with the term 0.5kb? (where k > 0). Note that this step is
related to solving the dual problem by penalty method where a decrease in &
leads to the stronger imposing of an equality constraint (see comments below).
After forming the primal Lagrangian as well as using

! !
1
w = g a;y;P(x;) and b= z g QY
i—1 i=1

(coming from L, /0w, = 0 and OL,,/0b = 0) one arrives at the dual problem
not containing the explicit bias term b. Actually, the optimization of a dual
Lagrangian is reformulated for the SVMs with a bias term b by applying “tiny”
change only to the original matrix K. For the nonlinear classification problems
ISDA stands for an iterative solving of the following linear system

Kk a = 11 (95&)

such that
0<y; <C, 1=1,...,1, (95Db)

where .
K (xi,x;j) = yiy; (K(Xiaxj) + E)’

1, is an [-dimensional unity vector and C' is a penalty factor equal to infinity
for a hard margin classifier. Note that during the updates of «;, the bias term
b must not be used because it is implicitly incorporated within the Kj matrix.
Only after the solution vector «v in (95) is found, the bias b should be calculated
either by using unbounded Lagrange multipliers «; as given in (94), or by
implementing the equality constraint from dL,/0b = 0 and given as

#SVecs

1

Jj=1
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Note, however, that all the Lagrange multipliers, meaning both bounded (clipped
to ') and unbounded (smaller than C') must be used in (96). Both equations,
(94) and (96), result in the same value for the bias b. Thus, using the SVMs with
an explicit bias term means that in the ISDA proposed above original kernel is
changed, i.e., another kernel function is used. This means that the alpha values
will be different for each k chosen, and so will be the value for b. However, the
final SVM as given in (86) is produced by original kernels. Namely, f(x) is ob-
tained by adding the sum of weighted original kernel values and corresponding
bias term b.

The second method presented above and aimed at an extending of the ISDA
to the SVMs with a bias term b is related to the classic (quadratic) penalty
methods for solving optimization problems with an equality constraint. Namely,
the addition of 0.5kb? to (88a) changes the last term of (91) to

1 l
37 [ o

which is equivalent to applying a penalty parameter of 1/k to the Lo norm of
the equality constraint (93). As a result, for a large value of 1/k, the solution
will have a small Ly norm of (93). In other words, as k approaches zero a
bias b converges to the solution of the standard QP method that enforces the
equality constraint. However, we do not use the ISDA with small parameter
k values here, because the condition number of the matrix K, increases as
1/k rises. Furthermore, the strict fulfilment of (93) may not be needed in
obtaining a good SVM. Here, in classifying the MNIST data with Gaussian
kernels, the value £ = 10 proved to be a very good one justifying all the
reasons for its introduction (fast learning, small number of support vectors and
good generalization).

The third method in implementing the ISDA for SVMs with the bias term
b is to work with original cost function (88a) and keep imposing the equality
constraint during the iterations as suggested in (Veropoulos, 2001). The learning
starts with b = 0 and after each epoch the bias b is updated by applying a secant
method as follows

2
2

B bk—l _ bk—2
_wk 1

bk _ bk—l
whk—=1 _ k=2

(97)

where w = Zlizl «;y; represents the value of an equality constraint after each
epoch. In the case of the regression SVMs, equation (97) is used by implement-
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ing the corresponding regression’s equality constraint, namely Zi:l(ai —al).
This is different from (Veropoulos, 2001) where an iterative update after each
data pair is proposed. In our SVMs regression experiments such an updating
led to an unstable learning. Also, in an addition to changing expression for
w, both the K matrix, which is now (21, 2]) matrix, and the right hand side of
(95a) which becomes (21, 1) vector, should be changed too and formed as given
in (Kecman, Vogt, Huang, 2003).

Performance of an ISD Learning Algorithm and Comparisons

To measure the relative performance of different ISDAs, we ran all the algo-
rithms with RBF Gaussian kernels on a MNIST dataset with 576-dimensional
inputs (Dong et al, 2003), and compared the performance of our ISD algorithm
with LIBSVM V2.4 (Chang et al, 2003) which is one of the fastest and the most
popular SVM solvers at the moment based on the SMO type of an algorithm.
The MNIST dataset consists of 60,000 training and 10,000 test data pairs. To
make sure that the comparison is based purely on the nature of the algorithm
rather than on the differences in implementation, our encoding of the algorithms
are the same as LIBSVM’s one in terms of caching strategy (LRU-Least Re-
cent Used), data structure, heuristics for shrinking and stopping criterions. The
only significant difference is that instead of two heuristic rules for selecting and
updating two data points at each iteration step aiming at the maximal improve-
ment of the dual objective function, our ISDA selects the worse KKT violator
only and updates its «; at each step.

Also, in order to speed up the LIBSVM’s training process, we modified the
original LIBSVM routine to perform faster by reducing the numbers of complete
KKT checking without any deterioration of accuracy. All the routines were
written and compiled in Visual C++ 6.0, and all simulations were run on a 2.4
GHz P4 processor PC with 1.5 Gigabyte of memory under the operating system
Windows XP Professional. The shape parameter o2 of an RBF Gaussian kernel
and the penalty factor C are set to be 0.3 and 10 (Dong J.X. et al, 2003). The
stopping criterion 7 and the size of the cache used are 0.01 and 250 Megabytes.
The simulation results of different ISDA against both LIBSVM are presented in
Tables 3 and 4, and in a Fig. 19. The first and the second column of the tables
show the performance of the original and modified LIBSVM respectively. The
last three columns show the results for single data point learning algorithms
with various values of constant 1/k added to the kernel matrix in (95a). For
k = oo, ISDA is equivalent to the SVMs without bias term, and for £ = 1,
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Table 3. Simulation time for different algorithms

LIBSVM LIBSVM Iterative single data algorithm (ISDA)
original modified k=1 k=10 k =
Class Time(sec) Time(sec) Time(sec) Time(sec) Time(sec)
0 1606 885 800 794 1004
1 740 465 490 491 855
2 2377 1311 1398 1181 1296
3 2321 1307 1318 1160 1513
4 1997 1125 1206 1028 1235
5 2311 1289 1295 1143 1328
6 1474 818 808 754 1045
7 2027 1156 2137 1026 1250
8 2591 1499 1631 1321 1764
9 2255 1266 1410 1185 1651
Time In- o o o o
crease +95.3% +10.3% +23.9% 0 +28.3%
Table 4. Number of support vectors for each algorithm
LIBSVM LIBSVM Iterative single data algorithm (ISDA)
original modified k=1 k=10 =
Class |#SV (BSV)| #SV (BSV) # SV (BSV) # SV (BSV) # SV (BSV)
0 2172 (0) 2172 (0) 2162 (0) 2132 (0) 2682 (0)
1 1440 (4) 1440 (4) 1429 (4) 1453 (4) 2373 (4)
2 3055 (0) 3055 (0) 3047 (0) 3017 (0) 3327 (0)
3 2902 (0) 2902 (0) 2888 (0) 2897 (0) 3723 (0)
4 2641 (0) 2641 (0) 2623 (0) 2601 (0) 3096 (0)
5 2900 (0) 2900 (0) 2884 (0) 2856 (0) 3275 (0)
6 2055 (0) 2055 (0) 2042 (0) 2037 (0) 2761 (0)
7 2651 (4) 2651 (4) 3315 (4) 2609 (4) 3139 (4)
8 3222 (0) 3222 (0) 3267 (0) 3226 (0) 4224 (0)
9 2702 (2) 2702 (2) 2733 (2) 2756 (2) 3914 (2)
Average
# of SV 2574 2574 2639 2558 3151

BSV = Bounded SVs
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Figure 19. The percentage of errors on the test data
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it is the same as the classification formulation proposed in (Mangasarian and
Musicant, 1999).

Table 3 illustrates the running time for each algorithm. The ISDA with k =
10 was the quickest and required the shortest average time (77¢) to complete
the training. The average time needed for the original LIBSVM is almost 277
and the average time for a modified version of LIBSVM is 10.3% bigger than
T1p. This is contributed mostly to the simplicity of the ISD algorithm. One may
think that the improvement achieved is minor, but it is important to consider
the fact that approximately more than 50% of the CPU time is spent on the
final checking of the KKT conditions in all simulations. During the checking,
the algorithm must calculate the output of the model at each datum in order
to evaluate the KKT violations. This process is unavoidable if one wants to
ensure the solution’s global convergence, i.e. that all the data do satisfy the
KKT conditions with precision 7 indeed. Therefore, the reduction of time spent
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on iterations is approximately double the figures shown. Note that the ISDA
slows down for k£ < 10 here. This is a consequence of the fact that with a
decrease in k there is an increase of the condition number of a matrix Ky,
which leads to more iterations in solving (95). At the same time, implementing
the no-bias SVMs, i.e., working with k£ = oo, also slows the learning down due
to an increase in the number of support vectors needed when working without
bias b.

Table 4 presents the numbers of support vectors selected. For the ISDAs,
the numbers reduce significantly when the explicit bias term b is included. One
can compare the numbers of SVs for the case without the bias b (k = o0)
and the ones when an explicit bias b is used (cases with £ = 1 and k£ = 10).
Because identifying less support vectors speeds the overall training definitely
up, the SVMs implementations with an explicit bias b are faster than the version
without bias.

In terms of a generalization, or a performance on a test data set, all the
algorithms had very similar results and this demonstrates that the ISDAs pro-
duce models that are as good as the standard QP, i.e., SMO based, algorithms.
The percentages of the errors on the test data are shown in Fig. 19. Notice the
extremely low error percentages on the test data sets for all numerals.

Conclusions

The seminar presents the basics of the standard SVMs models for solving the
classification and regression problems first. Then, it also shows why and how,
when positive definite kernels are used, the kernel AdaTron, sequential minimal
optimization and Gauss-Seidel (i.e., successive over relaxation) algorithms are
identical in their analytic form and numerical implementation. Till now, these
facts were blurred mainly due to different pace in posing the learning problems
and due to the “heavy” heuristics involved in an SMO implementation that
shadowed an insight into the possible identity of the methods. It is shown that
in the so-called no-bias SVMs, both the KA and the SMO procedure are the
coordinate ascent based methods. Based on these equalities the novel ISDA
for training SVMs is devised. Finally, due to the many ways how all the three
algorithms (KA, SMO and GS i.e., SOR) can be implemented there may be
some differences in their overall behavior. The introduction of the relaxation
parameter 0 < w < 2 will speed up the algorithm. The exact optimal value
Wopt 18 problem dependent.
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Next, we demonstrate the use, the calculation and the effect of incorporat-
ing an explicit bias term b in the SVMs trained with the ISDA. The simulation
results show that models generated by ISDAs (either with or without the bias
term b) are as good as the standard QP (i.e., SMO) based algorithms in terms
of a generalization performance. Moreover, ISDAs with an appropriate k value
are faster than the standard SMO algorithms on large scale classification prob-
lems (k = 10 worked particularly well in all our simulations using Gaussian
RBF kernels, however it may be that the “best” k value is problem dependent).
This is due to both the simplicity of ISDAs and the decrease in the number of
SVs chosen after an inclusion of an explicit bias b in the model. The simplicity
of ISDAs is the consequence of the fact that the equality constraints (87) do
not need to be fulfilled during the training stage. In this way, the second order
heuristics is avoided during the iterations. Thus, the ISDA is an extremely good
tool for solving large scale SVMs problems containing huge training data sets
because it is faster than, and it delivers ‘same’ generalization results as, the
other standard QP (SMO) based algorithms. The fact that an introduction of an
explicit bias bmeans solving the problem with different kernel suggests that it
may be hard to tell in advance for what kind of previously unknown multivari-
able decision (regression) function the models with bias b may perform better,
or may be more suitable, than the ones without it. As it is often the case, the real
experimental results, their comparisons and the new theoretical developments
should probably be able to tell one day. As for the single data based learning
approach presented here, the future work will focus on the development of even
faster training algorithms.
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Boucaas KEIIMAH, pyxoBoauTens rpynmnsl JUHAMUKH U CUCTEM YIPaBICHUS,
JIOTIEHT Kadenpbl MalmMHOCTpOoeHus YHuBepcurera B Oxnenne, HoBast 3enan-
nusi. OH SBIISICTCS YIICHOM peakiimoHHo# koymernu xxypHana IEEE Transaction
on Neural Networks, a Taxke 4YIeHOM KOHCYIBTaTHBHOTO COBETa >KypHaia
Interdisciplinary Journal of Information, Knowledge, and Management.

Ero ocHOBHBIC HAYYHBIC MHTEPECHI JICXKAT B HACTOSIICE BPEMsI B TAKHX 00JIACTSIX,
Kak 00ydJeHue MaIlliH Ha CBepXOOJIbIINX HA0Opax TaHHBIX B MHOTOMEPHBIX ITPO-
CTPAHCTBaX C WCIOJH30BaHUEM MAIIHH OMOPHBIX BEKTOPOB W/IIN HEWPOHHBIX
cetell; HeueTkue cucteMbl; kernel machines; pacrmosnaBanue 00pa3oB W/viH ar-
MpOKCHMAIHs (PYHKIMI MHOTHX HEPECMCHHBIX; MOJICIHM 3HAHUN M H3BIICUCHHE
3HaHUiT, OnoMH(pOpPMAaTHKa; KaTeropu3anus Tekcra. K duciy npyrux oOmacreit
HAy4YHBIX MHTEPECOB J-pa KelMaHa OTHOCSTCS TakKe HEHPOCETEBBIC aallTHB-
HBIE CHCTEMBI YIPABJICHU; MOACTHPOBAHUE, HACHTH(PHUKAIIN 1 YIIPaBICHHUE IS
JUHAMHYECKHUX CHCTEM; CIMHBIA MMOIX0 K MOACIHPOBAHHUIO CUCTEM Pa3INIHON
(hM3UYECKOI IPUPOIBI; CUCTEMBI YITPABICHUS C CHHTYJSIPHBIMU BO3MYIIICHUASMHU.
J-pa Kerimana npuriamaniy JUis IPOBEACHHUS CEMHUHAPOB 110 TEMATUKE €ro Ha-
YYHBIX HHTEPECOB MHOTHC YHHBEPCHUTETHI U HCCIICI0BATCIbCKIE HHCTUTYThHI EB-
pombl, CeBepHOIT AMeprKH 1 THXOOKEaHCKOTO PETHOHA.

J-p Kenvman siBisiercst aBropoM 6osee 100 sKypHaNBHBIX CTaTel, MTOKJIAI0B HA
KOH(EepEeHIUIX ¥ KHUT.
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